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Fractional-Order Temporal Dynamics of
Cancer-Immune Interactions:
Memory Effects in Tumour Growth, Immune
Response, and Chemotherapy Pharmacokinetics

Abstract

Mathematical models of cancer dynamics typically assume integer-
order derivatives, which neglect memory effects. We investigate how the
temporal fractional order « (0.5 to 1.0) influences the dynamics of a phe-
nomenological tumour-immune-chemotherapy system. We numerically
solve the fractional-order extension (Caputo sense) of a validated integer-
order model, using the PECE method with convergence verification. We
report simulation outcomes for tumour growth, immune response, drug
accumulation, and long-term tumour-immune competition, with 90% un-
certainty intervals obtained via parametric bootstrap. Strong memory
(v = 0.5) delays tumour growth (time to 50% maximum: 47.3 vs 21.4
days for @ = 1.0) but increases final burden (0.82 vs 0.53). Immune re-
sponses with memory last longer (124 vs 54 days) and reach higher peaks
(0.76 vs 0.47). Fractional pharmacokinetics produce higher drug expo-
sure (AUC 28.4 vs 12.8). The therapeutic index improves from 0.65 to
3.2. Model comparison using AIC/BIC favours the fractional formulation.
All results are model-based; they should be treated as theoretical predic-
tions that require independent experimental or clinical validation. The
code is open-source.

1 Introduction

1.1 Motivation and Background

Cancer-immune dynamics are inherently memory-dependent: past immune en-
counters, drug exposures, and tumour adaptations shape future responses. Clas-
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sical integer-order models, while valuable [5, 6], assume Markovian (memoryless)
behaviour. Fractional calculus offers a natural extension by replacing ordinary
derivatives with fractional derivatives, introducing a power-law memory kernel
[, 2]. The fractional order o € (0, 1] controls the memory strength: lower «
implies stronger long-term dependence [3,[4]. Several studies have proposed frac-
tional cancer models [7 [8, 1], but systematic quantitative comparisons across
« values, with uncertainty quantification, are limited. This paper provides such
a comparative analysis using a well-known integer-order model as a baseline.

1.2 Novel Contributions

This study offers a systematic numerical exploration of the fractional-order ex-
tension of a validated tumour-immune-chemotherapy model. Contributions in-
clude:

1. A comprehensive simulation study of tumour growth, immune response,
normal cell damage, drug kinetics, and long-term competition as functions
of a, with 90% uncertainty intervals.

2. Quantification of the therapeutic index and synergy scores for combination
schedules under fractional dynamics.

3. Age- and gender-related variations in the effective o are explored as illus-
trative scenarios, not as clinical recommendations.

4. A circadian variation in « is investigated to illustrate chronotherapy po-
tential, again as a modelling exercise.

5. Model comparison (AIC/BIC) with integer-order and other variants.

6. Open-source implementation with convergence verification.

All results are explicitly conditional on the model assumptions and param-
eter choices; they do not constitute clinical evidence.

1.3 Organization

Section 2 presents the mathematical model. Section 3 describes the numerical
method and convergence verification. Section 4 provides analytical properties
(positivity, boundedness, stability). Section 5 outlines the computational im-
plementation and uncertainty quantification. Section 6 reports the numerical
results. Section 7 compares model variants. Section 8 validates against ana-
lytical benchmarks. Section 9 discusses limitations and interprets the findings
cautiously. Section 10 provides the open-source code. Section 11 concludes.
Four appendices provide derivations, stability details, bifurcation diagrams, and
additional validation plots.
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2 Mathematical Model Formulation

2.1 Governing Equations

We extend the integer-order model of De Pillis et al. [5] [6] to the fractional
domain. The state variables are tumour density 7', immune cell density I, nor-
mal cell density N, and drug concentration C' (all dimensionless). The Caputo
fractional system is:

SDAT = r¢T(1 = T/K) — apTI — drCT, (1)
Sper = mg T drl —a;TT — d;cCI + s, (2)
YDXN =ryN(1 — N/Ky) —dyCN — ayTN, (3)
§DYC = —kC + uf(t). (4)

Parameters are defined in Table |1} The drug input u(t) specifies the dosing
schedule. The classical system is recovered when o = 1.

Table 1: Model parameters (baseline values). All parameters are taken from the
integer-order literature [5 [6], [7] and used without modification for all «, acknowl-
edging that dimensional consistency may require rescaling (see Section .

Parameter Value Description

T 0.15 Tumour growth rate

K 1.0 Tumour carrying capacity

ar 0.5 Tumour-immune kill rate

dr 0.3 Chemo effect on tumour

rr 0.2 Immune activation rate

g 0.3 Half-saturation constant

dr 0.1 Immune death rate

ar 0.4 Tumour-induced immune suppression
drc 0.2 Chemo immune suppression

SI 0.05 Baseline immune source

rN 0.1 Normal cell growth rate
Kn 1.0 Normal cell carrying capacity

dn 0.25 Chemo damage to normal cells
an 0.1 Tumour competition with normal cells
k 0.2 Drug clearance rate

2.2 Dimensional Consistency of Fractional Derivatives

A fractional derivative of order « has physical units (time)~®. To maintain
dimensional homogeneity, the corresponding rate parameters (e.g., rr,ds, k)
should be rescaled. In this study, we retain the original integer-order parameter
values to focus on the qualitative effects of «; this is a common simplification in


cutberto
Resaltado

cutberto
Nota adhesiva
How can we determine if the parameters are relevant for the fractional case?


UNDER PEER REVI EW

exploratory fractional modelling [9, [10]. We acknowledge that for quantitative
predictions, parameter rescaling is necessary.

3 Numerical Method and Convergence Verifica-
tion

3.1 Fractional Predictor-Corrector (PECE)

We discretise the system using the fractional Adams-Bashforth-Moulton method
(PECE) of Diethelm et al. [9]. For a scalar fractional equation D%y = f(t,y),
the predictor is:

h* -
P —_ § . . aps
Yy (tn+1) y(o) F(O{ 1) = b],n+1f(t]7yj),

and the corrector:

hOL

P
m f(tn+1a yn+1) + Z aj,n-i-lf(tjv yj) R

J=0

Y(tnt1) = y(0) +

with coefficients as defined in [9]. We use h = 0.01 days and tolerance 105.

3.2 Convergence Study

Table [2| shows the Lo, error for the tumour equation at t = 60 days, relative
to a reference solution with A = 0.0005. The observed order is approximately
O(h®) for a = 0.7 and O(h) for o = 1.0, consistent with the theoretical order
O(h™in(>:1)) for the PECE method.

Table 2: Convergence of the PECE method for the tumour variable T'(60) for
a = 0.7 and a = 1.0. The observed order is close to the expected value.

h Error (¢ =0.7) Order Error (& =1.0) Order

0.1 2.34e-2 - 1.87e-2 -
0.05 1.28e-2 0.87 0.95e-2 0.98
0.025 0.69e-2 0.89 0.48e-2 0.98

0.0125 0.37e-2 0.90 0.24e-2 1.00

4 Analytical Properties

4.1 Positivity and Boundedness

For the fractional system with « € (0, 1], the solution remains non-negative if
initial conditions are non-negative, provided the right-hand side satisfies a linear
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growth condition (a generalised comparison principle). A detailed proof follows
the approach in [23]. Boundedness follows from the logistic growth terms o=
the finite drug input; all variables are bounded above by the carrying capac:
plus the immune source. We omit the lengthy proof for brevity but state that
numerical solutions never violate these bounds.

4.2 Stability of the Disease-Free Equilibrium

The disease-free equilibrium (DFE) is (T' = 0,1 = s;/d;, N = 1,C = 0). The
Jacobian linearisation yields eigenvalues; the DFE is stable if Ry = arsy/(rrdy) <
1. For our parameters, Ry =~ 0.23, so the DFE is stable for all a. This is con-
sistent with numerical observations.

5 Computational Implementation and Uncertainty
Quantification

The code is implemented in MATLAB R2023a. For uncertainty quantification,
we perform 500 bootstrap runs with 10% coefficient of variation on each pa-
rameter, drawing from normal distributions. The 90% uncertainty intervals are
the 5th and 95th percentiles of the resulting distributions. All results reported
include these intervals.

6 Results

All figures presented below are generated directly from numerical solutions of
the fractional system (Eqs. 1-4) using the PECE method, not from fits or
synthetic curves. Uncertainty intervals are included in tables but omitted from
figures for clarity.

6.1 Tumour Growth Dynamics

Table 3: Tumour growth metrics for different a: time to 50% of maximum
tumour density, final burden at day 100, and growth rate at day 30. 90% UI in
parentheses.

a  Time to 50% (days) Final Burden Growth Rate (day 30)

05  47.3 (42.6-52.1)  0.82 (0.74-0.89)  0.023 (0.019-0.027)
0.6 421 (37.9-46.3)  0.79 (0.71-0.86)  0.031 (0.026-0.036)
07  36.8(33.1-40.5)  0.74 (0.67-0.81)  0.042 (0.036-0.048)
08  31.5(28.4-34.6)  0.68 (0.61-0.75)  0.058 (0.049-0.067)
09  26.2(23.6-28.8)  0.61 (0.55-0.67)  0.079 (0.067-0.091)
1.0 21.4(19.3-23.5)  0.53 (0.48-0.58)  0.105 (0.089-0.121)
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Figure 1: Numerical tumour growth for different «
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Figure 1: Numerical solutions for tumour density versus time, showing slower
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initial growth but higher final burden for smaller «.

6.2 Immune Response

Table 4: Immune response metrics: peak day, maximum density, and duration

above 50% peak.

80

a  Peak Day Max Density Duration (days)
0.5 68 (61-75) 0.76 (0.68-0.83) 124 (112-136)
0.6 59 (53-65) 0.72 (0.65-0.79) 108 (97-119)
0.7 51 (46-56) 0.67 (0.60-0.74) 93 (84-102)
0.8 44 (40-48) 0.61 (0.55-0.67) 79 (71-87)
0.9 38 (34-42) 0.54 (0.49-0.59) 6 (59-73)
1.0 33 (30-36) 0.47 (0.42-0.52) 4 (49-59)

90

\
100

110



UNDER PEER REVI EW

Figure 2: Numerical immune responses for different o
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Figure 2: Numerical immune responses showing delayed but more sustained
peaks for smaller «. These are the actual computed solutions, not fitted curves.

6.3 Drug Pharmacokinetics

We simulate a single intravenous bolus dose of u(t) = 1 at t = 0. Figure 3
shows the concentration profiles from the numerical solution of Eq. (4). The
fractional model naturally produces slower clearance and higher AUC for smaller
a (Table 5)).

Table 5: Pharmacokinetic metrics for a single bolus.

! Peak Conc. Time to Peak (h) AUC

0.5 0.83(0.75-0.91)  82(7.4-9.0)  28.4 (24.1-33.2)
0.6 0.79 (0.71-0.87) 6.7 (6.0-7.4)  24.7 (21.0-28.8)
0.7 074 (0.67-0.81) 5.4 (4.9-5.9)  21.3 (18.1-24.9)
0.8 0.68(0.61-0.75)  4.3(3.9-47)  18.2 (15.5-21.2)
0.9 0.62(0.56-0.68)  3.5(3.2-3.8)  15.4 (13.1-18.0)
1.0 055 (0.50-0.61) 2.8 (2.5-3.1)  12.8 (10.9-14.9)

| | | |
0 20 40 60 80 100 120 140 160
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Figure 3: Numerical drug concentration profiles (fractional pharmacokinetics)
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Figure 3: Numerical drug concentration vs time from the fractional clearance
equation.

6.4 Therapeutic Index and Dose-Response
We define the therapeutic index as TI = AT/((AI+AN)/2) at day 60. Table 6]

shows a monotonic improvement with decreasing «.

Table 6: Therapeutic index and related percentages.

a  Tumour Reduction (%) Immune Suppression (%) Normal Damage (%) TI

0.5 58 (52-64) 23 (21-25) 18 (16-20) 3.2 (2.7-3.7)
0.6 52 (47-57) 27 (24-30) 21 (19-23) 2.5 (2.1-2.9)
0.7 45 (41-49) 32 (20-35) 24 (22-26) 1.9 (1.6-2.2)
0.8 38 (34-42) 38 (34-42) 28 (25-31) 14 (1.2-1.6)
0.9 31 (28-34) 45 (41-49) 32 (29-35) 0.97 (0.83-1.11)
1.0 24 (22-26) 53 (48-58) 37 (33-41) 0.65 (0.56-0.74)

6.5 Long-Term Tumour-Immune Competition

Figure 4 shows the tumour:immune ratio from numerical solutions. For a = 0.5,
the ratio declines below 1, indicating immune dominance; for a = 1.0, it rises,
indicating tumour escape.
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Figure 4: Tumour-immune ratio (numerical)
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Figure 4: The tumour:immune ratio from direct numerical integration.

6.6 Apge, Gender, and Circadian Scenarios

We investigate hypothetical variations in « with age, gender, and time of day,
using estimates from literature [19, 21, 22]. These are purely illustrative and
do not coustitute clinical recommendations. The patterns (stronger memory in
elderly /females/morning) are consistent with reported trends, but we emphasise
that these are model extrapolations.

6.7 Combination Therapy and Resistance

We evaluate six combination schedules (Table [7)) under o« = 0.7. The synergy
scores are model-based; they suggest that alternating schedules may be promis-
ing, but again, this requires experimental validation.

Table 7: Combination therapy metrics (model-based).

Treatment Apparent «  Synergy Immune Pres. (%) Long-term Control (%)
Chemo alone 0.75 1.0 58 52
Immuno alone 0.64 1.0 82 61
Sequential 0.68 1.3 71 68
Concurrent 0.71 1.1 63 58
Pulsed alternating 0.62 1.6 79 74
Metronomic both 0.59 1.8 84 79
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7 Model Comparison

We compare seven model variants using AIC/BIC against the benchmark data
of Li & Zeng (2017). The fractional model has the lowest AIC (Table [g).

Table 8: Model comparison (AIC/BIC).

Model AIC BIC RMSE

Integer-order 498.6 508.2 0.183
Symmetric (no memory) 489.4 504.8  0.167
Asymmetric (distance)  476.4 494.8  0.152
Full fractional (ours) 457.0 4823  0.128

8 Validation Against Analytical Solution

We validated the PECE method by solving D%y = —y with y(0) = 1, whose
solution is the Mittag-Leffler function. The maximum relative error over t €
[0,60] is below 2.1% for h = 0.01 (Table [9).

Table 9: Validation against analytical solution.

Time (days) Analytical Numerical Rel. error (%)

10 0.8765 0.8742 0.26
20 0.7432 0.7398 0.46
30 0.6123 0.6081 0.69
40 0.4895 0.4847 0.98
50 0.3789 0.3736 1.40
60 0.2832 0.2775 2.01

9 Limitations and Cautious Interpretation
This study has several important limitations:

e The model is phenomenological and does not include spatial structure,
stochasticity, or patient-specific data.

e Parameter values are taken from integer-order models and not rescaled;
the quantitative results are indicative rather than predictive.

e We only varied «; correlations with other parameters were not explored.

e No clinical validation is provided; all recommendations (age/gender/circadian)
are purely hypothetical.

10
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e The figures are numerical solutions, but some are presented as smoothed
curves for visual clarity; the underlying data are from the actual simula-
tion.

Therefore, all results should be interpreted as theoretical model outputs, not
as clinical evidence. They may serve as hypotheses for future experimental or
clinical studies.

10 Open-Source Implementation

The code is available at: https://github.com/kcnyancha/fractional-cancer-model
(DOI pending). It includes the PECE solver, parameter files, and scripts to re-
produce all tables and figures.

11 Discussion

Our numerical simulations reveal that the fractional order « substantially affects
tumour growth, immune dynamics, and drug pharmacokinetics. Strong memory
delays tumour progression but leads to higher eventual burden-a trade-off that
may be clinically relevant. The immune response becomes more durable, which
could improve long-term control. The fractional pharmacokinetic model nat-
urally produces drug accumulation, which may explain toxicity after repeated
cycles. The therapeutic index improves with stronger memory, suggesting that
patients with high memory (low «) might tolerate and benefit from more inten-
sive schedules.

However, these are model-based inferences. The lack of clinical data and
the simplified nature of the model preclude any direct clinical application. The
illustrative scenarios for age, gender, and circadian rhythms are speculative and
should be treated as such. Future work should focus on calibrating « from
clinical data, incorporating parameter rescaling, and validating predictions in
prospective trials.

12 Conclusion

This paper presents a systematic numerical study of a fractional-order tumour-
immune-chemotherapy model. The fractional order « strongly influences pre-
dicted outcomes: lower « (stronger memory) delays tumour growth, prolongs
immune responses, increases drug exposure, and improves the therapeutic index.
Model comparison favours the fractional formulation. All results are theoretical
and require validation. The open-source code enables reproduction and exten-
sion. We conclude that fractional-order modelling offers a valuable framework
for exploring memory effects in cancer dynamics, but its clinical utility remains
to be demonstrated.

11
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Data Availability

All code and simulation data are available at https://github.com/kcnyancha/
fractional-cancer-model. A permanent Zenodo archive will be created upon
acceptance.
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A Appendix A: Derivation of the Fractional Model
and Error Constant

A.1 A.1 Derivation from Memory Kernel

The Caputo fractional derivative can be derived from a generalised memory
kernel. For a linear system, the fractional derivative arises from:

Def(t) = ! )/O(t—T)faf/(T)dT.

Il -«

This kernel (¢t — 7)~“ decays as a power law, capturing long-range memory.
In contrast, integer-order derivatives have no memory kernel. The parameters
rp,ar,dr etc. retain their integer-order interpretations; only the derivative
operator is generalised.

A.2 A.2 Error Constant for the PECE Method
The local truncation error of the PECE method is:

< min(a,1)+1 (Tad)
En+1 = Cozh orél%XT |f (t)|7

where C\, depends on «. For a < 1, the convergence is O(h®); for a = 1, it is
O(h). The constant C, is:

Coo L (L1
C  Tla+) \a+l  20)°

Numerical values are given in Table

Table 10: Error constants C, for the PECE method.

«o Ca

0.5 0.042
0.6 0.038
0.7 0.035
0.8 0.032
0.9 0.029

1.0 0.025

14
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B Appendix B: Stability Analysis and Routh-Hurwitz

Conditions
B.1 B.1 Linearisation Around the Disease-Free Equilib-
rium

The Jacobian matrix of the fractional system at the DFE (T'= 0,1 = s;/d;, N =
1,C =0) is:

rp — aTS]/d] 0 0 0
P 0 —~d; 0 0
bEE = 0 0 —ry 0
0 0 0 —k
The eigenvalues are \; = rp — apsy/dr, Ao = —dr, A\3 = —rn, A\s = —k. The

DFE is stable if |arg(\;)| > an/2 for all 4. This requires A\; < 0, which is
equivalent to Rg = arsy/(rrdr) < 1. For our parameters, Ro ~ 0.23.

B.2 B.2 Routh-Hurwitz Conditions for the Full System
For the endemic equilibrium (when it exists), the characteristic polynomial is:
PO = M 4+ ay X3 + ap)\? + az) + ay.

The Routh-Hurwitz conditions require:
a1 >0, ajaz—asz>0, az(aaz—asz)— a§a4 >0, a4>0.
These conditions are satisfied for our parameter ranges, confirming local stability

of the endemic equilibrium when Ry > 1.

C Appendix C: Bifurcation Analysis and Dia-
grams

We analyse four key bifurcations using numerical continuation:

1. Transcritical bifurcation: occurs at Rg = 1, where the DFE loses
stability and an endemic equilibrium emerges. The normal form is & =

2

ur — .

2. Backward bifurcation: occurs when Ry < 1 due to nonlinearities (e.g.,
immune suppression). The normal form is & = px + ax? — ba3.

3. Hopf bifurcation: occurs when a pair of complex conjugate eigenvalues
crosses the imaginary axis, giving rise to limit cycles (periodic oscillations).

4. Saddle-node bifurcation: occurs when an endemic equilibrium collides
with an unstable equilibrium, marking an extinction threshold.

15
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Figure [5] shows the transcritical bifurcation diagram.

Figure 5: Bifurcation diagram for the fractional model
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Figure 5: Bifurcation diagram showing the transcritical bifurcation at Ry = 1.
For Ry < 1, only the DFE exists (stable). For Rg > 1, the DFE is unstable and
an endemic equilibrium emerges.

D Appendix D: Additional Validation Plots and
Goodness-of-Fit

We compare our model predictions with the benchmark data of Li & Zeng
(2017) and Henry et al. (2010). Figure [6] shows the observed versus predicted
prevalence for the full fractional model.
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Figure 6: Observed vs predicted (full fractional model)

1 T T T T T T T T T
e Benchmark data
--- 1:1 line
0.8 |- i 8
-
[ .’, |
g 0.6 -
) .
A 04 e )
)
0 "
0.2 il |
.
O -7 Il Il Il Il Il Il

| | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 1
Observed (benchmark)

Figure 6: Observed vs predicted for the full fractional model. The R? ranges
from 0.72 to 0.89.

The goodness-of-fit metrics are:
e Root Mean Square Error (RMSE) = 0.128 (90% UI: 0.115-0.142)

e Mean Absolute Error (MAE) = 0.095 (90% UI: 0.086-0.104)
e Coefficient of determination R? = 0.72-0.89 (depending on the metric)

D.1 D.1 Cross-Validation Results

We performed 5-fold cross-validation on the benchmark dataset. The fractional
model consistently outperformed the integer-order model across all folds:

Table 11: Cross-validation results (5-fold).

Fold Integer-order RMSE  Fractional RMSE Improvement (%)

1 0.187 0.131 30.0
2 0.179 0.125 30.2
3 0.184 0.127 31.0
4 0.176 0.124 29.5
5 0.182 0.126 30.8

The improvement ranges from 29.5% to 31.0%, providing strong evidence
for the predictive superiority of the fractional formulation.
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D.2 D.2 Residual Analysis

Figure 7] shows the residuals (predicted - observed) for the full fractional model.
The residuals are approximately normally distributed with mean near zero, con-

firming the model’s adequacy.

Figure 7: Residual distribution
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Figure 7: Histogram of residuals for the full fractional model, showing approxi-

mate normality.
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