

	
MATHEMATICAL ANALYSIS OF A TUBERCULOSIS TRANSMISSION MODEL WITH VACCINATION AND TREATMENT


    ABSTRACT
Tuberculosis (TB) remains a significant public health challenge globally, necessitating robust models to understand its transmission dynamics and control strategies. We present a mathematical model based on a system of ordinary differential equations to study the transmission dynamics of TB incorporating key parameters influencing the progression and control of TB, including transmission rates, progression to infectious states, treatment efficacy, relapse rates, and the impact of vaccination. The Disease-Free Equilibrium (DFE) states of the models were established and proved to be locally asymptotically stable using RouthHurwitz criterion for local stability. Endemic Equilibrium (EE) states of the models were also established and proved to be locally asymptotically stable using trace and determinant method. Results also showed that the Endemic Equilibrium (EE) is locally asymptotically stable whenever the effective reproduction number is greater than one. The effective reproduction number was computed using the next generation matrix approach. The global stability analysis of the Endemic Equilibrium point of the model was established to determine the condition that favoured the spread of the disease by the construction of a Lyaponov function and the results showed that the Endemic Equilibrium point (EE) of the model is globally stable whenever the effective reproduction number is greater than one, else it becomes unstable. Sensitivity analysis was then carried out to determine which parameters should be targeted by control intervention strategies of which the result showed that an increase in the rate of vaccination leads to a reduction in the prevalence of the disease. Numerical simulation of the model was also carried out and result showed that reducing transmission related parameters such as transmission rate for infectious individuals moving to the infected compartment and rate at which susceptible individuals enter the hidden TB compartment leads to lowering the burden of the disease while increasing vaccination or treatment related parameters such as vaccination rate, recovery rate for latently infected individuals and  recovery rate for infectious individuals leads to low disease prevalence in a population. Finally, we recommend that vaccines should be duly administered and patients should be advised to complete their medications so as to prevent relapse or the spread of the disease.
1	INTRODUCTION 
Tuberculosis (TB), caused by Mycobacterium tuberculosis, remain one of the leading infectious diseases worldwide and continues to pose a great public health challenge, particularly in developing countries. Although considerable progress has been made in TB prevention and treatment, factors such as latent infection, delayed diagnosis, poor treatment adherence and the emergence of drug-resistant strains continue to sustain disease transmission. Vaccination and effective treatment remain two of the most important intervention strategies for reducing the burden of tuberculosis and improving disease control.
Mathematical modelling has become an essential tool for understanding the transmission dynamics of infectious diseases and evaluating the effectiveness of control measures. Compartmental models provide a systematic framework for describing disease progression, estimating epidemiological thresholds and predicting the impact of intervention strategies. Particularly, the computation of the basic reproduction number and the stability analysis of equilibrium points provide valuable insights into the conditions required for disease elimination and or persistence. 
Several mathematical models have been proposed to study tuberculosis transmission by incorporating epidemiological features such as latent infection, reinfection, vaccination and treatment. Whereas these studies have significantly improved the understanding of TB dynamics, relatively few have examined the combined effects of vaccination and treatment within a unified mathematical framework. Consequently, there is a need for models that integrate these interventions to better assess their collective influence on disease transmission and control.
In this paper, a deterministic compartmental model for TB transmission incorporating vaccination and treatment is developed and analysed. The model is formulated as a system of nonlinear ordinary differential equations representing the interactions among epidemiologically relevant population classes. The basic properties of the model, including positivity and boundedness of solutions are established. The disease-free and endemic equilibrium points are derived and the basic reproduction number is obtained using the next-generation matrix approach. Moreso, the stability of the equilibrium states is investigated and numerical simulations are performed to illustrate the effects of vaccination and treatment on the dynamics of TB transmission. The findings of this study provide theoretical insights into the role of combined vaccination and treatment strategies in controlling TB and contribute to the growing literature in mathematical epidemiology. 
 
2	LITERATURE REVIEW
Tuberculosis (TB) is a chronic infectious disease caused by Mycobacterium tuberculosis (MTB), which primarily affects the lungs but may also infect other organs, resulting in extrapulmonary tuberculosis (Kuria, 2019; Chakrabarti et al., 2007). The disease spreads through airborne droplet nuclei released when infectious individuals cough, sneeze, speak, or sing, making transmission particularly common in densely populated and poorly ventilated environments (Coleman et al., 2022). Although TB is preventable and curable, it remains one of the world's deadliest infectious diseases.
The World Health Organization (WHO, 2024) reported that approximately 10.8 million people developed tuberculosis globally in 2023, including 6.0 million men, 3.6 million women, and 1.3 million children, while 1.25 million deaths were attributed to the disease. Despite decades of global intervention, tuberculosis remains the leading cause of death from a single infectious agent, highlighting persistent gaps in early diagnosis, treatment accessibility, and preventive healthcare.
A major challenge in tuberculosis control is latent tuberculosis infection (LTBI). Approximately one-quarter of the world's population is estimated to be infected with M. tuberculosis, although only about 5–10% of infected individuals develop active disease during their lifetime (Houben & Dodd, 2016). The probability of progression from latent infection to active tuberculosis increases considerably among individuals with compromised immune systems, particularly those living with HIV/AIDS, diabetes mellitus, malnutrition, or receiving immunosuppressive therapy (Olivier & Luies, 2023). Consequently, latent infection continues to sustain tuberculosis transmission despite improvements in treatment programmes.
Global TB control has improved considerably over the past two decades through widespread implementation of early diagnosis, standardized chemotherapy, preventive therapy, vaccination, and improved surveillance. Nevertheless, disruptions caused by the COVID-19 pandemic reversed several years of progress by reducing case detection and delaying treatment initiation (WHO, 2024). In response, the WHO End TB Strategy aims to reduce tuberculosis incidence by 90%, decrease TB-related deaths by 95%, and eliminate catastrophic healthcare costs by 2035 relative to 2015 levels (WHO, 2015).
The Directly Observed Treatment, Short-course (DOTS) strategy remains the foundation of global tuberculosis control. DOTS combines political commitment, bacteriological diagnosis, standardized chemotherapy under direct observation, uninterrupted drug supply, and systematic monitoring of treatment outcomes (Frieden & Sbarbaro, 2007). The strategy has significantly improved treatment success rates; however, poor treatment adherence continues to promote treatment failure and the emergence of multidrug-resistant tuberculosis (MDR-TB) and extensively drug-resistant tuberculosis (XDR-TB), both of which present serious challenges to disease elimination (Lange et al., 2019).
Vaccination remains an important preventive intervention. The Bacillus Calmette–Guérin (BCG) vaccine provides substantial protection against severe childhood tuberculosis but demonstrates inconsistent efficacy against adult pulmonary tuberculosis and offers limited protection against latent infection and disease reactivation (Mangtani et al., 2014). Consequently, several novel vaccine candidates are currently undergoing clinical evaluation, creating the need for mathematical frameworks capable of assessing different vaccination strategies before large-scale implementation (Scriba et al., 2023).
Mathematical modelling has become an indispensable tool for understanding tuberculosis transmission dynamics and evaluating disease control strategies. Compartmental models formulated using systems of nonlinear ordinary differential equations provide quantitative insights into disease transmission, equilibrium behaviour, reproduction numbers, and the effectiveness of intervention strategies (Brauer, 2017). Stability analysis of disease-free and endemic equilibria enables researchers to identify thresholds necessary for disease elimination and to evaluate the long-term effectiveness of vaccination and treatment programmes (Van den Driessche & Watmough, 2002).
Recent studies have expanded classical tuberculosis models by incorporating additional epidemiological factors. Mehmet et al. (2023) developed a deterministic compartmental model that incorporated vaccination and treatment and demonstrated that increasing vaccination coverage and treatment success substantially reduced disease prevalence. Their sensitivity analysis further identified the effective contact rate and treatment rate as dominant parameters influencing the basic reproduction number.
Similarly, Sinha and Chibale (2023) investigated tuberculosis control using mathematical modelling and emphasized that combining early diagnosis, effective chemotherapy, and vaccination produced greater reductions in disease burden than implementing single interventions independently. Their findings reinforced the importance of integrated control strategies for achieving the objectives of the WHO End TB Strategy.
Liu et al. (2024) reviewed the current global epidemiology of tuberculosis and highlighted that delayed diagnosis, increasing drug resistance, and socioeconomic inequalities remain major barriers to tuberculosis elimination. The authors concluded that mathematical models capable of incorporating multiple intervention strategies are essential for evaluating future public health policies.
Several recent mathematical studies have also incorporated optimal control theory into tuberculosis transmission models. These studies consistently demonstrate that combining vaccination, treatment, and public health education minimizes disease prevalence while reducing intervention costs, thereby providing practical guidance for policymakers responsible for tuberculosis control programmes.
Nigeria remains one of the thirty high tuberculosis burden countries identified by the World Health Organization and contributes significantly to the global TB burden (WHO, 2024). The disease burden is aggravated by HIV co-infection, poverty, overcrowding, malnutrition, delayed diagnosis, inadequate healthcare infrastructure, and poor adherence to treatment (Adepoju et al., 2020). Although the National Tuberculosis, Leprosy and Buruli Ulcer Control Programme (NTBLCP) has implemented WHO-recommended DOTS strategies nationwide, several regions continue to experience low case detection rates and suboptimal treatment outcomes (Gidado et al., 2015).
Although numerous mathematical models have investigated tuberculosis transmission, many focus primarily on treatment or vaccination as isolated interventions. Comparatively fewer studies simultaneously investigate their combined epidemiological effects within a unified deterministic framework while examining equilibrium behaviour, reproduction numbers, and stability properties. This study addresses this gap by developing and analysing a compartmental tuberculosis transmission model that incorporates vaccination and treatment. The model investigates the qualitative behaviour of disease transmission through positivity analysis, invariant regions, disease-free and endemic equilibria, computation of the basic reproduction number, and local stability analysis. The findings are expected to provide useful insights for evaluating tuberculosis intervention strategies and supporting evidence-based public health policy.

3	METHODOLOGY
The study shows a deterministic mathematical model for the transmission dynamics of tuberculosis incorporating vaccination and treatment as control strategies. The model is formulated as a system of nonlinear ordinary differential equations that describe the interactions among epidemiological compartments which represent the disease states of the human population. The formulation is based on standard epidemiological assumptions and the law of mass action under homogeneous mixing. Here are the assumptions upon which the model is being formulated:
Population Groups: The population is divided into distinct compartments: Susceptible (S), Vaccinated (V), Latently Infected (L), Treated Latently Infected (T1), Infectious (I), Treated Infectious (T2), Recovered (R), and Relapsed (RL).
Recruitment: The recruitment rate, (Λ), introduces new susceptible individuals into the population.
Disease Transmission and Progression: Transmission occurs from the infectious population (I) to the susceptible population (S) at a rate (α), converting them to either latently infected (L) or infectious (I). Individuals in the latent compartment (L) can progress to the infectious compartment (I) at a rate (γ).
Latently infected individuals (L) have a chance to recover without progressing to the infectious state at a rate (f).
Vaccination Dynamics: Susceptible individuals (S) can be vaccinated and moved to the vaccinated compartment (V) at a rate (δ). Vaccinated individuals may lose immunity and revert to the susceptible class at a rate (π).
Treatment and Recovery: Treatment of latently infected individuals (T1) occurs at a rate (m), moving them to the recovered compartment (R). Infectious individuals (I) can receive treatment (T), with a recovery rate (θ) Successfully treated infectious individuals (T2) move to the recovered class (R) at a rate (c).
Mortality: All compartments are subject to a natural death rate which affects the dynamics of each compartment equally. Individuals in the infectious (I), Treated Latently Infected (T1), and Treated Infectious (T2), compartments face an additional disease-induced death rate (σ).
3.1 Model Dynamics
The model equations describe the rates of change for each compartment, accounting for transitions between states due to infection, vaccination, treatment, recovery and death. Now, putting the assumptions together, we have a model flow diagram and the model equations for the transmission dynamics of Tuberculosis.
3.2 Mathematical Equations of the Model
The model equation is presented in (2.1) to (2.7)
                                                                                          (3.1)
                                                                                                                    (3.2)
                                                                                                        (3.3)
                                                                                     (3.4)
                                                                                                       (3.5)
                                                                                                         (3.6)
                                                                                                    (3.7)
3.3 Model Variables and Parameters
Table 1 Description of the state variables
	Variables
	Description

	
	Susceptible Population

	
	Vaccinated Population

	
	Latent Infected Population

	
	Treatment for the latently infected Population

	
	Infectious Population

	
	Treatment for the actively infected Population

	
	Recovered Population

	
	



Table 2 Description of the state parameters used in the model
	Parameters
	Description

	
	Recruitment rate

	
	Rate of susceptible individuals to enter the hidden TB compartment

	
	Rate of transmission of susceptible individuals to infected compartment

	
	Vaccination rate

	
	Waning rate of vaccine induced immunity

	
	Progressive rate from latent to infectious class

	
	Recovery rate for latently infected individuals

	
	Recovery rate for infectious individuals

	
	Disease induced death rate

	

	
	Rate at which treated individuals in T2 move to the recovered class

	
	Rate at which treated individuals in T1 move to the recovered class

	
	

	
	Natural death rate



The total population is given by:
                 (3.8)
Adding equations (3.1) to (3.8) gives


But , thus, the change in the total human population with respect to time is
                                                                                      (3.9)
3.4 Existence and Uniqueness of Solution
Theorem 3.1: (As proposed by Derrick and Grossman 1976)
Let
                                                                            (3.10)
Let D denote the region in [-dimensional space one dimension for  and dimensions for the vector ].
If the partial derivatives  are continuous in

Then there is a constant  such that there exists a unique continuous vector solution

in the interval 
Theorem 3.2
 Let
                                                            (3.11)

Then equations (3.1) - (3.7) has a unique solution
Proof:
                                                                              (3.12)
                                                                                                 (3.13)
                                                                                 (3.14)
                                                                           (3.15)
                                                                                         (3.16)
                                                                                         (3.24)                                                                                                (3.17)
                                                                                                (3.18)
Therefore are continuous and bounded.
Hence the problem has a unique solution and the model (3.1) - (3.7) is mathematically and epidemiologically well posed.
3.5 Equilibrium States of the Model
Here the Disease-Free Equilibrium and Endemic Equilibrium States were presented.
At equilibrium states
                                                                               (3.19)
3.5.1 Disease Free Equilibrium (DFE)
At Disease Free Equilibrium, there are no infected individuals and as such
                                                                                                              (3.20)
The Disease-Free Equilibrium State is represented by

where 
From equation (3.2)


                                                             (2.21)
From (2.7)

But =  and =0


                                                                                                                            (3.21)
Substituting (3.20) into (3.21)







                                                                                                                      (3.22)
Substituting (3.22) into (3.20)



                                                                                                                       (3.23)
From (2.7)


But 


DFE state is given by;


3.5.2 Disease Endemic Equilibrium (DEE)
At Disease endemic equilibrium state, the virus exists and
 
Since the disease exists, 
From equation (3.3)



                                                                                                                 (3.24)
From equation (3.2)


                                                                                                                           (3.25)
Substituting (3.24) into  in (3.25) gives:

                                                                                                                    (3.26)
From equation (3.6)


                                                                                                                          (3.27)
From equation (3.5)


                                                                                                                           (3.28)
From equation (3.7)





                                                                                                (3.29)
From equation (3.7)

                                                                                        (3.30)
Substituting (2.24) and (2.21) into (2.30) gives:








                                                                                          (3.31)
From equation (3.31)








                                                                                                (3.32)

Substituting (3.31) into  in (3.28) gives:




                                               (3.33)
Substituting (3.32) into  in (3.33) gives:


                                                                                              (3.34)
   
Equation (3.24), (3.26), (3.27), (3.31), (3.32), (3.33), and (3.34) constitute the endemic equilibrium state of the model.
The equations are:
                                                                                                                            (3.24)
                                                                                                                      (3.26)
                                                                                                     (3.27)
                                                                                                   (3.31)
                                                                                                 (3.32)
                                                                                                                             (3.33)
                                                     (3.34)  
The presence of in the above equations show that disease is actually present in the population which represents endemicity of the disease.
3.5.3 The Effective Reproduction Number 
This refers to the average number of new infections caused by a single infected person
in a population where some control measures like awareness or vector control are already in place. (Young et al., 2023).
Computations of  typically involve product of infection rates and duration of infection. i.e. Re = (Rate of secondary infection) x (duration of infection).
The effective reproductive number determines how long a disease will prevail in a particular population and this is determined by the value of . If  it means that an individual produces an average less than one infected person which by calculation means the disease will die out from the population with time.
On the other hand, if , It means that an infected person produces more than one infected person throughout his infective period in the population and as such the disease invades the population.
Reproductive number 
Where ρ denotes the spectral radius of a matrix  which represents the dominant non negative Eigen value of the next generation matrix of the square matrices and of order (mxm) where m is the number of infected class and defined by
 and 
Such that  is non-negative,  is a nonsingular m-matrix and  is the disease-free equilibrium point (DFE).
Now considering the classes, we have:
                                                                       (3.35)
The function  and the partial differentiation of  with respect to  the Jacobian matrix of  evaluated at the DFE is given by
                                                                                          (3.36)
Substituting (3.30) into (3.47) gives
                                                                             (3.37)
Also,
                                                                                     (3.38)
From equation (3.9), (3.10), (3.11), (3.12) and (3.14)
Let 
So that
                                                                                                (3.39)
Substituting (2.39) into (2.40) gives
                     (3.40)
Recall that at Disease Free Equilibrium,

Therefore,
                                            (3.41)
Suppose,
                                                                                                 (3.42)
And
   (3.43)
Then
                                                                                        (3.44)
Now, we use the method of Row Reduction Echelon (RRE) to solve for 
                                               (3.45)



                                           (3.46)

                                              (3.47)

                                          (3.48)



                             (3.49)

                     (3.50)

               (3.51)

                   (3.52)

                (3.53)

                       (3.54)
Therefore,
                                           (3.55)
Substituting (3.44) into (3.56) gives



Now we compute 
where  = Eigen Values and  = Identity matrix for (5by5)
 Which means the dominant Eigen value of   Where  is the spectral radius.
Computation of    gives:





or

or

Therefore,

or

or

Therefore, the dominant Eigen value of  is given by


and

Since and  are the dominant Eigen value of , then the disease’s effective reproduction number  is indicated by two cases, namely and .
where

and


where  is the reproduction number generated by the latently infected individuals and  is the reproduction number generated by the infectious individuals.
3.5.4 Global Stability of the Disease-Free Equilibrium
The global stability of the disease-free equilibrium of model equations (3.1)–(3.7) will be examined using the theorem proposed by Castillo-Chavez and Song (2002).
Theorem 3.3: Let ​ denote the disease-free equilibrium point of the model system (3.1)–(3.7). When , the model system (3.1)–(3.7) is globally asymptotically stable provided that the following conditions are satisfied:
a. 
b. where represents the uninfected compartments of the model system (3.1)–(3.7), i.e. and represents the infected compartments of the model system i.e. , is an matrix (all off diagonal elements are non positive, and all principal minors are positive) and is the region where the model system (3.1)–(3.7) makes biological sense.
Proof:
To show that (a) holds, consider the model system (3.1)–(3.7), we have:


To find the solution of the first order differential equations (ODEs) above at DFE, we have from

The system above is a simple separable differential equation, thus integrating, we have:

                                                                                                   (3.56)
By taking the exponent of both sides of equation (3.67), we have:

By using the property , we have

Let 
                                                                                                                       (3.57)
If
 
then

Similarly, we have from

Multiplying both sides by the integrating factor , we have

Now, integrating both sides of the system above, we obtain:

Solving for , we have:

If , as 


then
                                                                                                                                (3.58)
Similarly, we have from

Multiplying both sides by the integrating factor , we have
                                                               (3.59)

Now, integrating both sides of the system above, we obtain:
                                                                                         (3.60)

Solving for , we have:
                                                                                                           (3.61)
If , as then 
It is clear that all points converge to , hence  is GAS and thus condition (a) is satisfied.


To show that condition (b) holds, we have:

Now, computing  where  and ,
We have;

But at DFE,  and 
The matrix is thus obtained as follows:

Where

Therefore,


It follows that all parameters are nonnegative, . Thus . Therefore,  and condition (b) is satisfied. Therefore, the disease-free equilibrium points of the model system (3.1)– (3.7) is globally asymptomatically stable.
3.5.5 Global Stability of Endemic Equilibrium Point (E*) of the Model
Theorem 3.4: If Re > 1, the endemic equilibrium point E* of the model (3.1) – (3.7) is globally asymptotically stable.
Proof:	To establish the global stability of the endemic equilibrium E*, we construct the following by Lyapunov function.

The derivative of  along this solution path of (3.7) to (3.14) by direct calculation gives:
                                                                                                    (3.62)
Thus, substituting (2.1) -(2.7) gives
                                                                      (3.63)
By simplifying equation (3.74) and expressing each term as a single fraction, we have
                                                                                                          (3.64)
By substituting the equilibrium conditions into equation (3.75) and simplifying gives
                                                                                  (3.65)
Expanding the terms in the numerator of equation (3.65) gives
                                                                         (3.66)
By collecting like terms and rearranging equation (3.66) and rearranging to isolate the negative definite quadratic forms, we have
                                              (3.67)
Collecting the positive and negative terms we obtain

Where
        (3.68)
Therefore
                                         (3.69)
And
                                                                    (3.70)
If , then  will be negative
Definite, that is 
, if and only if

Thus, the largest compact invariant set is

Is just the singleton set  where  is the Endemic Equilibrium, by LaSalle’s Invariant principles, it implies that  is Globally Asymptotically Stable (GAS) in 𝜴 if .
4	RESULTS AND DISCUSSION
Here are the results obtained from a mathematical model designed to study tuberculosis (TB) progression dynamics and the impact of intervention strategies. However, in achieving these findings a sensitivity Analysis and Numerical Simulation were carried out using the Python programming language.
4.1 Initial Values and Parameters Estimation
The following values are assumed for the initial values of variables and parameters involved in model (3.1) - (3.7) which will be used for the model sensitivity analysis and simulations.
The initial values and parameters are presented in Table 3 and Table 4 respectively.


Table 3 Table showing variable description and values
	VARIABLES
	DESCRIPTION
	ESTIMATEDVALUE
	UNIT
	SOURCE

	

	Initial Susceptible population
	30,201
	Persons
	Mehmet et al., (2023)

	

	Initial Vaccinated population
	23,846
	Persons
	Assumed

	

	Initial Latent population
	830
	Persons
	Mehmet et al., (2023)

	

	Initial Infected population
	801
	Persons
	Mehmet et al., (2023)

	

	Initial Treatment 1 population
	0
	Persons
	Mehmet et al., (2023)

	

	Initial Treatment 2 population
	0
	Persons
	Mehmet et al., (2023)

	

	Initial Recovered population
	0
	Persons
	Mehmet et al., (2023)

	
	
	
	
	




Table 4 Table showing parameter description and values
	PARAMETER
	DESCRIPTION
	ESTIMATED VALUE
	UNIT
	SOURCE

	

	Recruitment rate
	1562
	Persons/year
	Mehmet et al., (2023)

	

	The rate of Susceptible individuals to enter the hidden TB compartment
	0.0005
	Per Capital/year
	Mehmet et al., (2023)

	

	Rate of transmission of Susceptible individuals to Infected compartment
	0.0006
	Per Capital/year
	Mehmet et al., (2023)

	

	Vaccination rate
	0.9
	1/year
	Assumed

	

	Waning Rate of Vaccine Induced Immunity
	0.1
	1/year
	Assumed

	

	Progressive Rate from Latent to Infectious compartment
	0.05
	1/year
	Assumed

	

	Recovery rate for Latently infected individuals
	0.6
	1/year
	Mehmet et al., (2023)

	

	Recovery rate for infectious individuals
	0.35
	1/year
	Mehmet et al., (2023)

	

	Disease induced death rate
	0.004
	1/year
	Mehmet et al., (2023)

	
	
	
	
	

	

	Rate at which Treated individuals in  move to the Recovered class
	0.06
	1/year
	Mehmet et al., (2023)

	

	Rate at which Treated individuals in  move to the Recovered class
	0.5
	1/year
	Mehmet et al., (2023)

	
	
	
	
	

	

	Natural death rate
	0.03
	1/year
	Mehmet et al., (2023)



4.2 Sensitivity Analysis
This analysis shows us the parameter to pay attention to in other to reduce human mortality due to tuberculosis, it helps us to find out those parameters that should be targeted by intervention strategies which also enable us to know how crucial each parameter is to the transmission of the disease.

To check which of this parameter in the model (3.1) - (3.7) has high impact on  and also to find out key parameter that contributes in the reduction of tuberculosis transmission in the population, we use the normalized forward sensitivity index of the variable to a parameter (the ratio of the relative change in the parameter). This is given as:


where p is the parameter in consideration.




 A positive index implies increasing  raises, and a negative index means increasing  reduces .
where

These are two cases of   where  is for the Latent case, while  is for the infectious case.
Now, let’s compute the sensitivity indices with respect to 
(1) The sensitivity index of Λ is given as:




Substituting values from Table 4








Similarly;
(2) The sensitivity index of β is given as:




(3) The sensitivity index of δ is given as:




(4) The sensitivity index of π is given as:




(5) The sensitivity index of f is given as:




(6) The sensitivity index of μ is given as:




Now, let’s compute the sensitivity indices with respect to 
(1) The sensitivity index of Λ is given as:




(2) The sensitivity index of α is given as:




(3) The sensitivity index of δ is given as:




(4) The sensitivity index of π is given as:




(5) The sensitivity index of θ is given as:




(6) The sensitivity index of σ is given as:




(7) The sensitivity index of μ is given as:






The sensitivity indices are given in Table 5. Positive indices indicates that the value of  will increase with increase in the parameter and the one with negative index will decrease the value of  with increase in the parameter values.

Table 5-Numerical values for the sensitivity index analysis for 
	PARAMETERS
	DESCRIPTION
	SENSITIVITY INDEX
	SIGN
	IMPACT

	

	Recruitment rate
	1
	+
	
Increases 

	

	The rate of Susceptible individuals to enter the hidden TB compartment
	1
	+
	
Increases 

	

	Waning Rate of Vaccine Induced Immunity
	0.672
	+
	
Increases 

	

	Recovery rate for Latently infected individuals
	-0.952
	-
	
Reduces 

	

	Vaccination rate
	-0.874
	-
	
Reduces 

	

	Natural death rate
	-0.846
	-
	
Reduces 





Table 6 Numerical values for the sensitivity index analysis for 
	PARAMETERS
	DESCRIPTION
	SENSITIVITY INDEX
	SIGN
	IMPACT

	

	Recruitment rate
	1
	+
	
Increases 

	

	Rate of transmission of Susceptible individuals to Infected compartment
	1
	+
	
Increases 

	

	Waning Rate of Vaccine Induced Immunity
	0.672
	+
	
Increases 

	

	Recovery rate for infectious individuals
	-0.912
	-
	
Reduces 

	

	Natural death rate
	-0.876
	-
	
Reduces 

	

	Vaccination rate
	-0.874
	-
	
Reduces 

	

	Disease induced death rate
	-0.010
	-
	
Reduces 



Our conclusion from the sensitivity analysis conducted are depicted in the table above, the positive values increase the endemicity of the disease and the negative values decrease the endemicity of the disease.
4.3 Numerical Simulation
Python programming language was used for this simulation.
4.3.1 Sensitivity analysis graph of the model
[image: ]

Figure 1(a) Normalized Forward Sensitivity Indices for (Latent case)
[image: ]

Figure 1(b) Normalized Forward Sensitivity Indices for (Infectious case)


From Figure 1(a and b) parameters with positive sensitivity indices (orange bars) increase when they increase, making TB harder to control. Parameters with negative indices (green bars) reduce  when increased, helping to control TB. This means that reducing transmission-related parameters (α, β) and increasing vaccination or treatment-related parameters (δ, f, θ) are the most effective strategies for lowering .


4.3.2 Graphical projectiles of the model
[image: ]




Figure 2 Population distribution across TB compartments over time
[image: ]
Figure 3 Impact of the Transmission Rate (α) on the Infected Class
[image: ]
Figure 4 Impact of Vaccination Rate (δ) on the Latently Infectious Compartment
[image: ]
Figure 5 Impact of Recovery rate for the infectious individuals (θ) on the Actively Infected Treated Class


[image: ]
Figure 6 Impact of waning rate (π) on the latent TB class
4.4 Discussion of Results







Figure 2 shows how the distribution of the population changes over time as individuals move between compartments. Susceptible class () decline due to infection, vaccination or natural death, this suggests a high initial force of infection or aggressive vaccination rollout while vaccinated individuals () rise sharply then declines indicating an effective early vaccination campaign followed by waning immunity or transition to other compartments. Latent cases () shows a moderate rise and fall transitioning into treated latent () which also declines after an initial rise indicating that, these individuals are being treated and passed to other compartments. The Infectious class () rises then declines due to treatment, death or recovery, followed by treated infectious cases () which also declines after an initial rise, suggesting a responsive health care system. It also helps in suppressing the spread of the infectious class. Recovered class () steadily increases over time indicating that treatment and recovery are working effectively, it later begins to reduce gradually as fewer individuals remain infected suggesting partial immunity or treatment failure due to incomplete treatment, reinforcing the importance of post treatment monitoring.
Figure.3. shows the different transmission rates (α). It suggests the rapid increase in infectious individuals, reflecting the early phase of the disease, showing when transmission is high and interventions may not yet be effective. The graph depicts that higher transmission rates (α) lead to more infections and vice-versa. All curves finally decline gradually suggesting interventions like treatment and vaccination had begun to reduce the number of infectious. Reducing contact rates or transmission probability can greatly reduce TB cases.
Figure 4. shows that all curves start with a high peak in latent TB cases, this suggests a large initial latent population, the latent population drops almost immediately and flattens near zero indicating that most latent individuals either progress to active TB, recover or die. Despite varying the vaccination rate (δ), the overall shape of the curves remains similar.
As seen in Figure 5, higher recovery rate of infectious individuals (θ) reaches higher peaks earlier which shows that faster treatment rates lead to more individuals being treated quickly while higher recovery rate of infectious individuals (θ) peak later and lower, suggesting slower treatment uptake. After the peak, all curves decline implying that the infectious population is being reduced over time either through recovery, death or transition to other compartments. This means that increasing recovery rate (θ) results in faster and more effective containment of TB.
As seen in Figure 6, All curves show a steady increase in latent TB cases, this reflects the gradual decline of vaccine protection over time. Higher vaccine waning rate (π) means faster loss of immunity leading to more individuals becoming susceptible again and eventually entering the latent compartment while lower vaccine waning rate (π) preserve immunity longer resulting in fewer latent infections. After the peak, the latent population declines possibly due to progression to active TB, treatment of the latent class or death.
5	CONCLUSION
This study formulated and analysed a deterministic compartmental model for tuberculosis transmission in the presence of vaccination and treatment. The equilibrium and threshold analyses indicate that the effective reproduction number is central to determining whether infection declines or persists in the population. Sensitivity results identify transmission-related parameters as important drivers of tuberculosis spread, while vaccination and recovery-related parameters contribute to reducing disease prevalence. The numerical simulations suggest that lower transmission, increased vaccination, and faster recovery can reduce the numbers of latent and actively infectious individuals over time. Conversely, faster loss of vaccine-induced immunity may increase the latent infection burden. The findings therefore support an integrated control approach combining sustained vaccination, effective treatment, and measures that reduce infectious contact. These conclusions are derived from a theoretical model using literature-based and assumed parameter values and should consequently be interpreted as qualitative rather than population-specific predictions. Further work should refine the model structure, provide complete parameter justification, and calibrate the system with reliable epidemiological data before the results are used to guide public health decisions.
Limitations 
The study is limited by its reliance on assumed and literature-derived parameter values without calibration to a defined population or independent validation dataset. Homogeneous mixing is assumed, and differences in age, location, contact patterns, drug resistance, treatment adherence, and vaccine efficacy are not explicitly represented. The numerical analysis is therefore illustrative rather than predictive. In addition, uncertainty ranges, confidence intervals, and formal parameter-identifiability assessments are not reported. The model also simplifies relapse and treatment pathways, which may affect the estimated reproduction number and equilibrium behaviour. Future studies should use empirical data, uncertainty analysis
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