
Two-dimensional fractional Fourier transform with applications to
linear fractional partial differential equations

Abstract
Fractional Integral transforms have fascinated numerous investigators due to their modifiability and applicability

in diverse sectors of physics, optics, electronics and communication engineering. They had prominence in the phe-
nomenal breakthrough of information technology and communication systems during last forties. In this paper, we
introduce two dimensional Fourier transform of fractional order using fractional derivatives with the help of Mittag-
Leffler function. Some properties of this novel transform have been derived analytically. The novel technique has been
employed to deduce the exact solutions of two dimensional fractional dispersion, fractional heat, fractional wave and
fractional telegraph equations.

Keywords: Modified-Riemann Liouville fractional derivative, fractional integral, Mittag-Leffler function, frac-
tional Fourier transform and fractional order partial differential equation.
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1 Introduction

Scientists of various engineering disciplines have used Integral transforms as mathematical contrivance since the be-
ginning [1, 2]. In the recent years extension of the transforms have been a dominant sector of exploration. Resulting
many of the integral transforms have been fractionalized in last twenty five years. In fact due to their extra degree of
freedom they have been much explored and became more prominent and efficacious tools as compare to their classical
counterparts [3, 4, 5, 6, 7, 8].

Among all the transforms the Fourier transform has been recognized as the most exceedingly used technique by
the inventors of varied zones of engineering and sciences for more than a century. Because it has produced massive
applications in different sectors of science and technology. However it has been established that there are several phys-
ical applications or their underlying mathematical enigma that can not be described by the classical Fourier transform,
this imposed the notion of fractionalization of Fourier transform [9, 10, 11].

Fractional Fourier transform (FrFT) acquired tremendous attention of technophiles since last forties due to its bet-
ter performance in multifarious applications as compared to its traditional counterpart. It intrigued remarkable interest
of scientists and engineers after the noteworthy results reported by V. Namias in 1980 [3] and grown outstandingly due
to its copious applications in diversified fields [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22]. In fact it is a time-frequency
representation and intensified the perception of time-frequency plane. It can be applied in every area where its basic
transform and frequency domain concepts have been used [23, 24, 25].

The rapid growth of the FrFT due to its modifiability and proficiency made it the most influential and expeditious
tool for diverse disciplines of higher mathematics, mathematical physics and information science. [26, 27, 28, 29,
30, 31, 32, 33, 34, 35, 36, 37]. Wiener[38] was the first one to apply Fourier transform of fractional order to solve
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differential equations in 1929. But his work was not noticed substantially and the transform could not be developed
in a long period of fifty years. Even Namias [3] who reintroduced the transform seemed to be ignorant about earlier
work. He derived some of its properties and employed it in the field of quantum mechanics. His work proved to be
a milestone in this domain and motivated physicist and engineers of distinct areas. Mc Bridge and Kerr[39] in 1987
shaped his theory and developed many algebraic and operational properties of FrFT.

Several other researchers started working in the field of fractional Fourier transform during nineties [40, 41, 42].
Almedia [24] in 1994 independently reintroduced the transform initially referring as an angular transform and pre-
sented its time frequency representation. Meanwhile Lohmann [43], Ozaktas and his team [26, 27, 28, 29, 30, 31] was
continuously contributing on the applications of FrFT specifically in area of optics. Ozaktas [27] in 1996 along with
his co-workers presented an algorithm for the digital computation of FrFT, this algorithm is validated till date although
many others algorithms are also available now for the computational of FrFT.

Experimenter of varied zones proposed myriad definition of fractional Fourier transform on the basis of peculiar
of methodologies of mathematics [31]. In this context fractional derivative was firstly used by Bolangna and West to
fractionalize the Fourier transform in 2003 [44]. They named it generalized Fourier transform, but their results were
not noticed broadly. In the year 2008, Y.F. Luchko et al.[45] and Jumarie [46] have been also introduced the Fourier
transform of fractional order using the concepts of fractional calculus. Recently Ahmed Zayed [47, 48] has introduced
the two dimensional FrFT using Hermite functions of two complex variables as eigen functions of the transform.
In the year 2024, Ahmed Zayed [49] also has been collected over twenty-five integral transforms in one single volume
and this volume presents an overview of theory and applications of such fractional integral transforms with examples.

In this paper we have attempted to extend the two dimensional Fourier transform by fractionalizing it. Following
definition of two dimensional Fourier transform of the function f (x,y) denoted by ˆf (ω ,τ) is well known and is defined
as

f̂ (ω ,τ) =
∫ +∞

−∞

∫ +∞

−∞
e(−i(ωx+τy)) f (x,y)dxdy,ω ,τ > 0

Therefore, its inversion formulas is given by

f (x,y) =
1

2π

∫ +∞

−∞

∫ +∞

−∞
ei(ωx+τy) f̂ (ω ,τ)dωdτ ,ω ,τ > 0

provided that the above integral converges.
Present work comprises a new definition of two dimensional FrFT using the functions of several variables and

Conclusively proposed technique have been applied to solve two dimensional FPDEs as an output of the solutions in
exact form.

The paper is structure as follows. Next section contains some basic definitions of fractional calculus. In the
third section, two dimensional FrFT and some of its properties have been derived. The analytical solutions for two-
dimensional fractional order partial differential equations are obtained in section 4. Finally, section 5 concludes the
paper.

2 Preliminaries

In this section, we present some basic concepts of fractional calculus, which are closely related to the work carried out
in this paper.
Definition 2.1. In 2006, Jumarie [50] proposed Modified Riemann-Liouville derivative of continuous, inconstant but
not necessarily differentiable function f (u) as follows

f α (u) =
1

Γ(−α)

∫ u

0
(u−ξ )−α−1 f (ξ )dξ , f or α < 0.

For positive α , we have

f α (u) =
1

Γ(1−α)

d
du

∫ u

0
(u−ξ )−α [ f (ξ )− f (0)]dξ , f or 0 < α < 1, (1)

and
f α (u) = ( f (n)(u))(α−n)

, f or n ≤ α < n+1;n ≥ 1
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Above definition of fractional derivative is worthwhile because it is zero if f (u) is a constant. Moreover it is not
affected by the differentiable of the functions.
Definition 2.2. The Mittag-Leffler function Eα(z), for α > 0, α ∈ C, z ∈ C and Re(α) > 0, has been proposed by
Swedish mathematician Gosta Mittag-Leffler in 1903, defined as [51]

Eα(z) =
∞

∑
n=0

zn

Γ(αn+1)
, (2)

Definition 2.3. The Dirac delta function of two variables is defined as [11]

δ (x,y) =

{

0 if x2 + y2 6= 0

∞ if x2 + y2 = 0
(3)

∫ +∞

−∞

∫ +∞

−∞
δ (x,y)dxdy = 1 and δ (x,y) = δ (x)δ (y) (4)

Remark 2.4. (i) If δ (x,y) is a two dimensional Dirac delta function, then following equality hold

∫ +∞

−∞

∫ +∞

−∞
f (x,y)δ (x−a,y−b)dxdy = f (a,b)

(ii) The following result hold

1
2π

∫ +∞

−∞

∫ +∞

−∞
exp(iω(x−a))exp(iτ(y−b))dωdτ = δ (x−a,y−b)

where a and b are constants.
Definition 2.5. In 2008 Jumarie [46] came up with definition of fractional Fourier transform using Modified fractional
Riemann-Liouville derivative, defined by

Fα [ f (x)] = f̂α(ω) =
∫ +∞

−∞
Eα(iωα xα) f (x)(dx)α

,0 < α < 1 (5)

where f (x), R →C, x → f (x) is continuous and piecewise α th continuously differentiable function and (dx)α denotes
the fractional integral, which is expressed as follows [46]

∫ u

0
g(x)(dx)α = α

∫ u

0
(u− x)α−1g(x)dx

3 Two dimensional fractional Fourier transform and some of its properties

In this section, we have proposed a definition of two dimensional fractional Fourier transform with some of its prop-
erties.

3.1 Two dimensional fractional Fourier transform

Definition 3.1. If f is a continuous differentiable function of two variables of x and y, then two dimensional fractional
Fourier transform (2D-FrFT) of function f (x,y) denoted by f̂α (ω ,τ and is defined by

Fα [ f (x,y)] = f̂α (ω ,τ) =
∫ +∞

−∞

∫ +∞

−∞
Eα(iωα xα)Eα(iτα yα) f (x,y)(dx)α(dy)α

,ω ,τ > 0,0 < α < 1 (6)

provided the integral (6) converges for each ω and τ .
A sufficient condition for convergence is

∫+∞
−∞

∫ +∞
−∞ | f (x,y) | (dx)α(dy)α < ∞

Remark 3.2. (i) By (6) we note that f̂α (ω ,0) = fα (ω) and f̂α(0,τ) = fα (τ) , where f̂α (.) is the FrFT defined by (5)
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(ii) 2D-FrFT is converted into two dimensional classical Fourier transform when α = 1.

3.2 Properties of two dimensional fractional Fourier transform

Theorem 4.1: If Fα [ f (x,y)] = f̂α (ω ,τ), then

Fα [∑n
k=1 bk fk(x,y)] = ∑n

k=1 bkFα [ fk(x,y)],

where k ∈ N and bk,k = 1,2, ...,n are any arbitrary constants.
Proof: Using 2D-FrFT, we have obtained the desired result.
Theorem 4.2: If Fα [ f (x,y)] = f̂α (ω ,τ), then

Fα [ f (ax,by)] = 1
(ab)α f̂α

(ω
a ,

τ
b

)

, a,b > 0

Proof: Using (6), we have obtained the result.

Theorem 4.3: If f̂α(ω ,τ) is a 2D-FrFT of the function f (x,y), then we have the following equality

Fα [xα yα f (x,y)] =− ∂ 2α

∂ωα∂τα f̂α (ω ,τ)

Proof: Using (6), we have

f̂α(ω ,τ) =
∫ +∞

−∞

∫ +∞

−∞
Eα(iωα xα)Eα(iτα yα) f (x,y)(dx)α(dy)α

Using the result ∂ α

∂ uα Eα(λuα) = λEα(λuα) in above equation, we have

Fα [xα yα f (x,y)] =− ∂ 2α

∂ωα∂τα f̂α (ω ,τ)

Theorem 4.4: If Fα [ f (x,y)] = f̂α (ω ,τ), then the two dimensional fractional Fourier transform of mixed-fractional
partial derivative is given by

Fα

[

∂ 2α

∂xα ∂yα f (x,y)

]

=−ωα τα f̂α(ω ,τ),0 < α < 1,ω ,τ > 0

Provided that,limx,y→±∞ f (x,y) vanish.
Proof: Using Eq. (6), we have

Fα

[

∂ α

∂xα f (x,y)

]

==

∫ +∞

−∞
Eα(iτα yα)

[

∫ +∞

−∞
Eα(iωα xα)

∂ α

∂xα u(x,y, t)(dx)α
]

(dy)α

Using fractional integration by part formula in inner integral of right hand side , we have

Fα

[

∂ α

∂xα f (x,y)

]

=−iωα f̂α(ω ,τ) (7)

Similarly, we have

Fα

[

∂ α

∂yα f (x,y)

]

=−iτα f̂α (ω ,τ) (8)

Therefore, we have the desired result.

4 Applications

In this section, exact solutions of two-dimension fractional order linear partial differential equations have been deter-
mined using the proposed 2D-FrFT.
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4.1 Two dimensional fractional dispersion equation

Two-dimensional fractional dispersion equation given by Meerschaert is as follows [52]

∂
∂ t

u(x,y, t) = d(x,y)
∂ α

∂xα u(x,y, t)+ e(x,y)
∂ β

∂yβ u(x,y, t)+g(x,y, t),

1 < α ≤ 2,1 < β ≤ 2,d(x,y)> 0,e(x,y)> 0,x,y ∈ (−∞,+∞) and t ∈ (0,+∞) (9)

We are considering a two dimensional time-space fractional dispersion equation in which coefficients d(x,y) and
e(x,y) are assumed to be 1. Therefore Eq.(9) reduces to following two dimensional time-space fractional dispersion
equation

∂ α

∂ tα u(x,y, t) =
∂ β

∂xβ u(x,y, t)+
∂ β

∂yβ u(x,y, t)+g(x,y, t),0 < α ,β ≤ 1,x,y ∈ (−∞,+∞) and t ∈ (0,+∞) (10)

with the initial condition
u(x,y,0) = f (x,y) (11)

where ∂ α denotes the modified Riemann-Liouville derivative defined by (1).
We refer to the 2D-FrFT

ûβ (ω ,τ , t) =
∫ +∞

−∞

∫ +∞

−∞
Eα(iωβ xβ )Eα(iτβ yβ )u(x,y, t)(dx)β (dy)β

Applying 2-D FRFT both sides of Eq.(10), we have

dα

dtα ûβ (ω ,τ , t) =
∫ +∞

−∞

∫ +∞

−∞
Eα(iωβ xβ )Eα(iτβ yβ )

(

∂ β

∂xβ u(x,y, t)

)

(dx)β (dy)β

+

∫ +∞

−∞

∫ +∞

−∞
Eα(iωβ xβ )Eα(iτβ yβ )

(

∂ β

∂yβ u(x,y, t)

)

(dx)β (dy)β + ĝβ (ω ,τ , t)

Using Eqs. (7) and (8), we have

dα

dtα ûβ (ω ,τ , t) =−i(ωβ + τβ )ûβ (ω ,τ , t)+ ĝβ (ω ,τ , t) (12)

ûβ (ω ,τ , t) =
∫ t

0

Eα(−i(ωβ + τβ )tα)

Eα(−i(ωβ + τβ )θ α)
ĝβ (ω ,τ ,θ )(dθ )α + f̂β (ω ,τ)Eα (−i(ωβ + τβ )tα) (13)

using Lagrange method of constant variation.
Applying inverse operator of 2-D FRFT, we have obtained the general solution of nonhomogeneous two-dimensional
time-space fractional dispersion equation

u(x,y, t) = F−1
α

[(

∫ t

0

Eα(−i(ωβ + τβ )tα)

Eα(−i(ωβ + τβ )θ α)
ĝβ (ω ,τ ,θ )(dθ )α

)

+Eα(−i(ωβ + τβ )tα) f̂β (ω ,τ)

]

(14)

provided that the inverse transform operator exists.
Special Cases:
Case I: If g(x,y, t) = 0 in Eq. (14), then it reduces to homogeneous two-dimensional time-space fractional dispersion
equation, therefore in this case the solution is given by

u(x,y, t) = F−1
α

[

Eα(−i(ωβ + τβ )tα) f̂β (ω ,τ)
]

(15)
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Case II: If we put f (x,y) = exp(−i(ax+ by)) in (15) , then we deduced the exact solution of homogeneous two-
dimensional time-space fractional dispersion equation in the term of exponential function when α = β = 1.

u(x,y, t) = exp(−ia(x+ t))exp(−ib(y+ t)) (16)

Case III: If we substitute f (x,y) = δ (x,y) in (15), then we obtained the exact solution of homogeneous two-
dimensional time-space fractional dispersion equation in terms of Dirac delta function when α = β = 1

u(x,y, t) = δ (x+ t,y+ t),x,y ∈ (−∞,+∞) and t ∈ (0,+∞) (17)

4.2 Two dimensional time-space heat-like fractional order partial differential equation

We consider the following two dimensional non-homogeneous time-space heat-like fractional order partial differential
equation [53]

∂ α u(x,y, t)
∂ tα = k

(

∂ 2α u(x,y, t)
∂x2α +

∂ 2α u(x,y, t)
∂y2α

)

+g(x,y, t) where x,y∈ (−∞,+∞), t ∈ (0,+∞),k ∈ (0,+∞), and 0<α ≤ 1.

(18)
under the initial condition

u(x,y,0) = f (x,y) (19)

Applying 2D-FrFT both sides of (18) and using the Lagrange method of constant variation, we have

ûα(ω ,τ , t) =
∫ t

0

Eα(−k(ω2α + τ2α)tα

Eα(−k(ω2α + τ2α)θ α ĝα(ω ,τ ,θ )(dθ )α + f̂α(ω ,τ)Eα (−k(ω2α + τ2α)tα (20)

Applying inverse operator of 2-D FRFT on both sides of (20), we obtained the required general solution of the Eq.(18)

u(x,y, t) = F−1
α

[(

∫ t

0

Eα(−k(ω2α + τ2α)tα

Eα(−k(ω2α + τ2α)θ α ĝα(ω ,τ ,θ )
)

+ f̂α(ω ,τ)Eα(−k(ω2α + τ2α)tα
]

(21)

provided that the inverse transform operator exists.
Special Case:
We substitute g(x,y, t) = 0 and u(x,y,0) = f (x,y) = δ (x,y) in (21) and using the result given by Mahor, Mishra and
Jain [[22], p. 4] for α = 1, we acquired exact solution of homogeneous two-dimensional time-space heat-like fractional
order partial differential equation

u(x,y, t) =
1

4πtk
exp

(

−x2 + y2

4tk

)

,x,y ∈ (−∞,+∞) and t ∈ (0,+∞),k ∈ (0,+∞) (22)

4.3 Two dimensional fractional telegraph equation

Consider following fractional telegraph equation [54]

∂ 2α u(x,y, t)
∂ t2α +2b

∂ αu(x,y, t)
∂ tα +b2u(x,y, t) = k2α

(

∂ 2α u(x,y, t)
∂x2α +

∂ 2α u(x,y, t)
∂y2α

)

where b ≥ 0, x,y ∈ (−∞,+∞), t ∈ (0,+∞),k ∈ (0,+∞), and 0 < α ≤ 1. (23)

under the initial conditions
u(x,y,0) = f (x,y) (24)

and
∂ α(x,y,0)

∂ tα = g(x,y) (25)

6

UNDER PEER REVIEW



Applying 2D-FrFT of both sides of Eq. (23) and arranging the terms, we have
(

Dα
t − (−b+ ikα

√

ω2α + τ2α)
)(

Dα
t +(b+ ikα

√

ω2α + τ2α)
)

ûα(ω ,τ , t) = 0

Solution of above equation is given in terms of Mittag-Leffler function

ûα(ω ,τ , t) = AEα

(

(−b+ ikα
√

ω2α + τ2α)tα
)

+BEα

(

−(b+ ikα
√

ω2α + τ2α)tα
)

Using Eqs. (24) and (25), we obtain

ûα(ω ,τ , t) =
f̂α(ω ,τ)

2

[

Eα

(

(−b+ ikα
√

ω2α + τ2α)tα
)

+Eα

(

−(b+ ikα
√

ω2α + τ2α)tα
)]

+
b f̂α(ω ,τ)

2ikα
√

ω2α + τ2α

[

Eα

(

(−b+ ikα
√

ω2α + τ2α)tα
)

−Eα

(

−(b+ ikα
√

ω2α + τ2α)tα
)]

+
ĝα(ω ,τ)

2ikα
√

ω2α + τ2α

[

Eα

(

(−b+ ikα
√

ω2α + τ2α)tα
)

−Eα

(

−(b+ ikα
√

ω2α + τ2α)tα
)]

(26)

Taking inversion operator of 2D-FrFT , we deduced the general solution of Eq. (23)

u(x,y, t) =

F−1
α

[

(

Eα(−btα)cosα [k
α(
√

ω2α + τ2α)tα ] f̂α (ω ,τ)
)

+

(

bEα(−btα

kα (ω2α + τ2α)
−1
2 sinα [k

α (
√

ω2α + τ2α)tα ] f̂α (ω ,τ)
)]

+F−1
α

[(

bEα(−btα

kα (ω2α + τ2α)
−1
2 sinα [k

α(
√

ω2α + τ2α)tα ]ĝα(ω ,τ)
)]

(27)

Special Cases:
Case I If we substitute f (x,y) = exp(i(cx+dy)) and g(x,y) = δ (x,y) in (27) then for α = 1 ,we have

u(x,y, t) =
exp(−bt)exp(i(cx+dy))

k
√

c2 +d2

[

k
√

c2 +d2 cos(k(
√

ω2 + τ2)t)+bsin(k(
√

ω2 + τ2)t)
]

+
exp(−bt)

k
F−1

α

[(

(ω2 + τ2)
−1
2 sin[k(

√

ω2 + τ2)t]
)]

(28)

Case II If we substitute g(x,y) = 0 in (27),then Case I attains the solution in exact form.

u(x,y, t) =
exp(−bt)exp(i(cx+dy))

k
√

c2 +d2

[

k
√

c2 +d2 cos(k(
√

ω2 + τ2)t)+bsin(k(
√

ω2 + τ2)t)
]

(29)

4.4 Two dimensional time-space wave-like fractional order partial differential equation

We consider following two dimensional time-space wave-like fractional order partial differential equation [53]

∂ 2α u(x,y, t)
∂ t2α = c2α

(

∂ 2α u(x,y, t)
∂x2α +

∂ 2α u(x,y, t)
∂y2α

)

where x,y∈ (−∞,+∞), t ∈ (0,+∞),c∈ (0,+∞), and 0<α ≤ 1.

(30)
with the initial conditions

u(x,y,0) = f (x,y) (31)

and
∂ α u(x,y,0)

∂ tα = g(x,y) (32)
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If we substitute b = 0 in Eq.(23), then it reduces to the equation Eq.(30). Therefore the general solution of Eq. (30) is
given by

u(x,y, t)=F−1
α

[

(

cosα [k
α(
√

ω2α + τ2α)tα ] f̂α(ω ,τ)
)

+
1

kα

(

(ω2α + τ2α)
−1
2 sinα [k

α(
√

ω2α + τ2α)tα ]ĝα(ω ,τ)
)

]

(33)

using Eq.(27).
Special Cases:
Case I: If we substitute f (x,y) = exp(i(cx+dy)) and g(x,y) = δ (x,y) in (33) then for α = 1, we have

u(x,y, t) =
exp(i(cx+dy))

k
√

c2 +d2

[

k
√

c2 +d2 cos(k(
√

ω2 + τ2)t)
]

+
1
k

F−1
α

[(

(ω2 + τ2)
−1
2 sin[k(

√

ω2 + τ2)t]
)]

(34)

Case II: If we substitute g(x,y) = 0 in (33), then Case I attains the solution in exact form.

u(x,y, t) = exp(i(cx+dy))cos[k(
√

(ω2 + τ2))t] (35)

5 Conclusion

Applicability of fractional calculus and Fourier transform in the field of science and engineering is well established in
contestable but fractionalization of Fourier transform in the fractional calculus environment is a recent and promising
area of interest. In the present paper we have made an attempt to fractionalize two dimensional Fourier transform
using Mittag-Leffler function in the same environment. Mathematical theory of this novel fractional integral transform
has been developed by deriving some of its properties.

Finally proposed technique have been applied to derived exact solutions of two dimensional fractional dispersion,
fractional heat, fractional telegraph and fractional wave equations in special cases. Digital computation of the pro-
duced results in the present article may engender the myriad applications in the vivid zones of digital communications,
mathematical modelings, information science, mathematical engineering and modern physics.

Declarations

paper.

• Data availability: No data associated with this article.

References

[1] Sneddon IN .: The use of Integral transforms, New York, McGraw-Hill. (1972).

8

• Conflict of interest: On behalf of all authors the corresponding author states that there is no conflict of interest.

• AI Tools: The authors declare that they have not used Artificial Intelligence (AI) tools in the creation of this

UNDER PEER REVIEW



[2] Debnath L and Bhatta D.: Integral transform and their applications. 2nd Ed., Chapman & Hall/CRC. (2007).
https://doi.org/10.1201/9781420010916.

[3] Namias V.: The fractional order Fourier transform and its application to quantum mechanics. J. Inst. Math. Appl.
25(3) : 241-265 (1980). https://doi.org/10.1093/imamat/25.3.241.

[4] Kerr FH.: Fractional powers of Hankel transforms in the Zemanian space. J.Math Anal Appl. 166; 65-83
(1992).https://doi.org/10.1016/0022-247X(92)90327-A.

[5] Jumarie G.: Laplace’s Transform of Fractional Order Via the Mittag-Leffler Function
and Modified Riemann-Liouville Derivative. Applied Mathematics Letters. 22, 1659-1664
(2008).https://doi.org/10.1016/j.aml.2009.05.011.

[6] Gupta VG, Sharma B and Kilicman A.: A note on fractional Sumudu transform. Journal of Applied Mathematics.
(2008) https://doi.org/10.1155/2010/154189.

[7] Shi J, Zhang NT and Liu XP.: A novel fractional Wavelet transform and its applications. Sci China Inf Sci. 55(6),
1270-1279 (2012). https://doi.org/10.1007/s11432-011-4320-x.

[8] Omran M and Kilicman A.: On fractional order Mellin transform and some of its properties. Tbilisi Mathematical
Journal. 10(1), 315-324 (2017). https://doi.org/10.1515/tmj-2017-0020.

[9] Sneddon IN.: Fourier transform. Courier Corporation. (1995).

[10] James JF.: Fourier transform with applications in physics and engineering. New York Cambridge University
Press. (1995). https://doi.org/10.1088/0031-9120/31/1/026

[11] Bracewell R.: The Fourier transform and its applications. 3rded. New York, McGraw-Hill. 74-104 (1999).
https://doi.org/10.1119/1.1973431.

[12] Bailey DH and Swarztrauber PN.: The fractional Fourier transform and applications. SIAM Review. 1991; 33(3):
389-404. https://doi.org/10.1137/1033097.

[13] Zayed AI.: Fractional Fourier transform of generalized functions. Integral Transforms and Special Functions.
7(3-4), 299-312 (1998). https://doi.org/10.1080/10652469808819206.

[14] Zayed AI.: A class of fractional integral transforms: a generalization of the fractional Fourier transform. IEEE
transactions on signal processing. 50(3), 619-627 (2002).doi: 10.1109/78.984750.

[15] Tao R, Li YL and Wang Y.: Short-time fractional Fourier transform and its applications. IEEE Transactions on
Signal Processing. 58(5), 2568- 2580 (2010). https://doi.org/10.1109/TSP.2009.2028095.

[16] Lin P.Y.: The fractional Fourier transform and its applications. Int J Control Theory Appl, 1-26 (2010).

[17] Romero L.G., Cerutti R.A. and Luque L.L.: A new fractional Fourier transform and convolution product. Journal
of Pure and Applied Mathematics. 66(4), 397-408 (2011).

[18] Saxena R and Singh K.: Fractional Fourier transform: A novel tool for signal processing. Journal of the Indian
Institute of Science. 85(1), 11 (2013).

[19] Jing R.M., Feng Q. and Li B.Z.: Higher-order derivative sampling associated with fractional Fourier transform.
Circuits, Systems, and Signal Processing. 38(4), 1751-1774 (2019). https://doi.org/10.1007/s00034-018-0936-z.

[20] Hammachukiattikul P., Mohanapriya A., Ganesh A., Rajchakit G., Govindan V., Gunasekaran N. and Lim C.P.:
A study on fractional differential equations using the fractional Fourier transform. Advances in Difference Equa-
tions. 2020(1), 1-22 (2020). https://doi.org/10.1186/s13662-020-03148-0.

[21] Unyong B., Mohanapriya A., Ganesh A., Rajchakit G., Govindan V., Vadivel R. and Lim C.P.: Fractional Fourier
transform and stability of fractional differential equation on Lizorkin space. Advances in Difference Equations.
2020(1), 1-23 (2020). https://doi.org/10.1186/s13662-020-03046-5.

9

UNDER PEER REVIEW



[22] Mahor TC, Mishra R and Jain R.: Analytical solutions of linear fractional partial differential equations us-
ing fractional Fourier transform. Journal of Computational and Applied Mathematics. 385; 113202 (2021).
https://doi.org/10.1016/j.cam.2020.113202.

[23] Boashash B.: Time-Frequency Signal Analysis: Methods and Applications.Halsted Press, New- York. 1992.

[24] Almeida LB.: The fractional Fourier transform and time frequency representation, IEEE Transactions on Signal
Processing. 42(11): 3084- 3091 (1994). https://doi.org/10.1109/78.330368.

[25] Cohen L.: Time-frequency analysis. Prentice Hall, Endlewood Cliffes. (1995).

[26] Mendlovic D. and Ozaktas H.M.: Fractional Fourier transforms and their optical implementation. I. JOSA A.
10(9), 1875-1881 (1993). https://doi.org/10.1364/JOSAA.10.001875.

[27] Ozaktas HM, Arikan O, Kutay MA and Bozdagt G. Digital computation of the fractional Fourier transform. IEEE
Transactions on Signal Processing.1996; 44(9): 2141-2150. https://doi.org/10.1109/78.536672.

[28] Kutay A., Ozaktas H.M., Ankan O. and Onural L.: Optimal filtering in fractional Fourier domains. IEEE Trans-
actions on Signal Processing. 45(5), 1129-1143 (1997) doi: 10.1109/78.575688.

[29] Mendlovic D., Zalevsky Z. and Ozaktas H.M.: Applications of the fractional Fourier transform to optical pattern
recognition. In Optical pattern recognition. 89-125 (1998).

[30] Ozaktas H.M., Kutay M.A. and Mendlovic D.: Introduction to the fractional Fourier transform and its ap-
plications.In Advances in imaging and electron physics. 106, 239-291 (1999). https://doi.org/10.1016/S1076-
5670(08)70272-6.

[31] Ozaktas HM, Kutay MA and Zalevsky Z.: The fractional Fourier transform with applications in optics and signal
processing. New York Wiley. (2000).

[32] Bastiaans M.J. and Van Leest A.J.: From the rectangular to the quincunx Gabor lattice via fractional Fourier
transformation. IEEE Signal Processing Letters. 5(8), 203-205 (1998). doi: 10.1109/97.704972.

[33] Erseghe T., Kraniauskas P. and Carioraro G.: Unified fractional Fourier transform and sampling theorem. IEEE
Transactions on Signal Processing. 47(12), 3419-3423 (1999). doi: 10.1109/78.806089.

[34] Candan C., Kutay M.A. and Ozaktas H.M.: The discrete fractional Fourier transform. IEEE Transactions on
signal processing. 48(5), 1329-1337 (2000). doi: 10.1109/78.839980.

[35] Cariolaro G., Erseghe T., Kraniauskas P. and Laurenti N.: Multiplicity of fractional Fourier transforms and their
relationships. IEEE Transactions on Signal Processing. 48(1), 227-241 (2000). doi: 10.1109/78.815493.

[36] Alieva T. and Bastiaans M. J.: Wigner distribution and fractional Fourier transform for two-dimensional sym-
metric optical beams. JOSA A. 17(12), 2319-2323 (2000). https://doi.org/10.1364/JOSAA.17.002319.

[37] Tao, R., Deng, B., Zhang, W.Q. and Wang, Y.: Sampling and sampling rate conversion of band limited signals
in the fractional Fourier transform domain. IEEE Transactions on Signal Processing, 56(1), 158-171 (2008).
doi:10.1109/TSP.2007.901666.

[38] Wiener N. Hermitian polynomials and Fourier analysis. Studies in Applied Mathematics. 8(1-4): 70-73 (1929).
https://doi.org/10.1002/sapm19298170.

[39] McBride AC and Kerr FH.: Namias’s fractional Fourier transform. IMA Journal of Applied Mathematics. 39(2):
159-175 (1987). https://doi.org/10.1093/imamat/39.2.159.

[40] Condon E U.: Immersion of the Fourier transform in a continuous group of functional transformations. National
Academy Sciences. 23, 158-164 (1937).

[41] Kober H.: Wurzeln aus der Hankel. Fourier und aus andreen stetigen transfornationen. Q. J.Math. (Oxford). 10,
45-59 (1939).

10

UNDER PEER REVIEW



[42] Guinand A P.: Matrices associated with fractional Hankel and Fourier transformations. Glasgow Mathematical
Journal, 2, 185-192 (1956).

[43] Lohmann AW.: Image rotation, Wigner rotation, and the fractional Fourier transform. JOSA A. 10(10): 2181-
2186 (1993). https://doi.org/10.1364/JOSAA.10.002181.

[44] West B, Bologna M and Grigolini P.: Physics of fractal operators. International Edition Springer. (2003).
https://doi.org/10.1063/1.1650234.

[45] Luchko YF, Martinez H and Trujillo JJ.: Fractional Fourier transform and some of its applications. Fract. Calc.
Appl. Anal. 11(4): 1-14 (2008).

[46] Jumarie G.: Fourier’s transform of fractional Order via Mittag-Leffler function and modified Riemann-Liouville
derivative. Journal Applied & Informatics. 26(5-6):1101-1121 (2008).

[47] Zayed A.: Two dimensional fractional Fourier transform and some of its properties. Integral Transform and
Special Functions. 29(7), 553-570 (2018).

[48] Zayed, A.: A new perspective on the two-dimensional fractional Fourier transform and its relationship with the
Wigner distribution. Journal of Fourier Analysis and Applications 25(2), 460-487 (2019).

[49] Zayed, A.: Fractional Integral Transforms: Theory and Applications. CRC Press, (2024)

[50] Jumarie G.: Modified Riemann Liouville derivative and fractional Taylor series of non-differentiable
functions further result. Computer and Mathematics with Applications. 51(9-10), 1367-1376 (2006).
https://doi.org/10.1016/j.camwa.2006.02.001.

[51] Mittag-Leffler GM.: Sur la nouvelle function Eα(x). CR Acad. Sci. Paris. 137(2): 554-558 (1903).

[52] Meerschaert MM.: Finite difference methods for two-dimensional fractional dispersion equation.Journal of Com-
putational Physics. 211(1); 249-261 (2006). https://doi.org/10.1016/j.jcp.2005.05.017.

[53] Momani S.: Analytical approximate solution for fractional heat-like and wave-like equations with variable co-
efficients using the decomposition method. Applied Mathematics and Computation. 165(2), 459-472 (2005).
https://doi.org/10.1016/j.amc.2004.06.025.

[54] Srivastava V.K, Awasthi M.K. and Kumar S.: Analytical approximations of two and three dimensional time-
fractional telegraphic equation by reduced differential transform method. Egyptian Journal of Basic and Applied
Sciences. 1(1), 60-66 (2014). https://doi.org/10.1016/j.ejbas.2014.01.002.

11

UNDER PEER REVIEW

SDI 15
Typewritten text
Declaration of AI Use

This manuscript was prepared through the combined contributions of all author(s), including 
contributions to the study design, data, content development, results, interpretation, and related
 scholarly work. The author(s) acknowledge the use of Grammarly and ChatGPT to assist with 
grammar checking, language refinement, reference formatting. These AI-assisted tools were 
not used as authors and did not replace the intellectual contributions or scholarly judgment of 
the author(s). All AI-assisted outputs, including content, references, and interpretations, were 
carefully reviewed, revised, verified, and approved by the author(s). The author(s) accept full 
responsibility for the accuracy, integrity, and final content of the manuscript.



	Introduction
	Preliminaries
	Two dimensional fractional Fourier transform and some of its properties
	Two dimensional fractional Fourier transform
	Properties of two dimensional fractional Fourier transform

	Applications
	Two dimensional fractional dispersion equation
	Two dimensional time-space heat-like fractional order partial differential equation
	Two dimensional fractional telegraph equation
	Two dimensional time-space wave-like fractional order partial differential equation

	Conclusion

