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PART 1 (Importance of the manuscript) 

	
	Comments of the Reviewers
	Author’s Feedback 


	Please write a few sentences regarding the importance of this manuscript for the scientific community. A minimum of 3-4 sentences may 
be required for this part.
	The manuscript addresses the problem of obtaining closed-form solutions for third-order nonhomogeneous linear recurrence relations with polynomial forcing terms. Such recurrence relations arise naturally in discrete mathematics, combinatorics, number theory, and the analysis of recursive algorithms. By providing explicit formulas and illustrating them through several families of sequences, including third-order Jacobsthal, Graham, and Jacobsthal–Narayana sequences, the work may serve as a useful reference for researchers studying higher-order recurrences and their applications.
	




PART 2.1 (Objective Evaluation)

	
	Rating of the Reviewers
	Author’s Feedback 

	1. Is the title clear and appropriate for the study? 
Rating Scale: 
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	2
	

	2. Is the abstract of the article comprehensive? 
Rating Scale: 
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	3
	

	3. Are the keywords appropriate and useful?
Rating Scale: 
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	3
	

	4. Is the background information of the paper sufficient and well organized?
Rating Scale: 
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	2
	

	5. Are the research objectives/hypotheses clearly stated?
Rating Scale: 
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	2
	

	6. Is the literature review relevant and up to date?
Rating Scale: 
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	2
	

	7. Is the research methodology appropriate for the study?
Rating Scale: 
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	2
	

	8. Were ethical issues properly addressed (if applicable)?
Rating Scale: 
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	2
	

	9. Are the results presented clearly? 
Rating Scale: 
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	2
	

	10. Are tables and figures clear, relevant, and necessary?
Rating Scale: 
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable


	2
	

	11. Does the discussion relate findings to existing literature?
Rating Scale: 
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	2
	

	12. Are the conclusions supported by the data?
Rating Scale: 
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	2
	

	13. Are the limitations of the study discussed?
Rating Scale: 
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	2
	

	14. Are the references relevant and sufficient (in number)?
Rating Scale: 
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor 
N/A = Not Applicable
	2
	

	15. Is the manuscript written in clear and understandable language?
Rating Scale: 
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor 
N/A = Not Applicable
	2
Language and grammar corrections. Several grammatical and typographical issues remain. Examples include: 
• “all three roots ... is distinct” should be “are distinct”; • “modi?ed third-order Jacobstha numbers” should be “Jacobsthal numbers”; 
• “Jacobsthal-Luca numbers” should be “Jacobsthal-Lucas numbers”. 
A careful language revision is recommended
	




PART 2.2 (Subjective Evaluation)

	
	Reviewer’s comment

	Author’s Feedback (It is mandatory that authors should write his/her feedback here)


	Is the title of the article suitable?

If your answer is NO, please provide a brief, clear suggestion for improvement.

	Yes
	

	Is the abstract of the article comprehensive? 
s
If your answer is NO, please provide a brief, clear suggestion for improvement.

	yes
	

	Is the manuscript scientifically correct? 

If your answer is NO, please provide a brief, clear suggestion for improvement
.
	Comments
1. Main theorem not sufficiently justified. Theorem 1.1 is the central result of the manuscript, but its proof is essentially a citation to previous work. The paper should provide a self-contained derivation of the theorem or, at minimum, a detailed sketch explaining the construction of the particular solution and the coefficients Ai , B1, B2, and B3.
2. Ambiguous statement of assumptions in Theorem 1.1(a). The manuscript states that “all three roots of the characteristic equation is distinct from 1.” It is unclear whether the authors mean θi ̸= 1 (i = 1, 2, 3),
or whether the roots are also assumed to be mutually distinct. These are different mathematical assumptions and should be stated precisely.

3. Missing non-vanishing condition. The recurrence formulas for the coefficients Ai contain the denominator 
a1 + a2 + a3 − 1.
The theorem should explicitly assume
a1 + a2 + a3 ̸= 1,
otherwise the formulas become undefined.
4. Possible error in Example 2.1(c). The generalized third-order Jacobsthal sequence is defined by 
Vn = Vn−1 + Vn−2 + 2Vn−3.
However, Example 2.1(c) considers 
Wn = Wn−1 + 2Wn−2 + 2Wn−3 + c2n 2 + c1n + c0.
The coefficient of Wn−2 appears to have changed from 1 to 2. This should be checked carefully
5. Lack of derivation of explicit coefficients. The examples contain many large numerical coefficients (e.g., 3478, 3513, 2312171, 2975491, etc.), but no derivation is provided. At least one example should be worked out in detail to demonstrate how these coefficients arise from Theorem 1.1. 
6. Missing references. The manuscript contains unresolved citations:
[ ? ?]
in the discussion of third-order Jacobsthal and modified third-order Jacobsthal sequences. All references must be completed before publication.

7. Literature review is too narrow. Most references are authored by the same researcher. The authors should discuss related work on higher-order recurrence relations, Tribonacci-type sequences, nonhomogeneous recurrences, generating functions, and closed-form solutions by other researchers.
8. OEIS should not be used as the primary reference. While OEIS entries are useful, they should be supplemented by original research articles or standard references where the sequences were first introduced and studied.
9. Notation requires improvement. The notation involving α, β, and γ (or equivalent symbols) is difficult to follow in several formulas. The notation should be standardized throughout the manuscript.
10. Excessively long expressions. The formulas for Y1, Y2, Y3, and ∆ occupy a substantial portion of the paper and significantly reduce readability. Consider moving these expressions to an appendix or presenting them in a more structured form.
11. Insufficient explanation of the term “homogeneous counterpart.” The title refers to Jacobsthal, Graham, and Jacobsthal–Narayana families as homogeneous counterparts. The precise mathematical meaning of this terminology should be clarified in the introduction.
12. Repeated exposition. Sections 2.1–2.3 repeatedly use nearly identical wording when introducing examples. The presentation can be shortened considerably by introducing a common template and focusing only on the resulting formulas.
13. Negative-index extensions. The extension of the sequences to negative indices is repeated separately for every family. A general proposition could be stated once and then referenced throughout the manuscript.
14. Need for computational verification. Given the complexity of the formulas, the manuscript would benefit from numerical checks. A table comparing values obtained from the recurrence and from the closed-form solution for the first few terms would increase confidence in the results.
15. Proof structure. The paper currently consists primarily of formulas and examples. Adding intermediate lemmas, derivations, and explanatory remarks would improve mathematical readability and make the results easier to verify
	

	Are the references sufficient and recent? 
(YES or NO)

If your answer is NO, please provide clear suggestion for improvement.

	no
	

	Are there ethical issues in this manuscript?
(YES or NO)

(If yes, kindly please write down the ethical issues here in details)

	yes
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