


A Mathematical Model for Macroeconomic and Regulatory Stress Effects on Bank Valuation


Abstract
This study develops a two-model Geometric Brownian Motion (GBM) framework to examine the effects of macroeconomic growth, regulatory stress, and stochastic shocks on bank valuation. The first specification incorporates an exponential-decay adjustment to represent valuation erosion under regulatory pressure, while the second introduces an exponential-growth adjustment to reflect inflation and economic growth effects. Closed-form solutions are obtained through Itô’s formula, and Brownian motion paths are used to illustrate the source of stochastic variability. Simulated valuation paths demonstrate how assets with common starting values can diverge over time because of volatility and random shocks. Sensitivity analysis of the decay-adjusted model shows that the relationship between the decay parameter and the drift determines whether expected valuations decrease, remain stable, or increase. For the growth-adjusted model, the simulations show that a common positive growth component can still generate both upward and downward trajectories when stochastic shocks differ across paths. The analysis further indicates that changes in the growth-adjustment parameter influence long-term path dispersion. Together, the two specifications provide a structured stochastic representation of how deterministic growth or decay components interact with market randomness in bank valuation. The framework is intended to support stress-testing, forecasting, and investment analysis in the Nigerian banking context while retaining the analytical tractability of a GBM-based model. 
Keywords: Stochastic processes, GBM, Exponential Decay, Exponential Growth and Initial Stock prices
1.1 Introduction
The valuation of banks in emerging economies such as Nigeria is highly sensitive to macroeconomic instability and regulatory shocks. Inflation erodes real earnings, long-term GDP growth drives the trend in banking assets, and CBN policy actions and regulatory distress create abrupt deviations from the trend. Traditional Geometric Brownian Motion assumes a constant drift, which fails to capture these time-varying macroeconomic and policy effects (Abdullahi, 2020; Obalade et al., 2021). However, financial markets play a crucial role in the economic development of nations by facilitating capital mobilisation, efficient allocation of resources, and risk management. Stock markets, in particular, provide a platform where investors buy and sell ownership shares of publicly traded companies, thereby enabling firms to raise long-term capital for expansion and development. The behaviour of stock prices in financial markets has been a subject of extensive research among statisticians, economists, and financial analysts because of its complex and dynamic nature. Stock price movements are influenced by numerous factors, including macroeconomic conditions, investor expectations, government policies, and global financial events. As a result, modelling stock market behaviour has become an important field within mathematical and financial research.
Many scholars have written extensively on stock prices in diverse ways. For instance, Amadi et al. (2024) studied a stochastic system with changes to measure the value of wealth for each corporate investor through linear and quadratic returns. In a similar manner, Wokoma et al. (2022) considered a system of stochastic differential equations with emphasis on variations in drift parameters. Osu and Amadi (2022) successfully analysed the stochastic behaviour of two asset values. Moreover, Browne (1995) considered maximising exponential utility and minimising the probability of ruin, and the result showed the same type of investment strategy for a zero interest rate. Similarly, Bai and Guo (2008) studied an optimal reinsurance and investment problem for an insurer with a jump-diffusion risk process. Liang and Bayraktar (2014) considered the risk reserve of an insurer and a reinsurer following Brownian motion with drift and applied an optimal probability-of-survival problem under proportional reinsurance and power utility preference. In the same context, Ihedioha and Osu (2015) considered excess-of-loss reinsurance and investment in a financial market, and optimal strategies were obtained explicitly. Zhao et al. (2013) focused on an optimal reinsurance-investment problem for an insurer with a jump-diffusion risk model when the stock price was governed by a CEV model. Gu et al. (2012) worked on strategies for optimal reinsurance and investment for exponential utility maximisation under different financial markets. Lin and Li (2011) investigated an investment problem with multiple risky assets. Osu and Okoroafor (2007) studied the stability analysis of a stochastic model of price change on the floor of a stock market. In examining SDE-related issues, Davies et al. (2019) considered the unstable nature of stock market forces using a proposed differential equation model. Osu et al. (2009) considered the stochastic analysis of stock-price behaviour. Similarly, Adeosun et al. (2015) studied a stochastic model of selected stocks on the Nigerian Stock Exchange (NSE). Ofomata et al. (2017) developed geometric Brownian motion and studied the accuracy of the model through a detailed analysis of simulated data. By contrast, Osu (2010) worked on a stochastic model of stock-market price fluctuations, while Ugbebor et al. (2001) considered a stochastic model of price changes on the floor of a stock market.
Recent applications of geometric Brownian motion continue to demonstrate its usefulness for modelling stock-market volatility and risk across sectoral indices (Sengupta, 2025). Related stochastic pricing work has applied the Black-Scholes framework to share-price analysis in capital-market settings (Obeten et al., 2025). Recent empirical studies further indicate that monetary-policy announcements can affect banking-sector stock returns (O’Donnell et al., 2024), while bank valuation is associated with stock-return volatility and macroeconomic conditions (Markoulis et al., 2025). Economic policy uncertainty has also been identified as a factor that can influence bank value (Lai & Goh, 2025). Although the reviewed studies examine stochastic stock-price dynamics, macroeconomic influences and bank valuation, the literature presented in this manuscript does not explicitly integrate an exponential-decay mechanism for regulatory stress and an exponential-growth mechanism for macroeconomic expansion within a paired GBM-based framework for Nigerian bank valuation. This specific gap motivates the paired modelling approach adopted in the present study.
To address this gap, recent literature has extended GBM by making the drift a function of observable macro variables. Hull and White proposed mean-reverting extensions to capture policy-induced decay, while Merton-type models have been adapted to include inflation and growth as additive components in the drift. In the Nigerian context, studies by Abdullahi (2020), Obalade et al. (2021), and Hull and White (1990) show that bank stock returns exhibit significant sensitivity to CPI inflation and monetary policy rates.

This section therefore develops a linear SDE framework in which the drift is decomposed into, representing long-term growth, inflation drag, and regulatory decay, respectively. The model allows us to quantify how regulatory distress and macroeconomic fundamentals jointly determine bank valuation, providing a tool for stress testing and policy scenario analysis.
This paper is organised as follows: Section 2.1 presents the materials and methods, Section 3.1 presents the results and discussion, and Section 4.1 concludes the paper.
Objective of the Study
The objective of this study is to formulate and analyse exponential-decay and exponential-growth GBM models for bank valuation under regulatory pressure, inflation, economic growth and stochastic shocks, and to examine how the decay/growth parameter and volatility influence the resulting valuation paths.
2.1 Material and Methods



Consider a market in which the underlying asset price , , on a complete probability space , is governed by the following stochastic differential equation:

	 .	(1.1)






where is the drift and  is the volatility of the stock,  is a Brownian motion or Wiener process on the probability space  is a  generated by .




Theorem 1.1 (Itô's formula): Let  be a filtered probability space, and let  be an adapted stochastic process on  possessing quadratic variation , with the SDE defined as:

	 	


 and for  

	 	
Using Theorem 1.1 and Equation (1.1), the SDE is solved to obtain the solution below:

 See Ofomata et al. (2017), Osu (2010), Ugbebor et al. (2001), Liang et al. (2012), Noor et al. (2020), Amadi et al. (2017), and Giet et al. (2015).
2.1.1 Problem Formulation
Here, a Geometric Brownian Motion model with exponential-decay and exponential-growth initial conditions is considered. Hence, we model a distressed bank under regulatory pressure where the baseline valuation decays exponentially. We also model the Access Bank price with an exponentially growing baseline to capture inflation and economic growth effects. Therefore, the dynamics are as follows:
		


		 	(1.2)


	 	(1.3)








where  represents the initial price,  represents the growth rate,  represents the drift coefficient,  represents the volatility coefficient,  is the base price level,  represents Brownian motion, and  represents time.		
2.1.2	Method of Solution
The investment equation consists of a system of variable-coefficient problems whose solutions are non-trivial. Applying Theorem 1.1 gives the following:

Let . Taking the partial derivatives yields:

	 	(1.4)

According to Itô's theorem, we obtain:

	 	(1.5)
Substituting (1.4) into (1.5) gives the following:

	 	(1.6)

Simplifying gives:

	 	(1.7)

	 

	 	(1.8)

Integrating (1.8) from gives:

	 	(1.9)

	 

	 
Taking the natural logarithm of both sides gives:

	 	(1.10)
This gives the general solution of the SDE. To find the particular solution:


 , 

	 

	 	(1.11)


Applying Itô's formula to (1.3), let . Taking the partial derivatives yields:

	 	(1.12)

According to Itô's theorem, we obtain:

	 	(1.13)

Substituting (1.12) into (1.13) gives the following:

	 	(1.14)

Simplifying gives:

	 	(1.15)

	 

	 	(1.16)

Integrating (1.16) from gives:

	 	(1.17)

	 

	 
Taking the natural logarithm of both sides gives:

	 	(1.18)
This gives the general solution of the SDE. To find the particular solution:


 , 

	 

	 	(1.19)
3.1 Results and Discussion
Analysis of the Model: Exponential-Decay Adjustment with Parameter Values.

The decay-adjusted model is
Analysis of the Model: The Exponential-Growth Adjustment can be written as follows:
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                Figure 1: Three Brownian-Motion Paths for Exponential Decay Model.
In Figure 1, all paths start from the same initial point. Path 2 crosses Path 1 and subsequently moves above it, while Path 1 continues upwards but remains below Path 2. Path 3, in contrast, declines from the initial point. This illustrates the inherent randomness of Brownian motion and shows how even identical starting conditions can lead to divergent trajectories. These paths form the stochastic input that drives uncertainty in the exponential-decay model.
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Figure 2: The Sample Paths for the Exponential-Decay Model.
As shown in Figure 2, Paths 1 and 3 initially align closely before Path 3 diverges and fluctuates downwards. Path 2 exhibits a consistent downward movement towards the time axis. The divergence reflects stochastic shocks superimposed on a decaying drift. This captures how Nigerian bank stocks can experience initial co-movement followed by separation due to idiosyncratic news or market stress, consistent with periods following CBN policy pronouncements.
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Figure 3: The Sensitivity of the Exponential  Decay Model





Figure 3 describes the effect of the decay parameter k on the expected rate of return. The effective rate of return is. Therefore, when , the expected value  decreases exponentially, signifying a stress condition. When , the mean remains constant, demonstrating a neutral equilibrium. When , the expected value increases over time, signifying recovery. This sensitivity analysis shows that k controls the speed and path of mean reversion. For risk managers, a higher k implies faster erosion of value after a shock, making it an important parameter for stress testing Nigerian banks.
[image: ]
Figure 4: Three Brownian-Motion Paths for Exponential Growth Model. 
In Figure 4, all three paths start from the same initial point and exhibit stochastic fluctuations that move both upwards and downwards. Over time, the paths display a gradual downward drift in their oscillations. This illustrates the underlying random-noise component before it is scaled by the volatility and growth parameters. The figure highlights that, even with the same starting point, Brownian motion generates divergent trajectories that form the basis of uncertainty in bank stock dynamics.
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Figure 5: The Sample Paths for the Exponential-Growth Model.  
Figure 5 shows simulated price paths from the exponential-growth SDE for three different realisations. The parameter k controls the deterministic exponential growth rate in the drift term. Paths 1 and 3 exhibit upward growth trends over the horizon, consistent with a positive net drift, while Path 2 declines towards the time axis, reflecting the impact of adverse Brownian shocks. The divergence between paths demonstrates how the same growth parameter can produce both gains and losses depending on the realisation of randomness. This captures the dual nature of Nigerian bank stocks: long-term growth potential tempered by short-term volatility.



[image: ]
Figure 6: The Sensitivity of Exponential Growth Model  
Figure 6 examines how changes in the growth-adjustment parameter k affect path dispersion. As k increases, the deterministic component of the drift becomes stronger, leading to wider exponential growth or decay across paths. The result is greater dispersion: some paths grow exponentially upwards while others fall exponentially downwards. This sensitivity analysis shows that k is a major driver of long-term valuation trends. For Nigerian banks, a higher k could connote stronger earnings growth or expansion, but it also amplifies uncertainty, making stress testing indispensable.
4.1 Conclusion



This paper considered exponential-decay and exponential-growth GBM models, which provide a realistic framework for stress testing and bank-stock evolution under both growth expectations and market randomness. The findings show that the parameter k critically governs whether a shock leads to permanent decline, stabilisation, or eventual recovery. When k exceeds the growth rate, the model predicts exponential erosion of value, whereas allows for long-term growth. Moreover, in the stochastic analysis of the growth model, the simulation results indicate that, while the parameter  drives the overall trend, stochastic shocks remain the dominant source of short-term divergence across paths. Sensitivity analysis confirms that increases in  lead to greater dispersion, highlighting the trade-off between growth potential and risk. In general, the exponential-decay and exponential-growth GBM models provide a useful complement to standard GBM by explicitly linking valuation trends to decay and growth parameters, making them relevant to forecasting and investment analysis in the Nigerian financial market. Finally, validating the existence and uniqueness of the two analytical solutions via Itô's formula is highly recommended.
Limitations
The framework is theoretical and simulation-based, so its conclusions depend on the assumed GBM structure, parameter choices, and specified exponential growth or decay adjustments. The models do not incorporate additional market frictions, structural breaks, or alternative stochastic processes beyond those represented in the manuscript. Consequently, the simulated paths should be interpreted as model-based illustrations of valuation dynamics rather than direct empirical forecasts. Further validation of the analytical solutions and empirical calibration would strengthen the practical application of the framework.
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