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Two-dimensional fractional Fourier transform with applicationsto
linear fractional partial differential equations

Abstract

Fractional Integral transforms have fascinated numerous investigators due to their modifiability and applicability
in diverse sectors of physics, optics, electronics and communication engineering. They had prominence in the phe-
nomenal breakthrough of information technology and communication systems during last forties. In this paper, we
introduce two dimensional Fourier transform of fractional order using fractional derivatives with the help of Mittag-
Leffler function. Some properties of this novel transform have been derived analytically. The novel technique has been
employed to deduce the exact solutions of two dimensional fractional dispersion, fractional heat, fractional wave and
fractional telegraph equations.

Keywords: Modified-Riemann Liouville fractional derivative, fractional integral, Mittag-Leffler function, frac-
tional Fourier transform and fractional order partial differential equation.
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1 Introduction

Scientists of various engineering disciplines have used Integral transforms as mathematical contrivance since the be-
ginning [1} [2]. In the recent years extension of the transforms have been a dominant sector of exploration. Resulting
many of the integral transforms have been fractionalized in last twenty five years. In fact due to their extra degree of
freedom they have been much explored and became more prominent and efficacious tools as compare to their classical
counterparts [3} 4, 5, 6} (7, [8].

Among all the transforms the Fourier transform has been recognized as the most exceedingly used technique by
the inventors of varied zones of engineering and sciences for more than a century. Because it has produced massive
applications in different sectors of science and technology. However it has been established that there are several phys-
ical applications or their underlying mathematical enigma that can not be described by the classical Fourier transform,
this imposed the notion of fractionalization of Fourier transform [9, (10} [11].

Fractional Fourier transform (FrFT) acquired tremendous attention of technophiles since last forties due to its bet-
ter performance in multifarious applications as compared to its traditional counterpart. It intrigued remarkable interest
of scientists and engineers after the noteworthy results reported by V. Namias in 1980 [3] and grown outstandingly due
to its copious applications in diversified fields [[12} 13| [14} [15,[16} (17, 18] [19] [20| [21,22]. In fact it is a time-frequency
representation and intensified the perception of time-frequency plane. It can be applied in every area where its basic
transform and frequency domain concepts have been used [23, 24, [25].

The rapid growth of the FrFT due to its modifiability and proficiency made it the most influential and expeditious
tool for diverse disciplines of higher mathematics, mathematical physics and information science. [26, (27} (28, 29,
30, [31 (32} [33] 134, [35] [36] [37]. Wiener[38] was the first one to apply Fourier transform of fractional order to solve
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differential equations in 1929. But his work was not noticed substantially and the transform could not be developed
in a long period of fifty years. Even Namias [3] who reintroduced the transform seemed to be ignorant about earlier
work. He derived some of its properties and employed it in the field of quantum mechanics. His work proved to be
a milestone in this domain and motivated physicist and engineers of distinct areas. Mc Bridge and Kerr[[39] in 1987
shaped his theory and developed many algebraic and operational properties of FrFT.

Several other researchers started working in the field of fractional Fourier transform during nineties [40, 41, [42].
Almedia [24] in 1994 independently reintroduced the transform initially referring as an angular transform and pre-
sented its time frequency representation. Meanwhile Lohmann [43], Ozaktas and his team [26} 27, 28 [29] 130} [31]] was
continuously contributing on the applications of FrFT specifically in area of optics. Ozaktas [27] in 1996 along with
his co-workers presented an algorithm for the digital computation of FrFT, this algorithm is validated till date although
many others algorithms are also available now for the computational of FrFT.

Experimenter of varied zones proposed myriad definition of fractional Fourier transform on the basis of peculiar
of methodologies of mathematics [[31]. In this context fractional derivative was firstly used by Bolangna and West to
fractionalize the Fourier transform in 2003 [44]. They named it generalized Fourier transform, but their results were
not noticed broadly. In the year 2008, Y.F. Luchko et al.[45] and Jumarie [46] have been also introduced the Fourier
transform of fractional order using the concepts of fractional calculus. Recently Ahmed Zayed [47, 48] has introduced
the two dimensional FrFT using Hermite functions of two complex variables as eigen functions of the transform.

In the year 2024, Ahmed Zayed [49] also has been collected over twenty-five integral transforms in one single volume
and this volume presents an overview of theory and applications of such fractional integral transforms with examples.

In this paper we have attempted to extend the two dimensional Fourier transform by fractionalizing it. Following
definition of two dimensional Fourier transform of the function f (x,y) denoted by f(cw, 7) is well known and is defined
as

R oo e
f(w,r):/ / el @4 £ (x y)dxdy, w, T > 0

Therefore, its inversion formulas is given by
1 e peo R
f(xy) = ZT/ / (@) f (. 1)dwdT, w, T > 0

provided that the above integral converges.

Present work comprises a new definition of two dimensional FrFT using the functions of several variables and
Conclusively proposed technique have been applied to solve two dimensional FPDEs as an output of the solutions in
exact form.

The paper is structure as follows. Next section contains some basic definitions of fractional calculus. In the
third section, two dimensional FrFT and some of its properties have been derived. The analytical solutions for two-
dimensional fractional order partial differential equations are obtained in section 4. Finally, section 5 concludes the

paper.

2 Preliminaries

In this section, we present some basic concepts of fractional calculus, which are closely related to the work carried out
in this paper.

Definition 2.1. In 2006, Jumarie [50] proposed Modified Riemann-Liouville derivative of continuous, inconstant but
not necessarily differentiable function f (u) as follows

f“(u)ﬁ/(;u(u—f)“lf(f)df, for a<0.
For positive o, we have
d v
f"(u):ﬁa/o (U—&) 9[f(&)—f(0)]d&, for O<a<1, (1)

and
fou)=(fWun@,  for n<a<n+Ln>1
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Above definition of fractional derivative is worthwhile because it is zero if f(u) is a constant. Moreover it is not
affected by the differentiable of the functions.

Definition 2.2. The Mittag-Leffler function E4(z), for a > 0, a € C, ze C and Re(a) > 0, has been proposed by
Swedish mathematician Gosta Mittag-Leffler in 1903, defined as [51]

2 z
Ea(2=y — 2
Definition 2.3. The Dirac delta function of two variables is defined as [11]
0 ifX>+y?#0
o(x,y) = . 3
() {oo ifx°+y>=0 ®)

/ [ sxy)dxdy=1 and 8(xy) = 5(x)3(y) @

Remark 2.4. (i) If 3(x,y) is a two dimensional Dirac delta function, then following equality hold

»+00 400
[ [ 1xy)six-ay-biaxdy—f(ab)

(ii) The following result hold

%T/.Jroo/ﬁ’exp(iw(x—a))exp(ir(y—b))dwdr:5(x—a,y_b)

where aand b are constants.
Definition 2.5. In 2008 Jumarie [46] came up with definition of fractional Fourier transform using Modified fractional
Riemann-Liouville derivative, defined by
- +00
Fa[f(X)] = fa(w) = Eq(i®xY)f(x)(dx)*,0<a <1 (5)
where f(x), R— C, x— f(x) is continuous and piecewise a'" continuously differentiable function and (dx)® denotes
the fractional integral, which is expressed as follows [46]

[ a00@o7 =a [“u-x7 tgax
0

0

3 Twodimensional fractional Fourier transform and some of its properties

In this section, we have proposed a definition of two dimensional fractional Fourier transform with some of its prop-
erties.

3.1 Twodimensional fractional Fourier transform

Definition 3.1. If f is a continuous differentiable function of two variables of x and y, then two dimensional fractional
Fourier transform (2D-FrFT) of function f(x,y) denoted by f, (w, T and is defined by

~ 00 r+00
Fa[f(x,y)] = fa(w,T) :/ Ea (i0X)Eq (iT9?) f(x,y) (dX) ¥ (dy)?, 0,7 > 0,0 < a < 1 (6)
provided the integral (€) converges for each w and 1.

A sufficient condition for convergenceis [*= [*2 | f(x,y) | (dx)(dy)? < oo

Remark 3.2. (i) By (B) we note that f, (w,0) = f(w) and f4(0,T) = f4 (1) , where f,(.) is the FrFT defined by (B)
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(i) 2D-FrFT is converted into two dimensional classical Fourier transform when a = 1.

3.2 Properties of two dimensional fractional Fourier transform
Theorem 4.1: If F[f(x,y)] = fa(w, T), then

Fa[k1 bifc 6 Y)] = S k1 beFa [f(x )],
where k € N and by, k = 1,2, ..., n are any arbitrary constants.

Proof: Using 2D-FrFT, we have obtained the desired result.
Theorem 4.2: If Fy[f(X,y)] = fa(w, T), then

Fa[f(axby)] = e fa (£,5), ab>0

Proof: Using (@), we have obtained the result.

Theorem 4.3: If fy(w, T) is a 2D-FrFT of the function f(x,y), then we have the following equality
020

Fargre (@ 1)

Fo XTIy f(x,y)] = —

Proof: Using (@), we have

fo(o0,T) = /M T B (10X Ea (T F(x,y) (A (dy)®

—00

Using the result % Eq(AU%) = AEq (Au®) in above equation, we have

020(

Fo DY 1(xY)) = = 5o fa(@0.7)

waota
Theorem 4.4: If Fy[f(x,y)] = fa(w,T), then the two dimensional fractional Fourier transform of mixed-fractional
partial derivative is given by

2a A
Fu | grage 000 =~ (w0 <@ <1T>0

Provided that,limyy—+e f(X,y) vanish.
Proof: Using Eq. (@), we have

Using fractional integration by part formula in inner integral of right hand side , we have

a2 . gr
Fa [me,y)} — i fa(0,1) ™
Similarly, we have
a2 PN
Fa Wf(xay) =-IT fa(wa T) (8)

Therefore, we have the desired result.

4 Applications

In this section, exact solutions of two-dimension fractional order linear partial differential equations have been deter-
mined using the proposed 2D-FrFT.
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4.1 Two dimensional fractional dispersion equation

Two-dimensional fractional dispersion equation given by Meerschaert is as follows [52]

iu(x t) =d(x )ﬁu(x t) +e(x, )d[3
at ’y’ - 7y axc{ 7y7 yayﬁ

l<a<2,1<B<2,d(xy) >0,eXxYy)>0,xy€ (—0o +0) and te(0,+x) (9)

u(x,y,t) +g(xy,t),

We are considering a two dimensional time-space fractional dispersion equation in which coefficients d(x,y) and
e(x,y) are assumed to be 1. Therefore Eq.(@) reduces to following two dimensional time-space fractional dispersion

equati0|
0° (9E (9ﬁ 0
+ t GB<1 € (—0, 400 and te (0,4 10
dt“ (Xy’) ox B (Xy’) dyB (Xy7) g(x,y, )7 <a,p=LXy ( ’ ) (a ) ( )

with the initial condition
u(x,y,0) = f(x,y) (11)

where @9 denotes the modified Riemann-Liouville derivative defined by ().
We refer to the 2D-FrFT

r+00 400

Op(w,T,t) = / Ea (i0PXP)Ea (iTPyP)u(x,y,t) (dx)P (dy)?

J—00 J—00

Applying 2-D FRFT both sides of Eq.(10), we have

[of

d +oo oo KL
BB BBy | 2 B B
gta —lg(w,1,t) / Ea(wu XPYEq(iTPy”) (dxﬁ u(x,y,t)) (dx)” (dy)

o[ [ EatieP Oy (%u(xm) (60)° (dy)® +Gp(@.T.)

Using Egs. (@) and (), we have
a

gia Op(@.1.t) = —i(@f + 1) (@, 7,1) + Gp (@, T.1) (12)

Eq(—i(wf + 1P)t)
Eo,( i(wP+1P)0 )
using Lagrange method of constant variation.

Applying inverse operator of 2-D FRFT, we have obtained the general solution of nonhomogeneous two-dimensional
time-space fractional dispersion equation

(p(w, T,t) = Gp(,7,0)(d0)" + f5(w, T)Eq (—i(wP + TP)t%) (13)

- t Eg(—i(wP +1P)t9) _ .
t)=Fgt a ®,7,0)(d8)? | +Eq(—i(wf 4+ tP)t%) f3(w 14
U(X,y, ) o [( 0 Ea(—l(&)B—FTB)eC{)gB( » T, )( ) + a( I( +T ) ) B( 7T) ( )
provided that the inverse transform operator exists.

Special Cases:

Case I: If g(x,y,t) = 0 in Eq. (I4), then it reduces to homogeneous two-dimensional time-space fractional dispersion
equation, therefore in this case the solution is given by

U0 Y1) = P [Ea(=i(@P + T)t%) fp (0. 1)] (15)
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Case Il: If we put f(x,y) = exp(—i(ax+ by)) in , then we deduced the exact solution of homogeneous two-
dimensional time-space fractional dispersion equation in the term of exponential function when o = 3 = 1.

u(x,y,t) = exp(—ia(x+t))exp(—ib(y+t)) (16)

Case I11: If we substitute f(x,y) = d(x,y) in [ 5), then we obtained the exact solution of homogeneous two-
dimensional time-space fractional dispersion equation in terms of Dirac delta functionwhena = =1

ux,y,t) = d(x+t,y+1t),x,y € (=, +0) and te(0,+) (7)

4.2 Two dimensional time-space heat-like fractional order partial differential equation

We consider the following two dimensional non-homogeneous time-space heat-like fractional order partial differential
equation [53]

a 20 20
7] U(Xayat) _ <a U(X7y7t) J U(X7y7t))+g(x’y’t) where X,yE(—OO,—l-OO),tE(O,—l-OO),kE(0,—|—00), and O<a<1.

ata ax2a ay2a
(18)
under the initial condition
u(x,y,0) = f(xy) (19)
Applying 2D-FrFT both sides of (I8) and using the Lagrange method of constant variation, we have
t _ 200 20\t+a R
Ga(w,r,t) = [ E2CKOTIT g (00,7,0)(d0)7 + fa (0, 7)Ea (—K(wP + 72010 (20)

Jo Egq(—k(w?@ + 120)07
Applying inverse operator of 2-D FRFT on both sides of (20), we obtained the required general solution of the Eq.(T8)

t E, (—K(?@ 20\pa . R
U(X,y,t) = Fc;l |:( 0 E:((_k((:;)ZC{ _7__:2(1))60 ga(w7 T, e)) + fa(w7 T)Ea(_k(wza + Tza)ta (21)

provided that the inverse transform operator exists.

Special Case:

We substitute g(x,y,t) = 0 and u(x,y,0) = f(x,y) = d(x,y) in (2I) and using the result given by Mahor, Mishra and
Jain [[22], p. 4] for a = 1, we acquired exact solution of homogeneous two-dimensional time-space heat-like fractional
order partial differential equation

1 X2 +y?
U, yt) = 2 eXp (=== | Xy € (—oo,40) and € (0,+e),ke (0, +0) (22)

4.3 Two dimensional fractional telegraph equation

Consider following fractional telegraph equation [54]

P2u(xyt) o 8%u(xyt)
Jt2a +2b ota

+ bzu(x Y, t) — k2(1 (azau(xayat) azau(xayat))

axza ayza
where b>0, Xyé€ (—oo,40) te (0,40) ke (0,40), and O0<a<1l. (23)

under the initial conditions

U(X, y,O) = f(X, y) (24)
and Z0E0 _ gy (25)
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Applying 2D-FrFT of both sides of Eq. (23) and arranging the terms, we have
(D;’ ~(~b+ ika\/m)) (D;’ +(b+ ika\/m)) (o (w,T,t) =0
Solution of above equation is given in terms of Mittag-Leffler function
(o (w,T,t) = AEq ((—b+ ik“\/m)t") +BE, (—(b+ik"\/m)t")

Using Egs. (24) and (25), we obtain

(g (0, T,t) = w [Ea ((—b+ ik /w2 4 rza)t“) +Eq (—(b+ ik /w2 1 rw)t“)]

i m;f/(x% [E" ((_b“ka\/m)ta) ~Ea (—(b+ik“\/m)t“)}

+ 2”("3;% [Ea ((—b+ik"\/w2“ + r2a)t") —Eq (—(b+ik01 /0020 + Tza)ta)} (26)

Taking inversion operator of 2D-FrFT , we deduced the general solution of Eq. (23)

u(x’y’t) =
P (Ba(b)c0s0 K (VT o 01)) (P @ 417 7 sina K (Ve 2 00 ) |
g (e ) Fsing K (VR a0 )] @)

Special Cases:
Case | If we substitute f(x,y) = exp(i(cx+dy)) and g(x,y) = 3(x,y) in (Z7) then for a = 1 ,we have

U,y 1) = ZXRERUexplilex+ dy)) [k\/c2+d2cos K(V/@?+ 12)t) + bsin(k(V/ w2+ T2)t)

ky/c? +d?
+exp(k—bt)Fa,l [((w2+r2)%lsin[k(\/m)t])} (28)

Case Il If we substitute g(x,y) = 0 in ([27),then Case | attains the solution in exact form.

ux,y,t) = exp(— bli)\/e%«i—dy [k\/ c2 +d2cos(k(v/ w? + 12)t) + bsin(k(v/ w? + T2)t)} (29)

4.4 Two dimensional time-space wave-like fractional order partial differential equation

We consider following two dimensional time-space wave-like fractional order partial differential equation [[53]

P 2 <02“u<x,y,t> 2 u(xy)

) where x,y€ (—o,4m),te (0,+0),ce(0,+»), and O0<a<1.

at2a ax2a ay2a
(30)
with the initial conditions
u(xy,0) = f(x,y) (31)
and 0%u(x,y,0)
T‘;? =g(xy) (32)
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If we substitute b = 0 in Eq.(23), then it reduces to the equation Eq.(30). Therefore the general solution of Eq. (30) is

given by
ux,y,t) =F; ! {(cosa[k"(\/wza 1200t f (w, r)) + kia ((wz" +129) 7 sing [k (v/ 0029 + 120)t%] G (o0, r))}
(33)
using Eq.(2D).

Special Cases:
Case I: If we substitute f(x,y) = exp(i(cx+ dy)) and g(x,y) = d(x,y) in (33) then for o = 1, we have

u(x,y,t) = %\/%‘?’» [kv/e2+ d2cos(k(v/a? + 2)1)|

. % Fo [ (@ +72) 2 sinfk(Va? + 12 )| (39)

Case I1: If we substitute g(x,y) = 0 in (33), then Case | attains the solution in exact form.
u(x,y,t) = exp(i(cx -+ dy)) coslk(y/ (w2 + T))t] (35)

5 Conclusion

Applicability of fractional calculus and Fourier transform in the field of science and engineering is well established in
contestable but fractionalization of Fourier transform in the fractional calculus environment is a recent and promising
area of interest. In the present paper we have made an attempt to fractionalize two dimensional Fourier transform
using Mittag-Leffler function in the same environment. Mathematical theory of this novel fractional integral transform
has been developed by deriving some of its properties.

Finally proposed technique have been applied to derived exact solutions of two dimensional fractional dispersion,
fractional heat, fractional telegraph and fractional wave equations in special cases. Digital computation of the pro-
duced results in the present article may engender the myriad applications in the vivid zones of digital communications,
mathematical modelings, information science, mathematical engineering and modern physics.
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