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ABSTRACT 

	A Fourier transform of a 5D wave equation ◻5 Q(X) = Ĵ(X) in which Q and J are a 5D scalar field and source, respectively, produces a retarded Green’s function G5R(X, X′) which describes how the solution’s value at a point P2 depends on the source term J at another point P1. For point P1, the coordinate X1 = (ṟ1, t1, τ1), where ṟ1 is the 3D coordinate, t1 is time, and τ1 is its 5D axis. Dirac delta functions pin each coordinate of the P1 source exactly at its 5D coordinate X1. Upon activation of the delta functions, the field Q(X2) at location X2 is a function of both the classical source amplitude Ŝ1 localised at X1 and the value of G5R(X2, X1). The 5D function G5R contains a Heaviside function that enforces causality. A 5D squared interval D, derived from the retarded Green’s function, is functionally analogous to the 4D Minkowski interval in special relativity. The interval D is of considerable interest since it provides the bounds for causality while allowing adjustment of D’s components to ensure G5R is always real. Whenever D > 0, the boundary-value problem approaches a light-speed limit and admits a non-zero solution for the field amplitude at X2 that depends on the strength of P1’s classical source amplitude at X1. Other cases for D = 0 or D < 0 are examined. 




Keywords: 5D wave equation; scalar field; Fourier transform; retarded Green’s function; causal interval; Minkowski interval; Dirac delta function; Wick rotation; fifth-dimensional space; causal propagation.

Ethical approvals – No required disclosures 

1. INTRODUCTION

Interest exists in many fields related to human understanding and experiences that in many ways are encompassed by Einstein’s concepts of so-called “spooky-action” at a distance (Einstein et al., 1935). The related field of quantum mechanics was considered incomplete by Einstein because two particles that interact and separate should not remain correlated. Measuring one particle instantly should not determine the state of the other particle since information cannot travel faster than light (FTL) (Ghirardi et al., 1980). As measurement quality improves and laboratories become more advanced, new effects may be considered spooky-action. Current ideas related to spooky-action at a distance are not yet fully understood or incorporated into mainstream research.

Some hints exist in the literature about mathematics describing physical phenomena using the fifth-dimensional space (5D). Considerable research exists to describe gravitational fields using 5D mathematics largely involving warped brane models. This research showed a causal bulk Green’s function connecting brane-localised sources with no entanglement or quantum correlation (Chung & Freese, 2000; Arkani-Hamed et al., 1998; Arkani-Hamed et al., 2001). Other significant mathematical explanations using a 5D space were published by Kaluza and Klein (KK) in the 1920s using a higher-dimensional derivation of a unified theory linking gravitational fields to electromagnetism (Kaluza, 1921; Klein, 1926). 

Research by KK suggested that objects that are far apart in 3D space could exhibit geometry that looks non-local from the fourth dimension (4D) while being perfectly local in 5D. A major KK finding was that charge in the fourth dimension is the result of momentum in 5D. In a general way, mathematics describing unusual behaviour in physics that appears to disobey causality may be better understood when examined in a 5D environment. 

Referring to prior research on 5D mathematical descriptions of physical problems, a method that solves a 5D wave equation involving field and source points is of interest. In general, a description of how a solution incorporates boundary values and causality conditions would add to the mathematical literature on 5D space. In this paper, a retarded Green’s function is shown to be a core element in the analysis of a 5D wave equation.
The broader literature includes analyses of extra-dimensional models and wave-equation formulations across physical and mathematical settings (Obikhod & Petrenko, 2016; Nyangwe et al., 2025). Recent studies have also continued to develop causal or retarded Green-function treatments for wave equations in curved, non-Euclidean, and five-dimensional settings (Durand, 2023; Casals & Nolan, 2023; Das et al., 2025).
Research gap. Within the scope of the present manuscript, the cited literature does not provide the specific combination of a Fourier-derived solution for a non-homogeneous 5D scalar wave equation, an associated causal 5D interval, and a field-evaluation construction between source and observation points.
Objective. The objective of this study is to derive a retarded Green’s-function solution for the stated 5D wave equation, identify the associated squared 5D causal interval, and describe the evaluation of the resulting scalar field between defined source and observation points.

2. SCALAR FIELD AND WAVE EQUATION SOLUTION

2.1 The Fifth Dimensional Wave Equation

A general 5D observation point coordinate is defined by a five-axis vector X = (ṟ, t, τ), where τ is the 5D axis and the 4D spacetime coordinate is (ṟ, t), with a 3D part ṟ = (x, y, z). A 5D scalar field Q is driven by a classical source term Ĵ(X), resulting in a non-homogeneous equation:

◻5 Q(X) = Ĵ(X).									(1)

where X is a free field point ranging over all 5D space. The 5D d’Alembertian wave operator contains an accepted sign signature (−, +, +, +, +) (Boguñá & Krioukov, 2026; Courant & Hilbert, 1962), so that:

◻5 = −∂2/∂t2 + [ ∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2] + ∂2/∂τ2.					(2)

The speed of light c is built into the operator and weights t relative to every spatial direction including τ. The coefficient c or c2 in the time variable t (such as ct and c2t2 ) is often set as c = 1 by convention under the natural-units system, resulting in simply t and t2 notation.

2.2 Fourier Solution for Q in the PDE

To solve the wave equation, a Fourier transform is applied to Eq. (1). Fourier transforming both sides of Eq. (1) converts the source J and the field Q into solvable algebraic expressions. Given that ◻5 is a linear operator, Q(X) and Ĵ(X) can both be represented by a Fourier integral with a superposition of infinite Fourier modes e^{iK·X}. 

Each mode has a five-momentum Fourier-space vector K = (kx, ky, kz, ω, κ), where ◻5 acts on each mode independently:

Q(X) = ∫5 d5K/(2π)5 · Q̃(K) · e^{iK·X}						(3)

Ĵ(X) = ∫5 d5K/(2π)5 · J̃(K) · e^{iK·X},						(4)

Both are functions of the free variable X, and each mode has its own complex exponential value e^{i K⋅X} = e^{i (− ωt + kx⋅x + ky⋅y + kz⋅z + κτ)}, where K⋅X is a 5D scalar inner product (cf. the 4D Minkowski product) (Minkowski, 1909). The derivative notation of K is d5K = dkx, dky, dkz, dω, dκ. 

Each mode e^{i K⋅X} is an eigenfunction of ◻5, meaning that ◻5 simply multiplies the mode by a number (shown later to be – K2). Since ◻5 is a linear operator, it acts on X and K as a simple integration variable. Substituting Eqs. (3) and (4) into Eq. (1) yields: 

∫5 d5K/(2π)5 · Q̃(K) · ◻5 [e^{iK·X}] = ∫5 d5K/(2π)5 · J̃(K) · e^{iK·X}.			(5)

In general, ◻5 [e^{iK·X}] = (Eigenvalue)⋅[e^{iK·X}]. Applying ◻5 then K·X = − ωt and the time partial derivative is − ∂2/∂t2[e^{iK·X}] = ω2[e^{iK·X}]. For evaluation of all components of ◻5, the same procedure is applied to the momentum vector components kx, ky, kz and κ, giving: 

◻5[e^{iK·X}] = (ω2 − |k|2 – κ2) · e^{iK·X} = −K2 · e^{iK·X}				(6)

where K2 = (−ω2 + |k|2 + κ2) and |k|2 = (kx2 + ky2 + kz2). Explicitly K2 = (−ω2 + kx2 + ky2 + kz2 + κ2). Now the wave equation can be rewritten to solve for Q̃(K) algebraically, where, in K-space, Q̃(K) is determined entirely by J̃(K) and K2:

∫5 d5K/(2π)5 · Q̃(K) · (−K2) · e^{iK·X} = ∫5 d5K/(2π)5 · J̃(K) · e^{iK·X}		(7)

giving: 

Q̃(K) = − J̃(K) / K2, 								(8)

which holds for all Fourier modes, because the exponential e^{iK·X} is linearly independent. A Fourier transform of the source Ĵ(X) uses a dummy variable X′ = (x′, y′, z′, t′, τ′) that ranges over all 5D space in the Fourier transform integral:

J̃(K) = ∫5 d5X′ · Ĵ(X′) · e^{−iK·X′}.							(9)

Back-substitution into Eq. (8) gives the convolution structure:

Q(X) = ∫5 d5X′ · Ĵ(X′) · [ ∫5 d5K/(2π)5 · (−1/K2) · e^{iK·(X−X′)}].			(10)

If the term within the square brackets […] is defined as F(X, X′) = F(ΔX), where the bracketed term depends only on ΔX = (X − X′), then F(ΔX) = ∫5 d5K/(2π)5 · (−1/K2) · e^{iK·ΔX}. Applying ◻5 to F(ΔX) gives ◻5 F(ΔX) = ∫5 d5K/(2π)5 · e^{iK·ΔX} which is the Fourier representation of the Dirac delta function. It is the inverse Fourier transform of unity in K-space. 

As a well-defined function in ΔX alone and without reference to X or X′, ◻5 F(ΔX) = δ5(ΔX), which is a genuine two-point 5D Green’s function G5(X, X′) not tied to any source (Stakgold & Holst, 2011; Chong, 2021):

◻5 F(X − X′) = δ5(X − X′) = ◻5 G5(X, X′).						(11)

The solution to the wave equation (1) obtained for the free field-point variable X is therefore:

Q(X) = ∫∫∫∫∫ G5(X, X′) · Ĵ(X′) dṟ′ dt′ dτ′,						(12)

where dṟ′ = dx′ dy′ dz′ is the 3D volume element of the dummy variable X′. Equation (12) is a general convolution formula in which G5(X, X′) is a two-point Green’s function with X′ as its free second argument and the integration variable in Eq. (12). Evaluating the field at a specific point in 5D space requires choosing a value for X so that G5(X, X′) remains a function of X′, summed over the integrals. The appearance of a Dirac delta function allows X′ to be pinned to a specific physical source coordinate via sifting, while X is fixed independently.

3. SOLVING THE GREEN’S FUNCTION

3.1 Q(X) and Q(X2) solutions

A Green’s function connects two algebraic objects defined as P1 and P2 at coordinates X1 = (ṟ1, t1, τ1) and X2 = (ṟ2, t2, τ2), respectively. The source object P1 has a coefficient Ŝ1 that defines a classical source amplitude Ĵ(X′) = Ŝ1⋅δ5(X′−X1), where δ5(X′−X1) is a 5D delta function: 

δ5(X′ – X1) = δ(t′ – t1) · δ(x′ – x1) · δ(y′ – y1) · δ(z′ – z1) · δ(τ′ − τ1).		(13)

Source amplitude Ŝ1 can be a real or matrix-valued quantity characterising the strength and internal structure of the source at P1 (e.g., a classical multipole or polarisation-type matrix for extended sources). As detailed in Section 4, a measurement response to the field Q at location X2 is fully specified by a classical field-sampling construction with a threshold, defined entirely in terms of classical field quantities. 

To evaluate the integral for Q(X), applying the sifting property of the Dirac delta function collapses the integration variable X′ to the fixed source location X1, resulting in the field Q(X) = G5(X, X1)·Ŝ1. Both X and X′ appear throughout the position-space derivation. They appear in Q(X), Ĵ(X′) and in the convolution integral of Eq. (12), while X1 appears only once, at the delta-function substitution. In this way, the field value at X2 depends linearly on Ŝ1 scaled by the Green’s function evaluated at (X2, X1). The field value Q(X2), containing the source contribution, is:

Q(X2) = G5(X2, X1)⋅Ŝ1.								(14)

The Green’s function weights the field amplitude of Q at X2 by a value G5(X2, X1). A plain 5D causal length with Δτ = (τ2 – τ1) ensures the Green’s function is stable with no singularities. 

3.2 The Squared 5D Interval D

From Section 2.2 above, F(ΔX) ≡ G5(ΔX) and K2 = − ω2 + |k|2 + κ2 were solved in Lorentzian K-space (momentum space) and require conversion to real positional Euclidean E-space, where space separation is ΔX = (Δx, Δy, Δz, Δt, Δτ). Integrals with Lorentzian signatures are difficult to evaluate because K2 = 0 in the light cone, making the integrand singular along a whole surface in K-space so the integral cannot properly converge.

Lorentzian space is converted to Euclidean space using a Wick rotation by temporarily transforming the frequency variable ω to iωE in the complex plane, that is, − ω2 = − (iωE)2 = ωE2 in Euclidean space, resulting in K2 = ωE2 + |k|2 + κ2. If the Euclidean momentum-space quantity KE2 is equated to the positive-definite version of K2 above, then KE2 is a real Euclidean 5D instance in momentum space with no zeros except at the origin. To maintain a stable exponent K⋅ΔX in Eqs. (3–4), the conjugate variable of time “t” must also rotate in the opposite sense, ensuring that ωt in the exponent transforms consistently. The Wick rotation for time converts t to – i tE, changing ωt to (i ωE)( – i tE ) =  – i2ωEtE = ωE tE. Now the exponent K⋅ΔX turns into a Euclidean dot product without introducing a stray sign or phase.

The Wick rotation alone does not establish the retarded structure. Causal support is established independently by a direct evaluation of the Lorentzian ω-integral with an explicit retarded pole prescription (residue calculus), justified by the physical requirement Q(ΔX) = 0 for Δt < 0. The Euclidean/Wick-rotation route is retained only for the coefficient calculation, with its branch fixed by matching to the Lorentzian result (Hadamard, 1923).

The general Green’s function in Fourier space shown above is ◻5G5(X, X′) = δ5(X − X′). Its Fourier transform using the same eigenvalue – K2 gives – K2 Ĝ5(K) = 1 or Ĝ5(K) = – 1/K2. Substituting Ĝ5(K) for the eigenvalue relation obtained earlier, together with J̃(K) from the source Fourier transform, reproduces Q̃(K) = Ĝ5(K)⋅J̃(K), consistent with Eq. (8).

By comparison, the Euclidean integral uses spherical symmetry. Since KE2 is rotationally symmetric in all 5 momentum directions, the analysis can shift to 5D spherical coordinates KE = |KE| with radial momentum. For a Euclidean radial distance RE in d dimensions, the Green's function of the Laplacian in “d” Euclidean dimensions is:

Gd(RE) ~ 1/ RE(d−2) = A / RE3 							(15)

for d = 5 and Gd(RE) = G5(RE) where A is determined in Section 3.3. With RE2 = |Δx|2 + ΔtE2 + Δτ2 built entirely from position-space quantities, it emerges directly from solving the Fourier K-space integral. At this point, the Wick rotation can be reversed to return to real time. Reversing the time rotation gives t = −itE, so that tE = it, or tE2 = (it)2 = −t2. Substituting the rotation into RE2 = |Δx|2 + ΔtE2 + Δτ2 gives RE2 ≡ –D = |Δx|2 – Δt2 + Δτ2, which is negative throughout the causal region (where Δt dominates) and may be redefined as the negative of a new quantity D = – RE2 with dimensions of area:

D = Δt2 − |Δx|2 – Δτ2, 								(16)

where D in real Euclidean space is referred to as the squared 5D interval, in keeping with standard usage for the 4D Minkowski interval ds2 = −dt2 + dx2 + dy2 + dz2, explicitly labelling it as a squared differential. In 1908, Minkowski defined a geometry based on the Lorentz invariance in a light cone as the 4D Minkowski interval, applying a Wick rotation to mimic the Euclidean interval. When a linear length separation is required, √D denotes the corresponding 5D proper separation.

Reversing the Wick rotation is an analytic continuation, not a purely algebraic step. Converting RE3 to D3/2, rather than the equally admissible (−D)3/2, requires selecting a specific branch in the complex plane. This branch is fixed by the causality requirement introduced in the following section 3.3, where the retarded structure of G5 is established directly. The choice made here anticipates that result. Whenever Δt exceeds the combined spatial and τ-separation, the Green's function value must be non-zero with D > 0.

3.3 A Causal Green’s Function Solution with D

Minkowski’s 4D interval is built into the 5D d’Alembertian with Lorentzian signature. The Fourier-derived K2 = − ω2 + |k|2 + κ2 that contains the sign convention of Eq. (16) also contains the 5D Lorentzian (Minkowski-type) interval governing the Green’s function G5:

G5(X2, X1) = A/D3/2.								(17)

The value A is fixed by requiring that the integral of ∇E2 G5 over a small 5D ball around the origin reproduces the delta function ∫ball ∇E2 G5 · d5XE = 1. The divergence theorem can be used to convert the volume integral to a surface integral over the 4-sphere of radius RE:

∫ball ∇E2 G5 · d5XE = ∮ (dG5/ RE) · dS4.						(18)

The surface area of a 4-sphere of radius RE in 5D is S4(RE) = (8π2/3)·RE4. Computing dG5/dRE with G5 = A/RE3 gives −3A/RE4. The surface integral becomes (−3A/RE4)·(8π²/3)·RE4 = −8π2A which is the surface area of the unit 4-sphere in d=5 Euclidean dimensions. The sign is a convention fixed by the direction of the outward normal on the surface. The calculation shows that A = 1/(8π2), providing a self-contained derivation of the Euclidean Laplacian normalisation from Eqs. (17–18). The value of A for a retarded G5R is subject to further work and may differ from 1/(8π2). Regardless, A is not required for determination of the D interval below.

To make the Green’s function solution causal in Δt, a Heaviside switch θ(Δt) is used to retard the action of the Green’s function and forbid retro-causal action in the field Q. An unevaluated retarded 5D Green’s function G5R has the proportional form:

G5R (X2, X′) ∝ θ(t2 − t′) / [( (t2 − t′)2 − |x2 − x′|2 − (τ2−τ′)2 )3/2],			(19)

where θ(t2−t′) is the Heaviside step function applied at P2’s location at time t2, with a value θ(t2 − t′) = 1 when t2 > t′ (effect after cause) and θ(t2 − t′) = 0 when t2 < t′ (blocks retro-causality). The analysis uses X′ as the free integration variable with X2 the fixed coordinate at P2. 

Reversing the Wick rotation and imposing the retarded time-ordering θ(t2 – t1) yields the causal 5D retarded propagator with its fixed second argument: 

G5R (X2, X1) ∝ θ(t2 – t1) / [D3/2],							(20)

where D = (t2 − t1)2 − |x2 − x1|2 − (τ2 − τ1)2 and θ(t2 – t1) = 1 only when t2 > t1. Since P1 is always measured first, θ = 1 and G5R is the retarded value. Given that |Δx| = |x2 − x1| defines the 3D spatial separation, Δt = (t2 − t1) > 0 defines the temporal separation (always positive), and Δτ = (τ2 – τ1) is the fifth-dimensional τ gap, which, together with |Δx| and Δt, determines whether the causal condition D > 0 is satisfied. The value of G5R(X2, X1) is real and non-zero only when D > 0, i.e., when Δt exceeds √(|Δx|2+Δτ2). 

The elapsed time must exceed the combined spatial and τ-separation to maintain causality. The result is consistent with a slower-than-light action in D, as discussed by Chung and Freese (2000). Causality of G5R is not violated simply because θ(t2 – t1) = 1 only when t2 > t1. The model contains no closed time-like curves. The Lorentz requirement is not violated because τ is a scalar and Δτ does not break the 4D Lorentz covariance.

For the case in which D = 0, the value of G5R is singular. A rigorous distributional treatment is necessary for an even spatial count and can be described by Hadamard’s finite part or principal value prescription (Hadamard, 1923). Retarded wave propagators like G5R are even, i.e., x, y, z, τ (neglecting t). An elementary solution requires a distributional (finite-part) interpretation rather than an ordinary pointwise one (Hadamard, 1923). A rigorous treatment of this boundary behaviour is left for future work. Hadamard showed that odd-dimensional propagators are delta functions on the light cone. As a follow-up to that work, the wave equation in curved space was examined by Friedlander (1975).

4. EVALUATING Q AT X2

The strength of the field Q(X2) depends linearly on Ŝ1, scaled by the Green’s function evaluated at (X2, X1). To measure the strength of Q at X2, a classical field sampling method such as an integral L(t) can be defined as L2(t2) at time t2. The function L2(t2) contains the source coefficient Ŝ1 in Ĵ(X1) weighted by G5R(X2, X1). 

Sampling of Q(X2) in its neighbourhood requires measuring the weighted average of Q over the spatial and τ region that it occupies. Let the sampling function have the form:

L2(t2) = ⨌ w(x, τ) · Q(x, t2, τ) d3x dτ .						(21)

Equation (21) evaluates the already-solved field Q at time t2 when P2 is measured, where w(x, τ) is a window function centred on P2 that weights nearby field values more than distant ones. Substituting L2(t2) for the observed point (x, t2, τ), rather than the single fixed point X2, into Q(X2) = Ŝ1⋅G5R (X1, X2) from Eq. (14) gives:

Q(x, t2, τ) = Ŝ1⋅G5R (x, t2, τ; x1, t1, τ1)						(22)

By substituting Eq. (22) into Eq. (21), the classical field integral becomes:

L2(t2) = ⨌ w(x, τ) · [Ŝ1 G5R (x, t2, τ; x1, t1, τ1)] d3x dτ.				(23)

Because Ŝ1 is fixed at location X1 and represents P1’s source value, it may be taken outside the integral. Letting W(t2) be the geometric weight integral, Eq. (23) simplifies to L2(t2) = Ŝ1⋅W(t2) where:

W(t2) = ⨌ w(x, τ) · [G5R (x, t2, τ; x1, t1, τ1)] d3x dτ.				(24)

The geometric factor |W(t2)|2 is the classical field intensity at P2 and represents an average of |G5R|2. The sampled output value can be defined by:

R2(t2) = |L2(t2)|2 = |⟨Ŝ1⟩|2 · |W(t2)|2.> s,						(25)

where s is a simple level threshold. A value R2(t2) > s corresponds to |W(t2)|2, a classical geometric value indicating the extent to which the 5D field Q exists at X2. The amount depends on w(x, τ), the sampling width, and G5R, all of which depend on |Δx|, Δt, and Δτ in the interval D.

Other researchers have worked on detection methods with applications to extra dimensions. Hoyle et al. (2001) and Kapner et al. (2007) developed detection apparatus using torsion pendulums built specifically to search for a signature of extra-dimensional physics, with explicit null results setting quantitative bounds. Research on measurement apparatus is a useful precedent to cite when discussing an experimental test such as the D and Δτ-tolerance bounds near the light cone in the above analysis, as is earlier work on 5D wave propagators (Aharonovich & Horwitz, 2006; Balakumar & Winstanley, 2020).

5. DISCUSSION

Previous research by Aharonovich and Horwitz (2006), together with related five-dimensional Green-function work by Balakumar and Winstanley (2020), supports the use of a 5D wave field with a Green’s-function solution. A non-homogeneous 5D wave equation for a scalar field Q driven by a source J was investigated. The source J consists of an algebraic object Ŝ1 at an object P1’s location X1. The wave equation was solved using a Fourier method, resulting in a retarded Green’s function G5R. The Green’s function produces a value of the field strength at X2, namely Q(X2), and a real value G5R(X2, X1) between two objects at X1 and X2, provided that the 5D interval D was positive.

Establishing the sign of D using a Wick rotation was shown not to be the only way of arriving at a retarded structure. A sampling function L2 measures the strength of Q(X2) at P2’s location X2 by reference to a threshold test L2(t2) >s (the threshold). A Euclidean branch of analysis for D is chosen because it agrees with the independently verified Lorentzian calculation, rather than being derived from the Wick rotation itself.

Green’s function evaluation G5R(X2, X1) was retarded by a Heaviside function to ensure causality. In the analysis, the geometry establishes an interval D similar to the 4D Minkowski interval. As noted, G5R is governed by the limits defined by D = Δt2 − |Δx|2 − Δτ2. For the 5D vector giving rise to D, if Δτ = 0, D describes the special case of a 4D light cone giving the 4D Minkowski interval Δt2 − |Δx|2, with no τ-contribution at all. Since Δτ2 ≥ 0 always, Δτ = 0 is a limiting boundary case where the model reduces exactly to special relativity's causal condition, Δt > |Δx|.

Deep inside the light cone, τ is irrelevant, but near the boundary a real, calculable causal path exists. Because Δτ = (τ2 − τ1) is fixed by the locations of the source point X1 and field point X2 in 5D, causally connected points near the edge cannot be widely separated in τ. The field value Q(X2) relative to Q(X1) is shown to have a viable D interval which depends on τ near the light cone. 

In the application that follows, values for D are calculated using the natural-units convention, with length expressed in metres. With c = 1 (m/s), Δt (s) in the formulas denotes c.Δt in length units; e.g., if Δt = 1s the c.Δt length is 3 x 108 m. For example, for the spatial part |Δx|2 = x2 + y2 + z2, let x = y = z = 100 m, which gives |Δx|2=30,000 m2 (|Δx|≈173.2 m). The Δτ length is bounded by Eq. (16), |Δτ|max = √(Δt2 − |Δx|2) for D = 0. At Δt = 583 ns, c.Δt = (3×108 m/s).(583×10⁻9 s) ≈ 174.9 m, giving |Δτ|max = √(174.92 − 173.22) ≈ 24.3 m. The result means Δτ can range from -24.3 m to +24.3 m while D and G5R stay positive and real. 

This is a statement about which (Δt, Δτ) pairs are jointly consistent with causality. Values of Δt retain the unit of time (s) to visualise the problem, but the reader may convert them to length using the above formulation if D is being investigated. In this regard, an absolute minimum Δt = 577.35 ns occurs when τ2 = τ1 or when Δτ = 0. A zone where Δτ matters most is the narrow region just above 577.35 ns, where the tolerance is most sensitive to Δt and widens steadily as Δt increases further past the boundary. Pairs (Δt, Δτ) vary as follows for the example: (580 ns, ±16.6 m), (583 ns, ±24.3 m), (600 ns, ±49 m), and (700 ns, ±119 m).

From the Δt perspective, Δt > √(|Δx|2 + Δτ2) still requires D > 0. For any Δτ ≠ 0, Δt > |Δx|, meaning the model always demands more elapsed time than the pure 4D light-crossing time. The shortest D interval exists when Δt = |Δx|, i.e., when Δτ = 0 at Δt = 577.35 ns, which equates to ordinary light speed. The model shows that D has a Δτ-dependent penalty that shrinks the D-component as c is approached, which is a testable, geometric finding. A laboratory experiment could be devised to test this using the values in the above example.

The contribution gives an independently verified closed-form solution to the non-homogeneous 5D wave equation, leading to a rigorously derived causal Green's function with an explicit condition (D>0) governing when a source at one point can influence a field value at another point. The value of this research to the scientific community lies in providing a solid mathematical foundation that points to questions for further work. Research is ongoing, including work on what τ physically represents and whether Δτ is measurable or controllable; these questions remain unanswered. Determining a physical system for the source amplitude Ŝ1 and how to build a detector R2(t2) > s are open research questions, as are distributional considerations of the 5D interval D at a D = 0 singularity. Answering these questions is beyond the scope of what can be covered here, but the exact solution presented gives a well-defined, falsifiable starting point for pursuing them.

6. CONCLUSION

A Fourier analysis was used to transform a 5D non-homogeneous wave equation for a scalar field Q with a source into a manageable algebraic solution, resulting in a solution with a retarded Green’s function G5R. The function G5R acts as a causal 5D propagator, allowing the value of a scalar field Q to be determined in a 5D coordinate system. A P1 source at a 5D location X1 is pinned at its location by a Dirac delta function so that the source amplitude S1 exists in the Q field, ready for measurement at another 5D location X2 where an object P2 is defined by coordinate X2. The key propagator function is a retarded Green’s function G5R(X2, X1).

The field Q(X2) at object P2 is evaluated by a sampling function L(t) that captures the amplitude of the source Ŝ1 at location X1. The moment the Dirac delta functions trigger at X1, Ŝ1’s amplitude becomes part of the Green’s function solution. Transforming a 5D scalar Q field into a momentum-based space by Fourier methods produces a solution for the scalar field Q at any X coordinate. 

A retarded Green’s function was derived, providing a causal propagator value G5R(X2, X1) for evaluating Q’s 5D field amplitude at a point X2 from the source field X1. A squared 5D interval D = Δt2 − |Δx|2 – Δτ2 was determined that allows the calculation of valid limits for practical operation in a fifth-dimensional space. Studying the maximum value of |Δτ| = √(Δt2 − |Δx|2) shows that causal operation of the model can occur below the light cone to maintain D > 0. 

In the current analysis, Δτ at the causal edge of the light cone widens steadily as Δt increases past the edge. The effect is greatest near the light cone, where a τ-dependent test is most sensitive, representing a geometric prediction. The paper provides a basis for ongoing research.
Limitation
The analysis is limited to the mathematical 5D scalar-wave formulation developed in the manuscript. The physical interpretation and possible measurability or controllability of τ and Δτ are not established. The treatment of the D = 0 singular boundary is not developed beyond noting the need for a distributional interpretation, and the normalisation of the fully retarded 5D Green’s function remains open. The proposed classical sampling and threshold construction is not linked to a specified physical source–detector system. These limitations therefore concern interpretation, boundary treatment, normalisation, and experimental realisation rather than the internal derivation presented.
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