


Effects of Seasonal Dividend with Time-Dependent Initial Conditions: A Benchmark Approach
 

Abstract
This paper considered two stochastic systems on the stock price of a bank using Geometric Brownian Motion (GBM) with a deterministic seasonal and benchmark constant initial conditions. At first, the System of Stochastic Differential Equations is formulated to capture annual dividend, earnings, and macroeconomic cycles in the Nigerian banking sector. While the second system, assumes no deterministic trend, seasonality or regime effects. These systems of equations were solved using the method of Ito’s which gave closed form solutions. The simulation results for First Bank and Fidelity Bank share prices were presented using seasonal and constant GBM models with varying sample paths. Results show that while seasonality drives recurring patterns, random shocks and amplitude changes determine short-term dispersion and volatility. The model provides a framework for timing entry and exit around quarterly results. More so, four graphical solutions were analyzed to examine path behavior, expected growth, and sensitivity to drift and volatility. The results highlight the interaction between deterministic trend and stochastic noise in shaping Fidelity’s price dynamics. The model serves as a benchmark for market efficiency with no deterministic trend

Keywords:  Seasonality, Bank, Share Prices, Constant initial price, GBM, Sample paths, Drift, and Volatility.
1.1 Introduction
Dividend seasonality is a well-documented feature of bank stock behavior, particularly in markets with semi-annual payout cycles like Nigeria. Standard GBM models assume a fixed initial condition which ignores the jump in price and volatility around dividend declaration and ex-dates. This leads to mispricing of short-term risk and poor fit during dividend seasons.[1] However, the stock market is one of the most vital components of a free-market economy. It is among the best options to various companies for expansion or set up a new business venture. The stock market performance and operation has been widely recognized as a significantly viable investment field in financial markets. Investments can be done in stock, bond, mutual funds etc. 

Nevertheless, stock market prices have been considered in a varied range by many researchers through different means. For illustration,[4] studied the stochastic analysis of the behavior of stock prices using a proposed log-normal distribution. Similarly [5] studied the stochastic analysis of stock market expected returns for investors, which their results were in agreement with the work of [6]. Moreover, [7] explored a stochastic analysis of stock market expected returns and growth-rates. However, [8] measured the stability analysis of stochastic model for stock market prices. In the work of [9] some analytical solutions of stochastic differential equations with respect to Martingale processes were considered. On the contrary, [10] examined the numerical techniques of solving stochastic differential equations. Consequently, [11] studied on the stability of both analytical and numerical solutions for non-linear stochastic delay differential equations. Clearly [12] studied the solution of differential equations and stochastic differential equations of time varying investments. Furthermore, [13] studied stochastic model of the fluctuations of stock market price. Hereafter [14] examined the stability behaviors of stochastic differential equations (SDEs) driven by time changed Brownian motions. Nevertheless, [15] studied stochastic methods in real-world description of financial models. Consequently many scholars has made lots of useful impacts in stock price dynamics, see [16-21].
To correct this, time-dependent initial condition models have been proposed in the derivatives literature. [2] showed that allowing to vary with known cashflows improves the calibration of equity models. Similarly, [3] demonstrated that benchmark models with deterministic seasonality outperform constant-parameter models in capturing intra-year patterns.
In this paper, we implement a benchmark GBM with initial stock price to capture dividend seasonality. The baseline model provides a reference for comparison, while the seasonal extension explicitly models the periodic inflow/outflow of dividends. Together, they allow us to isolate the effect of dividend timing from general market drift and volatility, which is critical for valuation and risk management of Nigerian bank stocks.
This paper is given as follows: Section 2.1 presents the mathematical preliminaries, Results and discussion are seen in Section 3.1 and paper is concluded in Section 4.1.
2.1: Mathematical Preliminaries
At this point, we present few basic definitions as touching this dynamic area of study, hence we have as follows:




Definition 1: A random variable is said to be a function if  that is -measurable if for all  ,

	 	
	
Definition 2. Stochastic process: A stochastic process[image: ] is a relations of random variables[image: ], i.e, for each [image: ] in the index set[image: ] is a random variable. Now we understand [image: ] as time and call [image: ] the state of the procedure at time [image: ] . In view of the fact that a stochastic process is a relation of random variables, its requirement is similar to that for random vectors.

Definition 3: A standard Brownian motion is simply a stochastic process with the following properties:
i) 

With probability 1,  
ii) 

For all  the increments  are independent.
iii) 
For  .
iv) 
With probability 1, the function  is continuous.




Theorem 1.1: (Ito’s lemma) Let  be a filtered probability space be an  adaptive stochastic process on   pocessing a quadratic variation with SDE defined as:

	 	


 and for . Details of the above can be seen in [16-20].
2.1.1 Mathematical Formulation of the Problem
Though, the price evolution of a risky assets are usually modeled as the trajectory of a risky assets that are usually of a diffusion process defined on some underlying probability space ,with the geometric Brownian motion models for Nigerian for bank stock prices. Hence, we consider Seasonal and single Asset constant Geometric Brownian Motions (GBM) with periodic and constant Initial conditions.  Therefore, we  have the following models:
		

	 	(1.1)

	 	(1.2)

	 	(1.3)








where  represents drift coefficient, represents volatility coefficient, is the base price level, is seasonal amplitude, is seasonal frequency,   represents initial price, represent constant term, represents the Brownian motion.




2.1.2	Method of Solution

The investment equation  consist of a system of variable coefficient problem whose solutions are not trivial. We apply Theorem 1.1 in solving from(1.1), let  and taking the partial derivatives yields:

	 	(1.4)

According to Ito’s theorem gives:

	 	(1.5)



Substituting (1.4) into (1.5) gives the following:

	 	(1.6)

simplifying gives

	 	(1.7)

	 

	 	(1.8)

Integrating (1.8)  from gives

	 	(1.9)

	 

	 
Taking the ln of the both sides gives

	 	(1.10)

From (1.2) let  and taking the partial derivatives yields:

	 	(1.11)

According to Ito’s theorem gives:

	 	(1.12)

Substituting (1.11) into (1.12) gives the following:

	 	(1.13)

simplifying gives

	 	(1.14)

	 

	 	(1.15)

Integrating (1.15)  from gives

	 	(1.16)

	 

	 
Taking the ln of the both sides gives

	 	(1.17)
This gives the general solution of the SDE. To find the particular solution


 , 

	 

	 	(1.18)

3.1 Results and Discussion
Analysis of Models: Seasonal Initial-Condition Model. 
The seasonal model is represented as

	 		
with
	SBASE = 22,	A = 4,	ω = 2π,	µ = 0.12,	σ = 0.25.
The single-asset baseline model:

	.

The following parameter values were explicitly used .

[image: ]
Figure 1: Three Sample Brownian-Motion Paths used in the Seasonal Model
As can be seen in Figure 1, the three simulated Brownian paths capture the expected irregular fluctuations of First Bank’s future share price around a seasonal mean of zero. Paths 1 and 2 align initially and drift horizontally upward, suggestive of positive short-term stochastic shocks. Path 3 diverges and fluctuate horizontally downward, replicating negative idiosyncratic noise. In all, the figure shows that while seasonal trends provide a base, random shocks cause short-term dispersion in First Bank’s price.


[image: ]
Figure 2: Sample Analytical Solution Paths for the Seasonal Initial-Condition Model.
In Figure 2, the three analytical paths exhibit a deterministic seasonal frequency, indicating that First Bank’s share price follows a recurring cyclical pattern over time. Though, the paths vary in levels and amplitudes, showing that initial conditions and seasonal magnitude can vary across scenarios. This suggests that while the timing of peaks and troughs is predictable, the strength of each seasonal cycle is not. Thus, First Bank’s future price retains seasonality but with scenario-dependent intensity.


[image: ]
Figure 3: The Profiles of Sensitivity of Model  to Drift, Volatility and Seasonal Amplitude.
Figure 3, tells about the sensitivity plot which shows that the parameter A controls the amplitude of First Bank’s seasonal oscillations.  A little increase in parameter ‘A’ widens the vertical distance between seasonal peaks and troughs, making price swings more pronounced. Significantly, the frequency of the oscillations remains unaffected, meaning seasonality timing is stable. This suggests that external factors affecting A, such as dividend cycles or quarterly results, will amplify volatility but not alter the seasonal timing of First Bank’s share price.
[image: ]
                  Figure 4: Three Brownian-Motion Paths for Single-Asset baseline model
Figure 4, show three Brownian paths and corresponding exact GBM trajectories are displayed. Because the price is obtained through an exponential transformation, sufficiently positive Brownian realizations can generate rapid increases, while sufficiently negative realizations can generate substantial declines. Yet, the price remains positive for all finite t . More so, the three simulated paths for Fidelity share price originate from the same initial value, indicating a common starting valuation. Initially, the paths remain closely aligned, reflecting minimal impact of stochastic shocks. Subsequently, path 1 trends upward while path 2 and 3 trend downward due to the Brownian component. However, in the later period all paths realign upward, which submits that the positive drift ultimately dominates and restores the long-term tendency of Fidelity despite short-term divergence.

[image: ]
                              Figure 5: Three Analytical GBM Paths for Single-Asset Baseline Model 
Clearly, Figure 5 show the three paths for Fidelity Bank begin at a common point but immediately diverge, demonstrating the early influence of randomness in price realization. After a period of separation, the paths converge toward a central level, indicating the steadying effect of drift term in the GBM. Thereafter, path 3 moves upward while path1 and 2 move downward, demonstrating how idiosyncratic shocks produce different outcomes. Overall, the Figure 2 shows that Fidelity’s share price is governed by both a drift-driven central tendency and volatility-driven short-term fluctuations.





[image: ]
Figure 6: Sensitivity of the Constant GBM to Drift and Volatility for Single-Asset Baseline model.
The sensitivity plot illustrates the effect of varying drift and volatility on Fidelity’s share price dynamics. An increase in drift shifts the central tendency upward, thereby raising the expected growth rate of the share price. In contrast, an increase in volatility widens the dispersion of sample paths around the central tendency, reflecting greater uncertainty. The result implies that drift determines Fidelity’s long-term direction while volatility governs short-term risk and variability, see Figure 6.
4.1 Conclusion 

 Seasonality is a significant driver of short-term price movement. Empirically, the deterministic cycle persists across all sample paths while the Brownian component governs deviation amplitude. This validates seasonal Dollar-Cost-Averaging and dividend-timing strategies. The model demonstrates that omitting seasonality in leads to mispricing of risk. Hence, for assets with strong annual cycles, GBM with periodic initial conditions provides superior forecasting and risk management relative to the constant-GBM benchmark. First Bank’s future share price exhibits stable seasonal frequency but scenario-dependent amplitude and level.  Brownian noise causes short-term divergence around the seasonal mean, while parameter A governs the magnitude of price swings.  However, the single asset model exhibits wide path dispersion and market efficiency. All risk is idiosyncratic, making technical signals unreliable. The conclusion supports passive investment and stop-loss risk control. This paper confirms that any extension to non-constant  must be statistically justified, providing the baseline for testing seasonality, growth, and regime effects. More so, incorporating time-dependent delay parameters to the proposed models will be an interesting area of study.
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