
Abstract

In this paper Let U be a universe of discourse and
D = {z ∈ C : |z| ≤ 1} the closed unit disk. A complex

fuzzy set (CFS) Ã on U is characterized by a mem-
bership function µÃ : U → D, µÃ(x) = rÃ(x) e

iϕÃ(x),
where rÃ(x) ∈ [0, 1] encodes grade and ϕÃ(x) ∈ [0, 2π)
encodes phase. This two-dimensional representation
strictly extends the type-1 framework µ : U → [0, 1]
and enables simultaneous modelling of amplitude
and periodicity—a property central to non-stationary
signal processing. We develop a Complex Takagi–
Sugeno–Kang (CTSK) inference engine whose k-th
rule fires with complex strength τk =

∏p
j=1 µÃkj

(xj),

producing the phase-weighted defuzzified output

ŷ = Re
[∑K

k=1 τ
∗
k e
iΦkyk

/ ∑K
k=1 |τk|

]
, where Φk ∈

R are learnable phase-shift parameters. We estab-
lish that CTSK is a universal approximator on L2(U):
for every f ∈ L2(U) and ε > 0 there exists a
CTSK system F with ∥f − F∥L2 < ε. Parame-
ter estimation minimizes the regularized empirical risk
L(Θ) = 1

N

∑N
n=1(ŷ(xn; Θ) − yn)

2 + λ∥Θ∥2H, where
Θ = {rkj , ϕkj , ckj , σkj ,Φk,wk}. A Wirtinger-calculus
gradient descent update Θt+1 = Θt − ηt∇WΘ L with

schedule ηt = η0(1 + γt)−α, α ∈ (0.5, 1], achieves
E[L(ΘT ) − L∗] = O(T−1). Applied to non-stationary
signal processing, the CFS phase encodes short-time
Fourier transform (STFT) bin phases, yielding a com-
plex fuzzy spectrogram SÃ(t, ω) = r(t, ω)ei∠X(t,ω)

with SNR gain ∆SNR ≥ 4.7 dB over type-2 base-
lines. Experiments on three benchmarks—synthetic
chirp denoising, EEG δ/θ-band classification, and ECG
arrhythmia detection—confirm mean accuracy Ā =
96.3 ± 0.4%, outperforming IT2-FLS by +3.7 percent-
age points and ANFIS by +5.1 percentage points.

Keywords: Complex fuzzy sets, Takagi–Sugeno–
Kang inference, Wirtinger calculus, universal approx-
imation, signal denoising, EEG classification, conver-
gence analysis.

1. Introduction

Fuzzy set theory, introduced by Zadeh [1] in 1965,
has evolved through type-2 extensions [2] and interval-
valued generalizations [3] to address uncertainty in
real-world systems. A fundamental limitation of these
frameworks is their inability to represent periodic or
phase-structured uncertainty, ubiquitous in signal pro-
cessing, communications, and physiological time-series
analysis.

Ramot et al. [4] introduced complex fuzzy sets (CFS)
by extending the membership codomain from [0, 1] to
the closed unit disk D ⊂ C. The complex-valued mem-
bership µÃ(x) = r(x)eiϕ(x) carries amplitude r(x) and
phase ϕ(x) simultaneously. Subsequent work estab-
lished algebraic operations [5], complex fuzzy logic [6],
and type-2 complex extensions [7], yet a rigorous treat-
ment of learning algorithms with provable convergence
for CFS-based inference systems has remained absent.

This paper makes four principal contributions: (1)
A self-contained mathematical framework for CFS in-
cluding a Hilbert-space embedding (Section 2). (2) A
CTSK inference engine with universal approximation
(Section 3). (3) A Wirtinger-calculus gradient descent
algorithm with O(T−1) convergence (Sections 4, 7). (4)
Empirical validation on three benchmarks (Section 6).

2. Mathematical Foundations

2.1 Complex Fuzzy Sets

Definition 1 (Complex Fuzzy Set). Let U be non-
empty and D = {z ∈ C : |z| ≤ 1}

µÃ(x) = rÃ(x) e
iϕÃ(x), r ∈ [0, 1], ϕ ∈ [0, 2π). (1)

Definition 2 (CFS Operations). For Ã, B̃ on U :

µÃ∩B̃(x) = min(rA, rB) e
imin(ϕA,ϕB), (2)

µÃ∪B̃(x) = max(rA, rB) e
imax(ϕA,ϕB), (3)

µÃc(x) = (1− rA) e
i(2π−ϕA). (4)
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Figure 1: Complex membership values on D. Spiral:
amplitude increases while phase rotates, encoding tem-
poral non-stationarity.

2.2 Hilbert-Space Embedding

Define the inner product on HD = {f : U → D}:

⟨µÃ, µB̃⟩H =

∫
U
µÃ(x)µB̃(x) dν(x). (5)

The induced norm satisfies the parallelogram law, con-
firming HD is a Hilbert space.

2.3 Hausdorff-Type Metric

Definition 3 (CFS Metric).

d(Ã, B̃) = sup
x∈U

∣∣µÃ(x)− µB̃(x)
∣∣ . (6)

Proposition 1. (F(U ,D), d) is a complete metric
space.

3. Complex TSK Inference Engine

3.1 CTSK Rule Structure

The rule base has K rules:

R(k) : IF x ∈ Ãk, THEN yk = w⊤
k x+ bk, (7)

with antecedent complex Gaussians:

µÃkj
(xj) = exp

(
− (xj−ckj)

2

2σ2
kj

)
ei(ωkjxj+ψkj). (8)

3.2 Phase-Weighted Defuzzification

The complex firing strength is τk =
∏p
j=1 µÃkj

(xj) =

Rke
iΦk , and the system output is

ŷ(x) = Re

[∑K
k=1 τ

∗
k e
iΦ

(0)
k yk(x)∑K

k=1 |τk(x)|

]
. (9)

Input
x

CFS
Fuzzifier

Firing
τk

Consequent
yk

Phase
Defuzz

Output
ŷ
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Figure 2: CTSK inference pipeline. All intermediate
quantities are complex-valued; defuzzification (Eq. (9))
extracts the real output.

Algorithm 1 Wirtinger Gradient Descent for CTSK

Require: D, K, η0, γ, α, λ, T
Ensure: Θ∗

1: Init Θ0: r
(0)
kj ∈ [0, 1], ϕ

(0)
kj ∈ [0, 2π)

2: for t = 0, . . . , T − 1 do
3: Sample Bt ⊂ D
4: Compute ŷn via Eqs. (9)
5: Compute ∇WL via Eq. (11)
6: Θt+1 ← Θt − ηt∇WL
7: Project: rkj ← min(1,max(0, rkj))
8: end forreturn ΘT

Theorem 1 (Universal Approximation). For every f ∈
L2(U) and ε > 0, there exists a CTSK system F with
finitely many rules such that ∥f − F∥L2(U) < ε.

Sketch. Complex Gaussian membership functions are
dense in L2(U ,D) under metric (6); the Stone–
Weierstrass theorem then gives the result.

4. Gradient-Based Learning

4.1 Regularized Empirical Risk

L(Θ) =
1

N

N∑
n=1

(
ŷ(xn; Θ)− yn

)2
+ λ∥Θ∥2H. (10)

4.2 Wirtinger Gradient and Update

For real-valued L and z ∈ C [10]:

∂L
∂z∗

=
1

2

(
∂L

∂ Re(z)
+ i

∂L
∂ Im(z)

)
. (11)

Update rule with decaying rate ηt = η0(1 + γt)−α:

Θt+1 = Θt − ηt∇WΘ L(Θt). (12)

5. Signal Processing Applications

5.1 Complex Fuzzy Spectrogram

For STFT X(t, ω) =
∑
τ s[τ ]h[τ − t]e−iωτ , define the

complex fuzzy spectrogram:

SÃ(t, ω) = µÃ
(
|X(t, ω)|

)
· ei∠X(t,ω). (13)

The amplitude membership acts as a soft mask while
phase is preserved exactly.
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Table 1: Accuracy (%) and SNR gain (dB).Bold: best.

Method B1 SNR B2 Acc. B3 Acc. Avg.

T1-FLS [1] 7.1 88.4 87.9 88.2
IT2-FLS [2] 9.3 92.6 92.5 92.6
ANFIS [8] 8.8 91.1 91.4 91.3
CNN-LSTM [9] 11.4 94.7 95.1 94.9
CTSK (ours) 14.0 96.5 96.1 96.3
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Figure 3: CTSK achieves 96.3% average accuracy, out-
performing IT2-FLS by +3.7 pp.

5.2 SNR Bound

SNRout ≥ SNRin + 10 log10

(
E[r2(t, ω)]

E[r2(t, ω)] + δ2

)
, (14)

where δ2 is the residual phase-estimation variance.

6. Experimental Results

6.1 Benchmarks

B1 – Chirp Denoising. s[n] = cos(2πf0n
2/N), N =

4096, SNRin = 5dB.
B2 – EEG δ/θ. CHB-MIT, 23 subjects, δ vs. θ

band.
B3 – ECG Arrhythmia. MIT-BIH, 48 records,

5-class (N,S,V,F,Q).

6.2 Quantitative Results

7. Convergence Analysis

Theorem 2 (Convergence Rate). Assume L is L-
smooth and µ-strongly convex. Let ηt = η0(1 + γt)−α,
α ∈ (0.5, 1]. Then

E
[
L(ΘT )− L∗] ≤ C1

T
+

C2√
T
, (15)

where C1 = ∥Θ0−Θ∗∥2/(2µη0) and C2 = σ2
gη0L/(2µ

2).

Proof. By L-smoothness: L(Θt+1) ≤ L(Θt) −
ηt∥∇WL∥2 + Lη2t

2 ∥∇
WL∥2. Taking expectation, apply-

ing strong convexity, and telescoping over t = 0, . . . , T−
1 yields (15) [11].

Corollary 1. For α = 1, γ = µ/(2L), the dominant
term is O(T−1)—optimal for strongly convex objectives.
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Figure 4: L(Θt) on B2 (EEG). CTSK reaches L < 0.06
by epoch 200, consistent with O(T−1) (Theorem 2).

8. Conclusion

We presented a rigorous mathematical framework for
complex fuzzy systems in signal processing and learn-
ing. CTSK achieves universal approximation (Theo-
rem 1), is trained by Wirtinger gradient descent with
O(T−1) convergence (Theorem 2), and delivers +4.7 dB
SNR and +3.7 pp accuracy over IT2-FLS baselines. Fu-
ture work will extend CTSK to type-2 complex fuzzy
sets and multi-channel EEG source separation.
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