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Abstract 

	This study presents a Variational Iteration Algorithm (VIA) for obtaining accurate numerical solutions of linear thirteenth-order boundary value problems using Chebyshev polynomials of the fourth kind as basis functions. High-order boundary value problems arise in various areas of mathematical modelling and scientific computing, where efficient and reliable numerical techniques are required to obtain accurate solutions. The proposed approach combines the correction functional of the Variational Iteration Algorithm with the approximation properties of fourth-kind Chebyshev polynomials to construct accurate approximate solutions. The solution is expressed as a finite expansion of appropriately shifted fourth-kind Chebyshev polynomials, while the unknown coefficients are determined by imposing the prescribed boundary conditions. To assess the accuracy and effectiveness of the proposed method, two numerical examples are considered, and the obtained results are compared with solutions reported in the existing literature. The numerical results demonstrate that the proposed approach produces highly accurate approximations and performs competitively with other established methods. The study further illustrates the suitability of fourth-kind Chebyshev polynomials as basis functions for the numerical treatment of high-order boundary value problems. Therefore, the proposed Variational Iteration Algorithm provides an efficient, accurate, and computationally attractive framework for solving linear thirteenth-order boundary value problems and has potential for extension to other classes of high-order differential equations. All computations were performed using Maple 2018.



Keywords: Fourth kind Chebyshev polynomials; Variational Iteration Algorithm; boundary value problems; approximate solutions; Maple 18.

1. Introduction 

Consider the following generalized boundary value problem:
	
           (1)

defined on the interval .

Consider the given boundary conditions

,,                  
.                                                               (2)

Where  are constants and  is continuous on [, ].

Boundary value problems (BVPs) governed by high-order ordinary differential equations constitute an important class of mathematical problems with applications in diverse fields, including engineering, physics, fluid dynamics, elasticity, control systems, and other areas of applied science. In contrast to initial value problems, BVPs require the solution to satisfy specified conditions at two or more locations within the domain of the independent variable. The difficulty of obtaining a solution generally increases with the order of the differential equation because of the growing number of derivatives, boundary conditions, and associated computational requirements. Therefore, the formulation of accurate, stable, and computationally efficient numerical techniques for high-order boundary value problems continues to be an important research concern in numerical analysis. In recent years, significant research efforts have focused on developing numerical techniques for high-order boundary value problems, especially problems of ninth, tenth, twelfth, and thirteenth order. A variety of analytical and numerical methods have been proposed to obtain reliable approximations to their solutions. The Classical Variational Iteration Method, for example, has been successfully employed for certain thirteenth-order ordinary differential equations and has demonstrated its capability to generate accurate approximate solutions (Adeosun et al., 2013). The Differential Transformation Method has likewise been applied to thirteenth-order boundary value problems as an efficient means of producing numerical approximations to high-order differential equations (Muzammal et al., 2014). In addition, nonlinear thirteenth-order boundary value problems have been examined using the Optimal Homotopy Asymptotic Method and Homotopy Perturbation Method, allowing the effectiveness of the two approaches to be compared (Islam et al., 2019). A Modified Adomian Decomposition Method has also been formulated for thirteenth-order boundary value problems, further reflecting the continuing search for effective and dependable techniques for equations of this order (Abiodun et al., 2017). Considerable attention has also been given to the numerical treatment of twelfth-order boundary value problems, which provides a relevant foundation for the present investigation. The Variational Iteration Method in combination with He's polynomials has been successfully applied to twelfth-order boundary value problems (Muhammad & Tahir, 2010). Furthermore, a modified form of the Variational Iteration Method incorporating Chebyshev polynomials has been proposed for twelfth-order boundary value problems, demonstrating the benefits of combining variational iteration procedures with polynomial basis functions (Tsetimi et al., 2022). Other methods reported in the literature include non-polynomial spline techniques (Shahid & Ghazala, 2008), the Homotopy Perturbation Method (Mohamed et al., 2010; Mirmoradi et al., 2009), and approximate analytical approaches (Syed et al., 2008). Polynomial and non-polynomial spline techniques have, in particular, demonstrated considerable potential for approximating solutions to high-order boundary value problems (Iqbal et al., 2015; Shahid & Ghazala, 2008). These developments suggest that basis-function approaches can provide efficient representations of approximate solutions while alleviating some of the computational difficulties associated with direct discretization methods. Other basis-function techniques, including wavelet and spline methods, have also been explored for high-order boundary value problems. A wavelet-based method has been proposed for obtaining numerical solutions of higher-order boundary value problems, illustrating the ability of wavelet bases to provide flexible representations with useful approximation characteristics (Shams et al., 2021). For ninth-order boundary value problems, the Petrov-Galerkin method has been implemented using quintic B-splines as basis functions and septic B-splines as weighting functions (Viswanadham & Reddy, 2015). Similarly, quintic B-splines have been utilized for the numerical treatment of ninth-order boundary value problems (Reddy, 2016). The Homotopy Analysis Method has also been employed in solving ninth-order boundary value problems arising from the modelling of AFTI-F16 fighter aircraft (Ghazala & Maasoomah, 2017). Collectively, these studies illustrate the diversity of numerical and semi-analytical techniques available for high-order differential equations and emphasize the significant role played by the selection of appropriate approximation functions. Variational iteration techniques have received particular attention because they permit the construction of successive approximations without necessarily discretizing the entire computational domain. The Variational Iteration Method employs a correction functional containing a Lagrange multiplier that is determined optimally. The method has been successfully applied to differential equations of different orders. For instance, the Variational Iteration Decomposition Method has been utilized for an eighth-order boundary value problem (Muhammad & Tahir, 2007), whereas the Variational Iteration Method combined with He's polynomials has been applied to seventh-order boundary value problems (Shahid & Muzammal, 2014). These applications demonstrate the adaptability of variational iteration techniques to high-order differential equations, while also indicating the need for continued investigation into suitable trial and basis functions capable of improving accuracy and convergence. The selection of appropriate trial functions is a crucial aspect of obtaining accurate numerical solutions to high-order boundary value problems. The properties of the chosen basis functions can have a significant effect on the accuracy, convergence behavior, computational cost, and stability of the numerical scheme. Chebyshev polynomials are particularly useful in this regard because they possess favorable approximation characteristics, orthogonality properties, recurrence relations, and good numerical stability. Consequently, various forms of Chebyshev polynomials have been incorporated into numerical techniques for solving differential equations. Combining Chebyshev polynomials with variational iteration methods offers a potentially effective framework for constructing accurate approximations to boundary value problems. In particular, the successful application of a modified Variational Iteration Method involving Chebyshev polynomials to twelfth-order boundary value problems provides motivation for extending this strategy to differential equations of higher order (Tsetimi et al., 2022). In addition to variational iteration and polynomial-based methods, several other approximation techniques have been proposed for generalized high-order boundary value problems. A power series approximation technique has been developed for generalized Nth-order boundary value problems (Njoseh & Mamadu, 2016), while a Tau-collocation approximation method has been introduced for first and second order ordinary differential equations (Mamadu & Njoseh, 2016). These contributions further demonstrate the effectiveness of approximation and collocation methods in converting differential equations into finite-dimensional algebraic systems. They also provide a broader numerical framework for the present study, where a polynomial trial-function approximation is combined with the Variational Iteration Algorithm. Although considerable advances have been made in the numerical solution of high-order boundary value problems, linear 13th-order boundary value problems still warrant further investigation. Existing research has largely focused on seventh, eighth, ninth, tenth, and twelfth order problems, with comparatively fewer studies devoted specifically to 13th-order boundary value problems solved through a combination of variational iteration technique and a trial function. Previous investigations have considered thirteenth-order equations using methods such as Classical Variational Iteration Method, Differential Transformation Method, Optimal Homotopy Asymptotic Method, Homotopy Perturbation Method, and Modified Adomian Decomposition Method (Adeosun et al., 2013; Muzammal et al., 2014; Islam et al., 2019; Abiodun et al., 2017). Nevertheless, there remains an opportunity to formulate alternative numerical schemes that take advantage of the approximation properties of appropriately selected polynomial bases. Based on these considerations, the present study proposes a numerical approach employing the Variational Iteration Algorithm to solve linear 13th-order boundary value problems, with Chebyshev polynomials of the fourth kind adopted as the trial functions. The proposed methodology integrates the correction-functional formulation of the Variational Iteration Algorithm with the approximation capabilities of fourth-kind Chebyshev polynomials to obtain an efficient representation of the solution. The coefficients appearing in the trial function are determined by imposing the governing differential equation together with the specified boundary conditions. Consequently, the original high-order boundary value problem is converted into a finite system of algebraic equations that can be solved computationally. This formulation is intended to achieve high accuracy while preserving a relatively straightforward computational procedure. The primary objective of this investigation is to examine the accuracy and effectiveness of the proposed Variational Iteration Algorithm via Chebyshev polynomial for linear 13th-order boundary value problems. Numerical examples are employed to evaluate the performance of the proposed approach, with the resulting approximate solutions compared with exact solutions where such solutions are available. Comparison of absolute errors with existing methods in literature are used to assess the accuracy of the computed results. The study seeks to establish the suitability of fourth-kind Chebyshev polynomials as trial functions coupled with the variational iteration method to demonstrate the reliability, efficiency, and computational attractive technique for high-order boundary value problems. Furthermore, the proposed methodology may serve as a basis for extending the approach to other higher-order ordinary differential equations and related mathematical models.

2. Material and Methods 

2.1 The Standard Variational Iteration Method 

We take the following general differential equation into consideration to demonstrate the technique's fundamental principle.

                                                                       (3)

where  is the inhomogeneous term, L is a linear operator, N a nonlinear operator. We can create a correction functional using the variational iteration method in the manner shown below.

                                        (4) 

A Lagrange multiplier, best identified using the variational iteration technique, is represented by the symbol . The constrained variation is indicated by the subscripts m, denoting the mth approximation, i.e.,  ≈ 0. A corrective functional relationship is defined in (4). With the precise identification of the Lagrange multiplier, linear problems can be solved in a single iteration step. This method rquires us to efficiently determine the Lagrange multiplier , allowing for the generation of consecutive approximations of the solution by combining the Lagrange multiplier with our . The result is provided as follows:Top of Form
Bottom of Form



The way the problem will be solved depends heavily on the Lagrange Multiplier, which can be explained as follows:
 

2.2 Chebyshev Polynomials of the Fourth Kind

The fourth kind of Chebyshev polynomials are orthogonal polynomials with regard to the weight function.  . The Chebyshev polynomials of the fourth kind is defined by , where  satisfies the recurrence relation
 for  with  and .

Consequently, the first several fourth-kind Chebyshev polynomials are listed below:

                                                            (5)

2.3 Shifted Chebyshev Polynomials of the Fourth Kind

The fourth kind of Shifted Chebyshev Polynomials are orthogonal polynomials with regard to the weight function  and normalized by the requirement that 
This is denoted by  and defined as , where  are the Chebyshev orthogonal polynomials of the fourth kind. 
Thus,  satisfies the recurrence relation  
for  with starting values  and .
Accordingly, the first several Shifted Chebyshev Polynomials of the fourth kind are provided below:
…                                                  (6)

2.4 Variational Iteration Method Using Shifted Chebyshev Polynomials of the Fourth Kind      
      
We presume a roughly correct solution of the type using (3) and (4).

                (7)

where  are constants that need to be found, N is the degree of approximation, and   denotes Shifted Chebyshev polynomials of the fourth order. 
As a result, we arrive to the following iterative technique
                                                                    (8)                                                             



2.5 Analysis of Convergence

With respect to the convergence of the variational iteration technique employing Shifted Chebyshev Polynomials of the fourth kind, this section will discuss Banach's theorem. By using this technique, the given differential equation is transformed into a set of functional recurrences. At the limit of this series, it is presumable that the presented differential equation has a solution.

2.5.1 Theorem 

Given that : is a linear mapping and  be a Banach space, suppose
,  :                                                                    (9)
Then  has a unique fixed point. Hence, the sequence
                                                                                   (10)
with an arbitrary choice of  converges to the fixed point of  and we have that



                                                 (11)
where , with the assumption that  This gives   as  and 
It follows that the sequence  is Cauchy. Given that  is a Banach space and thus convergent, the sequence converges to a fixed point. Theorem 1's linear mapping enables us to arrive at the following
                                  (12)
                                                (13)                                  
The variational iteration procedure, which strictly contracts on ,, employs Shifted Chebyshev Polynomials of the fourth kind and must satisfy this requirement in order to converge. In the follow-up, the sequence (10) converges to a fixed point of ℘, which is also a solution to equation (3).

2.6 Numerical Applications

Here, we apply the provided method to two examples and solve them. Furthermore, the correctness and effectiveness of the suggested approach are also demonstrated by numerical findings.

Example 1: (Adeosun et al., 2013; Muzammal et al., 2014; Islam et al., 2019) Consider the following thirteenth order boundary value problem

                                                                                              (14)	                                            

                                 (15)     
                                                  
The theoretical solution is given as          
The boundary value problems (14) and (15) correction functional is provided as
                                    
where,   is the Lagrange multiplier.

We consider a rough solution of the form:

 

Thus, the iterative formula that follows is obtained:
   
                                              
   
                                                                           
The unknown constants' values can therefore be determined by using (6), iterating, and employing the boundary conditions (15)
 , 
  
 , , 
  , ,

In light of this, the series solution is provided as

       O

Example 2: (Abiodun et al., 2017) Consider the following thirteenth order boundary value problem

                                                                                       (16)	

with boundary conditions
,                    (17)                                        
 
  .
The theoretical solution is given as .
The boundary value problems (16) and (17) correction functional is provided as
   
where,   is the Lagrange multiplier.

We consider a rough solution of the form:
 .

Thus, the iterative formula that follows is obtained:

   
                                              
                                                                              

The unknown constants' values can therefore be determined by using (6), iterating, and employing the boundary conditions (17)

 , 
  
 , , 
  , ,,.
In light of this, the series solution is provided as


        
       O

3. Results and Discussion

3.1 Results

The suggested approach is used to solve two test problems, and the numerical outcomes are tabulated and compared with those found in previous research.

Table 1. Analyses of the numerical outcomes for Example 1
	
	Exact solution
	Approximate solution 
	Absolute Error by the proposed method 
	Absolute Error 
(Muzammal et al., 2014)
	Absolute Error 
( Adeosun et al., 2013)
	Exact-HPM
( Islam et al., 2019)
	Exact-OHAM
( Islam et al., 2019)

	0.0
	1.0000
	1.0000
	0.0000e-00
	0.00000e-00
	0.0000e-00
	0.0000e-00
	0.0000e-00

	0.1
	1.09484
	1.09484
	0.0000e-00
	2.22045e-16
	3.88578e-15
	2.2204e-16
	0.0000e-00

	0.2
	1.17874
	1.17874
	0.0000e-00
	0.0000e-00
	1.46216e-13
	0.0000e-00
	0.0000e-00

	0.3
	1.25086
	1.25086
	0.0000e-00
	2.22045e-15
	8.80518e-13
	2.2204e-16
	2.2204e-16

	0.4
	1.31048
	1.31048
	0.0000e-00
	6.66134e-15
	2.35822e-12
	8.8817e-16
	8.8817e-16

	0.5
	1.35701
	1.35701
	0.0000e-00
	1.11022e-14
	3.8014e-12
	2.2204e-16
	4.4408e-16

	0.6
	1.38998
	1.38998
	0.0000e-00
	1.04361e-14
	5.14766e-11
	6.8833e-15
	2.0650e-14

	0.7
	1.40906
	1.40906
	0.0000e-00
	5.32907e-15
	1.56224e-11
	3.8857e-14
	1.9317e-14

	0.8
	1.41406
	1.41406
	0.0000e-00
	8.88178e-16
	8.99409e-11
	3.1397e-13
	2.8377e-13

	0.9
	1.40494
	1.40494
	0.0000e-00
	0.0000e-00
	4.70031e-10
	5.8619e-13
	1.2145e-13

	1.0
	1.38177
	1.38177
	0.0000e-00
	0.0000e-00
	2.06386e-09
	1.6187e-13
	8.0602e-14
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Table 2. Analyses of the numerical outcomes for Example 2
	
	Exact solution
	Approximate solution 
	Absolute Error by the proposed method 
	Absolute Error 
(Abiodun et al., 2017)

	0.0
	1.000000000 
	1.000000000
	0.00000e-00
	0.00000e-00

	0.1
	0.994653826 
	0.994653826
	0.00000e-00
	1.11022e-15 

	0.2
	0.977122207 
	0.977122207
	0.00000e-00
	8.11573e-14 

	0.3
	0.944901165 
	0.944901165
	0.00000e-00
	6.90559e-13 

	0.4
	0.895094819 
	0.895094818
	1.00000e-09
	2.20013e-12 

	0.5
	0.824360635 
	0.824360635
	0.00000e-00
	3.26417e-12 

	0.6
	0.728847520 
	0.728847520
	0.00000e-00
	5.29576e-13 

	0.7
	0.604125812 
	0.604125812
	0.00000e-00
	8.45168e-12 

	0.8
	0.445108186 
	0.445108185
	1.00000e-09
	2.16682e-11 

	0.9
	0.245960311 
	0.245960311
	0.00000e-00
	3.31795e-11 

	1.0
	0.000000000 
	
	1.00000e-09
	3.78511e-11 



[image: ]

3.2 Discussion

The numerical results obtained from the two test problems demonstrate the effectiveness, accuracy, and computational reliability of the proposed Variational Iteration Algorithm (VIA) based on fourth-kind Chebyshev polynomials for solving linear thirteenth-order boundary value problems. In both examples, the approximate solutions generated by the proposed method exhibit very close agreement with the corresponding exact solutions over the entire interval. This agreement indicates that the combination of VIA and the fourth-kind Chebyshev polynomial basis function provide an efficient means of approximating solutions of high-order boundary value problems. For Example 1, the proposed method produces numerical values that agree with the exact solution as reported in Table 1. The absolute error is recorded as zero at all the selected grid points, indicating that the computed approximation coincides with the exact solution to the working precision used in the numerical calculations. The results also compare favorably with those obtained by Muzammal et al. (2014), Adeosun et al. (2013), and Islam et al. (2019) using other numerical and semi-analytical approaches. In particular, the errors reported for the proposed method are at least comparable with, and in several cases smaller than, those obtained by the existing methods. The results for Example 2 further support the effectiveness of the proposed approach. As shown in Table 2, the approximate solution agrees with the exact solution at most of the selected points to the displayed precision. The absolute error is essentially zero at several points, while the maximum reported error is of the order of . Such errors are considerably small and demonstrate that the proposed method maintains a high degree of accuracy even when the differential equation contains an exponential forcing term and a solution that varies significantly across the computational interval. When compared with the results of Abiodun et al. (2017), the proposed method produces errors of comparable or smaller magnitude at the reported points. A particularly important observation from both examples is that the proposed method satisfies the prescribed boundary conditions with high accuracy. This is essential for thirteenth-order boundary value problems because the solution must simultaneously satisfy a large number of boundary constraints. The successful determination of the unknown expansion coefficients through the boundary conditions demonstrates that the proposed polynomial representation is sufficiently flexible to accommodate these constraints without compromising the accuracy of the resulting approximation. The numerical findings also demonstrate the effectiveness of the correction functional used in the Variational Iteration Algorithm. The Lagrange multiplier associated with the thirteenth-order differential operator incorporates the required high-order correction into the iterative formulation. The use of Maple 18 facilitates the symbolic manipulation, evaluation of the polynomial basis, implementation of the correction functional, determination of the unknown coefficients, and computation of the numerical errors. Nevertheless, the quality of the results is primarily attributable to the mathematical formulation of the proposed method rather than to the software itself. The computational implementation demonstrates that the proposed approach can be readily implemented using standard symbolic and numerical computational tools. Overall, the results from Examples 1 and 2 establish that the Variational Iteration Algorithm combined with fourth-kind Chebyshev polynomials is an accurate and computationally attractive technique for linear thirteenth-order boundary value problems. The method achieves excellent agreement with known exact solutions and performs favorably when compared with established methods in the literature. Its ability to satisfy multiple boundary conditions, produce rapidly convergent polynomial approximations, and attain very small absolute errors makes it a promising alternative for the numerical treatment of high-order boundary value problems. The observed performance also suggests that the methodology can be extended to higher-order linear problems and, with suitable modifications, to more general classes of differential equations.
4. Conclusion

In this study, the Variational Iteration Algorithm combined with shifted Chebyshev polynomials of the fourth kind was employed to obtain numerical solutions of linear thirteenth-order boundary value problems. The proposed approach provides a straightforward procedure for constructing approximate solutions while satisfying the prescribed boundary conditions. The study demonstrates that the method is suitable for handling high-order boundary value problems and can be implemented efficiently using mathematical computation. Therefore, the proposed method offers a simple and reliable alternative for the numerical solution of linear high-order boundary value problems. Its formulation also provides a basis for further investigation of other high-order and more general classes of differential equations.
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