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Closed-Form Expressions of Leonardo-Type Sequences with Homogeneous

Counterparts in Balancing and Oresme Numbers

Abstract. In this paper, we establish closed-form solutions for second-order nonhomogeneous linear
recurrence relations, identified as generalized Leonardo-type sequences, where the input term is expressed
as a polynomial. Our investigation highlights several distinguished cases of generalized Fibonacci numbers,
which emerge as the homogeneous analogues of the original nonhomogeneous relations. Specifically, we
examine classical families including the balancing numbers, balancing-Lucas numbers, Oresme numbers,
and Oresme-Lucas numbers.
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1. Introduction

Recurrence relations have long stood at the foundation of mathematics, extending their influence into
physics, engineering, architecture, biology, computer science, and even artistic inquiry. Though their defini-
tions may appear elementary, they conceal profound depth, modeling growth processes, oscillatory behavior,
and symbolic structures. Classical second-order families—such as the Fibonacci, Lucas, Pell, and Jacobsthal
sequences—remain enduring exemplars of this tradition.

Yet the framework extends far beyond second-order constructions. Higher-order recurrence sequences
enrich both theory and application, broadening the classical foundation while unveiling intricate algebraic
and analytic structures. The Tribonacci (third-order), Tetranacci (fourth-order), and Pentanacci (fifth-order)
sequences illustrate this expansion, each governed by characteristic polynomials whose root configurations

determine closed-form solutions. Homogeneous recurrences emphasize the relationship between characteristic
1
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polynomials and root multiplicities, while nonhomogeneous forms introduce symbolic terms that interact with
root structures to generate resonance phenomena. Collectively, these families establish a coherent framework
that unites classical recurrence identities with the evolving discipline of symbolic recurrence theory.

This paper seeks to illuminate the architecture of recurrence theory by constructing closed-form solutions
for second-order nonhomogeneous linear relations, conceived as generalized Leonardo-type sequences with
polynomial inputs. Within this structural edifice, generalized Fibonacci numbers emerge as the harmonious
echoes of their nonhomogeneous origins, serving as the homogeneous analogues that mirror the underlying
design. Our inquiry threads together venerable families—the the balancing and balancing—Lucas sequences,
alongside the Oresme and Oresme-Lucas sequences-each contributing a distinct motif to the symphonic
fabric of higher-order recurrence phenomena.

Let the second order nonhomogeneous linear recurrence relation be given by
Wop=a1Wyn_1+ asW,_o +p(n) (1.1)

with initial conditions Wy = ug, W1 = w; where p(n) is the polynomial with degree s, with coefficients in

Clz] or C:
p(n) = Z e;nt

and the recurrence coefficients a1, as are complex scalars or polynomials in Clz].
A sequence {W,, },>0 defined by (1.1) is called a generalized Leonardo-type sequence with input function
p(n). For more information on generalized Leonardo-type sequences, see Soykan [4] and [3].

Let the homogeneous relation corresponding to (1.1) be written as
Vi, =a1Vy_1+ asVy_o (1.2)
with the same initial conditions as W, i.e.,
Vo = Wy, V1 = W7
Suppose that 0; and 65 are the roots of the characteristic equation of (1.2)
22 —ay1z—ay =0, (1.3)

of (1.2).
Note that if all the roots of (1.3) are equal to 1 then

2 —azr—ay=(2-12=22-224+1=0
so that a1 = 2, as = —1 and (1.2) reduces to
Vi =2Vy_1 — Vo, (1.4)

In earlier work, particular solutions of second-order nonhomogeneous recurrences (1.1) with polynomial

inputs were obtained for s = 0,1,2,3,4,5,6,7; see Soykan [5]. The present paper advances those results by
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deriving unified closed-form solutions through Theorem 1.1. Each recurrence is expressed as the sum of its
homogeneous and particular components, with the particular solution determined iteratively. The framework
is organized by the multiplicity r of 1 as a root of the characteristic equation (1.3) and the polynomial degree
s. Closed-form formulas are obtained for all values » = 0,1,2 and s = 0,1,2,3,4,5,6,7, illustrating how
these parameters jointly shape the solution and how resonance arises when roots coincide. In practice,
however, our examples—generalized balancing, and Oresme sequences-require only the non-resonant case
r = 0. Accordingly, the theorem is presented in detail for r = 0, while the cases r = 1,2 are acknowledged

but omitted as they are not needed here.

THEOREM 1.1.

(a): [3, Theorem 7.6. (a)] The case r =0, i.e., all two roots of the characteristic equation of (1.3) is
distinct from 1. The solution of (1.1) is given by

Wn(WOa Wl) = W’I(Lh) + Wv(Lp)

= Va(Wo, W1) = Va(Wg" W) + WP
where W = Vi (Wo, W1) — Vn(Wép), Wl(p)) is the solution of (1.2) and
WP =" Amt = Ag+ > Am'
i=0 i=1

is the particular solution of (1.1). For each 0 < i <'s, A; can be calculated with the iteration

Cs

A= ——"— =
s a1+a2_1,forn s
and
A :—;(C - i (—1)k-ntt K (a1 4+ 28" "ay)Ap), forn=s—1,5—2,..,2,1,0
" ar+a;—1"" Mt n ’ 7 e
Here
Wép) — 1407
W = YA,
i=0
and

Va(WP WP = V(40,3 A))
=0

(Wy — a1 Wo) Yo Ai — aaWoAg
= i= Vi (Wo, W
W12 — UQWOQ — G,1W0W1 ( 0 1) *

Wo D oo Ai — AgWy
= - i= Vi i1(Wo, W
W2 — a;a W2 — ayWoW; ner1(Wo, W) +

_a‘2(WO Zf:o A; — A0W1)
I/Vl2 - G‘QWOQ - U/lW()Wl
Wi Z?:o A; — (Whas + Wiay) Ay

W12 - a2W02 — a1 WoWy

anl(vv()v Wl)

Vi (Wo, Wh).
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In summary, the solution of (1.1) is given by

(Wh — a1 Wo) D00 Ai — aaWo Ay
VV12 - a2W02 — a WoWi

a2(W0 Zfzo A; — A0W1)
W12 — CLQW02 — CL1WOW1

Vn,1 (Wo, W1)+Z Am”

Wn(Wo, Wh) = (—
i=0

+ 1) Vn<W0, W1)+

i.e.,

WA AW,

= Vi (Wo, W- Ain’
W12 —(Z2W02 —a1W0W1 ( 0 1)+Z n

=0

Wn(W07 Wl)

WSS A — (Woas + W A
Vn+1(W07W1)+<_ 120 (Woas 1) 0+1>

le — a2W02 — CL1WOW1

(b): The case r =1, i.e., 1 is a simple root of the characteristic equation of (1.8). Its solution can
be obtained in direct analogy with case (a).

(c): The case r =2, i.e., 1 is a double root of the characteristic equation of (1.3). The construction

follows the same method as in case (a), with appropriate multiplicity corrections.

Proof. The derivation is achieved by combining Theorem 5.5 (p. 104), Theorem 5.6 (pp. 104-105),
and Theorem 3.1 (pp. 88-89) for the case m = 2, as given in Soykan [3]. The theorem in full generality
encompasses all multiplicities » = 0,1, 2: the non-resonant case r = 0 arises when all two roots are distinct
from 1, whereas » = 1,2 correspond to situations where 1 is a simple or double root of the characteristic
equation (1.3). Since the examples treated in this paper involve only r = 0, the explicit formulations for
r = 1,2 are omitted. They can be derived in analogy with case (a), incorporating multiplicity corrections,

but are not required for the present applications.

2. Examples: Closed-Form Solutions of Second Order nonhomogeneous Linear Recurrence

Relations

In the following subsection, we consider special cases of Theorem 1.1 (a) for the special second order

nonhomogeneous linear recurrence relations.

2.1. Generalized balancing Numbers: The case a; = 6 and a; = —1. Next, we consider the case
a; = 6,az = —1. A generalized balancing sequence {V,, },>0 = {Vn(Vo, V1) }n>0 is defined by the second-order
recurrence relation

Vn = 6Vn—1 - Vn—2 (21)

with the initial values V) = vg, V4 = v1 not all being zero.

The sequence {V,,},>0 can be extended to negative subscripts by defining
Vo =6V_ o1y = Vo(nog)

for n = 1,2,3,.... Therefore, recurrence (2.1) holds for all integer n. For more information on generalized
balancing numbers, see Soykan [1].
The Binet formula of generalized balancing numbers can be written as

Vi Vo n_ Vi—aWo
a— [0 a—p

Vo = Bn



UNDER PEER REVI EW

CLOSED-FORM EXPRESSIONS OF LEONARDO-TYPE SEQUENCES

ot

where o and 3 are the roots of the quadratic equation 22 — 6z + 1 = 0. Moreover

a = 3+2V2

B = 3-2V2

So

Vi—(3-2v2)% n_ Vi-(B+2V2)V
™G (342V2)" — "

Now we define three special cases of the sequence {V,}. balancing sequence {B,,},>0, modified Lucas-

Vo= (3 —2v2)". (2.2)

balancing sequence {H,, } ,>0 and Lucas-balancing sequence {C,, },,>0 are defined, respectively, by the second-

order recurrence relations

B, = 6B,_1—B, .2, By=0DB =1, (2.3)
H, = 6H, ,—H, o, Hy=2H, =6, (2.4)
Chn = 6Cp1—Cpny, Co=1,C1 =3. (2.5)

The sequences {By, }n>0, {Hn}n>0 and {C),} >0 can be extended to negative subscripts by defining

B_, = 6B_—1)— B_(n-2),
an = 6H_(n_1) - H—(n—2),
Con = 6C_(n_1) — C_(n-2),

for n =1,2,3, ... respectively. Therefore, recurrences (2.3)-(2.5) hold for all integer n.
For all integers n, balancing, modified Lucas-balancing and Lucas-balancing numbers can be expressed

using Binet’s formulas as

B, = - g
@=8) " (B-a)
Hn - an"_ﬁnv
B Oén+ﬁn
o o

respectively.

In the following Example, we consider Theorem 1.1 (a) for

ap = 6,
as —1,
Wo = 0,
Wy, = 1,

so that we have the case V,, = B,, (balancing numbers).
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EXAMPLE 2.1. In this example, we consider the case ay = 6,a92 = —1, Wy = 0, W7 =1 in Theorem 1.1

(a). So V,,(0,1) = By, represents nth balancing number i.e., V;, = B,.

(a): The case s = 0. The solution (the closed-form solution) of the sequence {W,,} defined by nonho-

mogeneous linear recurrence relation

Wy =6Wp_1 —Wy_2+co

s given by
Wi (0,1) = (20 +1)Bp — ~coBy_1 — =
n\Y, — 4CO n 460 n—1 4007
i.e.,
1 5 1
Wn<0, 1) = ZCOBn+1 =+ (1 — ECO)Bn — ZCO.

(b): The case s = 1. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
Wy =6Wp,_1 —Wyh_2+cin+co

18 given by

1 1 1 1
Wn(0,1) = Z(CO +2c +4)B, — Z(CO +c¢1)Br-1 — 16an— Z(CO +c1),

i.e.,
1 1 1 1
Wn(O, 1) = *(CO + CI)B7L+1 + *(4 —4cy — 500)Bn — —Cc1n — *(CQ + 61).
4 4 4 4
(c): The case s = 2. The solution (the closed-form solution) of the sequence {W,,} defined by nonho-

mogeneous linear recurrence relation
Wn = 6Wn—1 - Wn—2 + C2”2 +can—+c
18 given by
1 1 9
W,(0,1) = §(260 +4c1 4+ 9c2 + 8)B,, — g(Zco +2¢1 4 3¢2)Bp_1 + Aan” + Ain + Ay,
i.e.,
1 1 9
Wn(O, 1) = E(QCQ + 2¢1 + 362)Bn+1 — g(lOCO + 8c1 + 9¢co — S)Bn + Aon® + Ain + Ay,
where
1
A2 = _1627

1
A = —Z(Cl+202>,

1
Ay = —§(200+2C1+302).
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(d): The case s = 3. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
3 2
Wy =6W,_1 — Wy_9+csn® 4+ can” +cin+ ¢
s given by

1 1
Wn(O, 1) = §(2CO —+ 461 =+ 962 + 2203 + 8)Bn — §(2CO + 201 + 3C2 + 5C3)Bn,1 + AgTLB + A2n2 + Aln + AO

i.e.,
1 1
Wn(O, ].) = g(QC(] + 2¢1 + 3co + 5C3)Bn+1 — g(lOCo + 8¢y 4+ 9¢o + 8¢z — 8)Bn + A3n3 + A2n2 + Ain+ Ay
where
1
AS = _1037
1
A2 = _Z(CQ + 303),
1
A1 = 7§(261 + 462 + 963),
1
Ay = —§(2co + 2¢1 + 3ca + 5es).

(e): The case s = 4. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
_ 4 3 2
Wop=6Wp,_1 —Wu_o+4can™ +c3n® + con” + cin + ¢

s given by

Wn(0,1) = $(2co + 4c1 + ez + 22¢3 4 60cy + 8) By, — §(2c0 + 2¢1 + 3¢z + 5eg + 12¢4) Byt +
Aun® + Azn® + Aan? + Ain + Ay,

i.e.,

W,(0,1) = é(QCQ +2¢1 + 3co + 5¢3 + 12¢4) Bt — %(1000 +8c1 + 9¢o + 8¢z + 12¢4 — 8)B,, +
At + Asn® + Aon® + Ain + Ay,

where

1

A4 - *1047
1

As = —*(CS —|—4C4),
1

Ay = —Z(Cz + 3c3 + 9ca),
1

Al = —§(2C1 + 4C2 + 903 + 2004)7
1

Ay = _§(2CO +2¢1 + 3ca + Beg + 12¢4).
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(f): The case s = 5. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation

W, = 6W,_1 — Wy_o + csn® + can® + 03713 +eon? +en + co

18 given by

Wi (0,1) = (2c0 + 41 + 9z + 22¢5 + 60cq + 184cs + 8) By, — %(2c + 2¢1 + 3¢z + ez + 12¢4 +
32¢5) By, 1 + Asn® + Agnt + Asn3 + Aon? + Ain + A

i.e.,

Wa(0,1) = £(2c0 + 2¢1 4 3ca + 5es + 12¢4 + 32¢5) Bry1 — 5(10co + 8¢t + 9cz + 8cs + 12¢4 +
8cs — 8)B,, + Asn® + Agnt + Asn3 + Aan? + Ain + Ay

where

1
A5 = _105,
1
Ay = *Z(C4+5c5)a
1
Ay = _1(c3+404+1505)7
1
A2 = _1(62 + 3c3 +9cq + 2565)7
1
Ai = 35201+ 4des + 9es + 20e4 + 60cs),
1
Ay = —g(2e0+2e1 +3ex + Bes + 1264 + 32c5).

(g): The case s = 6. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation

W, = 6Wy_1 — Wy_o 4+ cen® + csn® + can® + esn® + con? + e1n + ¢o

18 gwen by

W,(0,1) = %(400 + 8¢y + 18¢o + 44cs + 120¢4 4 368¢5 + 1293¢6 + 16) By, — %(400 +4c1 + 6¢o +
10c3 + 24cq + 64cs + 231c6) By 1 + AgnS + Asn® + Ayn* + Azn® + Aon? + Ajn + Ay

i.e.,

Wi (0,1) = 15(4co + 4cy + 6¢a + 10c3 + 24cy + 64cs + 231c6) Bry1 — 15(20co + 16¢1 + 18¢c2 +
16¢3 + 24cq + 16¢5 4+ 93¢ — 16)B,, + Agn® + Asn® + Agn* + Azn® + Aon? + Ain + Ay



UNDER PEER REVI EW

CLOSED-FORM EXPRESSIONS OF LEONARDO-TYPE SEQUENCES 9
where

45 = —gos

As = —3(65 + 6¢g),

Ay = —%(204 + 10c5 + 45¢6),

As = —3(03 + 4eq + 15¢5 + 50¢6),

Ay = —%(02 + 3e3 + 9¢q + 25¢5 + 90¢6),

A = —%(261 + 4co + 9cs + 20¢y + 60c5 + 192¢),

Ay = 7%6(400 +4c1 + 6¢o + 10c3 + 24c¢q + 64cs + 231cq).

(h): The case s = 7. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
W, = 6W, W, ! o ° * 3 2
n = n-1—Wn_o+cm' +cgn” 4+ csn” +cq4n” +c3n” +con” +cin + ¢

18 given by
Wi (0,1) = & (4co +8cy +18co +44c3 +120c4 +368c5 +1293¢6 + 51747 4 16) By, — 1= (4co +4cr +
662+1OC3+24C4+64C5+23166+865C7)Bn_1 +A7n7—|—A6n6—|—A5n5+A4n4—|—A3n3+A2n2+A1n+Ao
i.e.,

Wi (0,1) = 1% (4co+4c1 +6¢a 4 10¢3 4244 +64c5 + 23166 +865¢7) Bpy1 — 15 (20c0 + 16¢1 +18¢o +
16¢3 + 24c¢c4 + 16¢5 + 93¢ + 16¢7 — 16)Bn + 147’I’L7 + AGTLG + A5TL5 + A4’I’L4 + A3TL3 + A2n2 + Ain+ Ag

where
1
A7 = _1077
1
Ag = _Z(CG +Ter),
1
As = 7§(205 + 12¢6 + 6367),
1
Ay = =204+ 10c5 + 45¢6 + 175¢r),
1
Ay = —(es+deq + 15¢5 + 50cg + 210c7),
1
Ay = —1(02 + 3c3 + 9c4 + 25¢5 + 90¢ + 336¢7),
1
A, = _T6(4CI + 8¢y + 18¢3 + 40¢4 + 120c¢5 + 384¢6 + 1617¢7),
1
Ay = ——(4co +4c1 + 6¢a + 10c3 + 24¢y + 64c5 + 231cs + 865¢7).

16
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In the following Example, we consider Theorem 1.1 (a) for

ap = 6,
ay = -1,
Wo = 2,
W, = 6,

so that we have the case V,, = H,, (modified Lucas-balancing numbers).

EXAMPLE 2.2. In this example, we consider the case ay = 6,a9 = —1, Wy =2, W1 =6 in Theorem 1.1

(a). So V,(2,6) = H, represents nth modified Lucas-balancing number i.e., V,, = H,.

(a): The case s = 0. The solution (the closed-form solution) of the sequence {W,,} defined by nonho-

mogeneous linear recurrence relation
Wy =6Wp_1 —Wp_2+co

is given by
Wi(2,6) = == (co +32) Hy + g5coHn1 — 700,

i.e.,

1 1 1
Wﬂ(za 6) = 7§COHTL+1 + 372(700 + 32)Hn — Z

(b): The case s = 1. The solution (the closed-form solution) of the sequence {W,} defined by non-

Cp.

homogeneous linear recurrence relation

Wy =6Wp_1 —Wyp_2+cin+co

18 given by
Wa(2,6) = (200 + 5er + 64) Hyy + (20 + e1) Huoy — ~em— (o + 1)
nl%,0) =7 Co C1 n T 6 Co T C1)ilp—1 40171 400 C1),
i.e.,
1 1 1 1
Wn(Q, 6) = —@(200 + Cl)Hn—i-l + a(1400 + 11lcy + 64)Hn - chn - Z(CO + Cl).

(c): The case s = 2. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
W, = 6Wy_1 — Wy_o 4+ con® + cin + co
is given by
W,L(2,6) = i@co +5¢1 + 12¢5 + 64)H,, + é(zco +c1)Hy 1+ Agn® + Ain + Ag

i.e.,

1 1
WL (2,6) = —GZ(QC0 +c1)Hpyr + 6—4(1400 + 11y + 12¢p + 64)H,, + Ayn® + Ain + A
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1

AQ = —=C2
4 b
1

A1 = 71(61 +2CQ),
1

Ay = —§(260 + 2¢1 + 3¢3).

(d): The case s = 3. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation

W, = 6W,_1 — Wp_o + csn® 4+ can? + e1n + ¢

18 gien by
1 1
Wn(2, 6) = 58(400 + 1061 + 2402 + 6103 + 128)Hn + 58(400 + 261 — 763)Hn,1 + A37L3 + A2n2 + Aln + AO
i.e.,
1 1
W,(2,6) = —@(400 +2¢1 —Teg)Hpy1 + @(28(30 +22¢; +24cy +19¢3 +128) H,, + Azn® + Aogn® + Ain+ Ay
where
1
AS = _1037
1
A2 = _Z(CQ + 303),
1
A1 7§(261 + 462 + 963),
1
Ay = —§(2co + 2¢1 + 3c2 + 5eg).

(e): The case s = 4. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
W, = 6W, - W, + 44 3 2
n — n—1 n—2 C4M c3n” + con” +cin + ¢o

18 gwen by

Wi (2,6) = 135 (4co + 10cy + 24c3 + 61cs + 168c4 + 128) Hy, + 135 (4co + 21 — Teg — 24c4) Hyq +
Aun® + Asn® 4+ Asn? + Ain+ Ay

i.e.,

Wi (2,6) = — 135 (4co + 2¢1 — Teg — 24¢4) Hyq1 + 135 (28co + 22¢1 + 24¢o + 19¢3 + 24c + 128) H,, +
Aun® + Asn® 4+ Asn? + Ain+ Ay
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where

1

A4 = 71647
1

A3 = —Z(Cg + 484)a
1

A2 = _1(62 +3C3 +964)7
1

Al = —§(2C1 + 402 + 903 + 2004)7
1

Ay = _é(QCO + 2¢1 + 3ca + bes + 12¢4).

(f): The case s = 5. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
_ 5 4 3 2
W, =6Wp_1 —Wh_a+cs5n° +cqyn™ 4+ c3n® + con® + c1in + ¢g

18 given by

Wi (2,6) = 135 (4co 4 10c1 4 24c2 + 61c3 + 168c4 +520c5 + 128) H,, + 135 (4co + 201 — Teg — 24cq —
88cs)H, 1 + Asn® + Agn* + Azn® + Agn? + Ain + Ay

i.e.,

Wn(2,6) = —ﬁ(élco +2¢1 — Tes —24cy — 88¢s)Hypq1 + ﬁ(%co +22¢1 4+ 24c¢9 4+ 19¢3 + 24¢4 —
8cs + 128)H,, + Asn® + Ayn* + Azn® + Aon? + Ain + Ay

where

1

A5 = _1657
1

A4 = —1(04 + 505)7
1

A = —Z(Cg + 4cq + 15¢5),
1

Ay = —Z(CQ + 3c3 + 9¢cq + 2505)7
1

Ar = —g(2e1 4 4z + 9 + 20cy + 60cs),
1

Ay = —=(2c0+2c1 4 3ca + 5es + 12¢4 + 32¢5).

8
(g): The case s = 6. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
Wy, = 6W, 1 — W, ¢ > * ¥ 2
n = n—1 n—2 +cegn_ 4+ csn” +can” + csn” 4+ con® +cin + ¢

s given by
W, (2,6) = - (4o + 10¢, + 24cy + 61cs + 168cs + 520c5 + 18240 + 128) H,, + 1k (4co + 201 —
Tcs — 24cy — 88cs — 30066)Hn_1 + Agnﬁ + A5n5 + A4n4 + A3n3 + A2n2 + Ain + Ap

i.e.,
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Wn(2,6) = —ﬁ(élco +2¢1 — Teg — 24¢q — 88cs — 300¢q) Hy 1 + ﬁls(%CO +22¢1 + 24¢0 +19¢3 +
2404 - 805 + 2406 + 128)Hn + AGTLG + A57’L5 + A47’l4 + A37’l3 + A2n2 + Aln + AO
where
1
A = — %6
1
A5 = _Z(CS + 666),
1
Ay = 7§(204 + 10c5 + 4506),
1
Az = 71(03 + 4cq + 15c5 + 5066),
1
Ay = —1(02 + 3¢z + 9cq + 25¢5 + 90¢s),
1
A = —§(201 + 4co + 9c¢3 + 20cy + 60cs5 + 19266),
1
Ay = —f<4CQ + 4cy + 6¢o 4+ 10c3 + 24¢4 + 64c5 + 23106).

16
(h): The case s = 7. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
W, = 6W, W, ! ¥ ¥ * 3 ?
n = n-1— Wn_o4+cm' +cgn’ 4+ csn’ +cyn” + csn” + con® +cyin + ¢o

18 given by
Wi (2,6) = 555 (8co+20ct +48c2+122¢5+336¢4 4 1040c5 +3648¢6+ 14 6577 +256) Hy, + 715 (8o +
4c1—14c3—48¢4—176c5—600c6 —2579¢7) Hyy 1 +Aqn” + AgnS+ Asn® + Ayn* + Asn+ Aon+ Ayn+Ag
i.e.,

Wn(2, 6) = —ﬁ(Sco +4c¢1 —14c3—48c4 —176¢5 —600cg — 257967)Hn+1 + ﬁ (5600 +44c1 +48co +
38c3 +48cy — 16¢5 +48c — 817cy +256) H,, + Azn” + Agnb + Asn® + Ayn? + Azn3 + Aan? + Ain+ Ay

where
1
A7 = _1077
1
Ag = _Z(CG +Ter),
1
As = 7§(205 + 12¢6 + 6367),
1
Ay = =204+ 10c5 + 45¢6 + 175¢r),
1
Ay = —(es+deq + 15¢5 + 50cg + 210c7),
1
Ay = —1(02 + 3c3 + 9c4 + 25¢5 + 90¢ + 336¢7),
1
A, = _T6(4CI + 8¢y + 18¢3 + 40¢4 + 120c¢5 + 384¢6 + 1617¢7),
1
Ay = ——(4co +4c1 + 6¢a + 10c3 + 24¢y + 64c5 + 231cs + 865¢7).

16
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In the following Example, we consider Theorem 1.1 (a) for

ap = 6,

ay = -1,
Wo = 1,
W, = 3,

so that we have the case V,, = C), (Lucas-balancing numbers).

EXAMPLE 2.3. In this example, we consider the case ay = 6,a0 = —1, Wy = 1,W; = 3 in Theorem 1.1

(a). So Vi, (1,3) = C,, represents nth Lucas-balancing number i.e., Vy, = Cy,.

(a): The case s = 0. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
Wy =6Wp_1 —Wp_2+co

is given by
1 1 1
W,(1,3) = E(co +16)C, + EcOC'n_l — c0;

i.e.,

1 1 1
Wn(l, 3) = *ECOCn_A,_l + T6(7CO + 16)Cn — 1

(b): The case s = 1. The solution (the closed-form solution) of the sequence {W,} defined by non-

Co.

homogeneous linear recurrence relation

Wy =6Wp_1 —Wyp_2+cin+co

18 given by
1 1 1 1
Wn(1,3) = 33(260 + 5¢1 + 32)Cn + 372(260 + cl)C’n_l — chn - Z(CO + Cl),
i.e.,
1 1 1 1
Wn(l, 3) = —5(200 + cl)C’nH + 5(1400 + 11lcy + 32)Cn - 16177, - Z(CO + 01).

(c): The case s = 2. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
W, = 6Wy_1 — Wy_o 4+ con® + cin + co
is given by
Wo(1,3) = 31—2(2c0 +5c1 + 12¢0 + 32)C,, + %(2% +¢1)Cho1 + Agn® + Ain + Ag
i.e.,

1 1
—*(260 + Cl)cn_;,q + 7(1400 + 11ey + 12¢5 + 32)O,L + AQTLQ + Ain+ Ag

n 17 =
Wa(1,3) 32 32
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where

1

AQ = —=C2
4 b
1

A1 = 71(61 +2CQ),
1

Ay = —§(260 + 2¢1 + 3c2).

(d): The case s = 3. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation

W, = 6W,_1 — Wp_o + csn® 4+ can? + e1n + ¢

18 gien by
1 1
Wn(]., 3) = a(é‘:C() + 1061 + 2402 + 6163 + 64)Cn + 674(460 + 201 - 703)071,1 + A3n3 + A2n2 + Aln + AO
i.e.,

1 1
Wn(l, 3) = _674(460 + 2¢1 — 783)Cn+1 + f(QSCQ + 22¢1 + 24c¢5 4 19¢3 + 64)On + A3n3 + A2n2 + Ain+ Ag

64
where

1

AS = _1037
1

A2 = _Z(CQ + 303),
1

A1 = 7§(261 + 462 + 963),
1

Ay = —§(2co + 2¢1 + 3co + 5es).

(e): The case s = 4. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
W, = 6W, - W, + 44 3 2
n — n—1 n—2 C4M c3n” + con” +cin + ¢o

18 gwen by

W,(1,3) = (%4(480 + 10¢q + 24c¢o + 61c3 + 168¢4 + 64)C), + 6%1(4(:0 + 2¢1 — Teg — 24¢4)Cr—q +
Aun® + Asn® 4+ Asn® + Ain+ Ay

i.e.,

Wi (1,3) = —g5(4co + 2¢1 — Tez — 24¢4)Crga + 57(28c0 + 22¢1 + 24cs + 19¢3 + 24cy + 64)C), +
Aun® + Asn® 4+ Asn? + Ain+ Ay
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where

1

A4 = 71647
1

A3 = —Z(Cg + 484)a
1

A2 = _1(62 +3C3 +964)7
1

Al = —§(2C1 + 402 + 903 + 2004)7
1

Ay = _é(QCO + 2¢1 + 3ca + bes + 12¢4).

(f): The case s = 5. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
_ 5 4 3 2
W, =6Wp_1 —Wh_a+cs5n° +cqyn™ 4+ c3n® + con® + c1in + ¢g

18 given by

Wi (1,3) = g5 (4co + 10cq + 24c; + 61cz + 168cy + 5205 4 64)Cy, + 57 (4co + 2¢1 — Tez — 24¢y —
88c5)C,_1 + Asn® + Ayn* + Asnd + Aon? + Ayn + Ao,

i.e.,

Wn(1,3) = —&(400 + 2¢1 — Teg — 24¢y — 88¢5)Chat + 6%1(2800 + 22¢1 + 24¢y + 19¢3 + 24c¢y —
8cs + 64)C,, + Asn® + Ayn* 4+ Azn® + Aon? + Ajn + Ay,

where

1

A5 = _1657
1

A4 = —1(04 + 505)7
1

A = —Z(Cg + 4cq + 15¢5),
1

Ay = —Z(CQ + 3c3 + 9¢cq + 2505)7
1

Ar = —g(2e1 4 4z + 9 + 20cy + 60cs),
1

Ay = —=(2c0+2c1 4 3ca + 5es + 12¢4 + 32¢5).

8
(g): The case s = 6. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
Wy, = 6W, 1 — W, ¢ > * ¥ 2
n = n—1 n—2 +cegn_ 4+ csn” +can” + csn” 4+ con® +cin + ¢

s given by
W,(1,3) = 6%1(400 + 10c1 + 24¢o + 61c3 + 168¢4 + 520¢5 + 1824¢6 + 64)C,, + 6%1(400 +2c1 —Tcz —
24cy — 88cs — 30066)Cn_1 + A6n6 + A5n5 + A4n4 + A3n3 + A2n2 + Ain+ Ag

i.e.,
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Wn(1,3) = —6—14(400 +2¢1 — Tez — 24cy — 88c¢5 — 300¢6)Crp1 + é(%co + 22¢; + 24co + 19¢5 +
24cy — 8¢y + 24ce + 64)Cn + A6n6 + A5n5 + A4n4 + A3n3 + 142712 + Ain+ Ag

where
Ag = —3067
Ay = —%(65 + 6¢g),
Ay = 7%(204 + 10¢5 + 45¢6),
A = 73(03 + 4cyq + 15¢5 + 50¢),
Ay = _%(02 + 3c3 + 9cq + 25¢5 + 90¢6),
A = —é(2cl + 4ea + 9e3 + 20c4 + 60c5 + 192¢6),
Ay = ——(deo +der + 6es + 10cs + 24y + 6des + 231cg).

16
(h): The case s = 7. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
W, = 6W, W, ! ¥ ¥ * 3 ?
n = n-1— Wn_o4+cm' +cgn’ 4+ csn’ +cyn” + csn” + con® +cyin + ¢o

18 given by

Wi (1,3) = 122 (8co+20c; +48co +122¢54336¢4 +1040c5 + 36486 + 146577 +128) Cl, + 155 (8co +
4c1—14c3—48c4—176¢5—600c —2579¢7)C 1 +Arn” 4+ AgnS4 Asn® 4+ Aygn 4+ Asn3+ Aon?+ An+ Ay

i.e.,

Wi (1,3) = — 145 (8co+4c1 — 14c3 — 48¢4 — 176¢5 — 600cs —2579¢7) Cry 41+ 135 (56¢0 +44c1 +48co+
38c3 +48¢cy — 16¢5 +48cs — 817cy +128)C,, + A7n” + Agnb 4+ Asn® + Ayn® + Azn® + Aon® + Ain+ Ay

where
1
A7 = _1077
1
Ag = _Z(CG +Ter),
1
As = 7§(205 + 12¢6 + 6367),
1
Ay = =204+ 10c5 + 45¢6 + 175¢r),
1
Ay = —(es+deq + 15¢5 + 50cg + 210c7),
1
Ay = —1(02 + 3c3 + 9c4 + 25¢5 + 90¢ + 336¢7),
1
A, = _T6(4CI + 8¢y + 18¢3 + 40¢4 + 120c¢5 + 384¢6 + 1617¢7),
1
Ay = ——(4co +4c1 + 6¢a + 10c3 + 24¢y + 64c5 + 231cs + 865¢7).

16
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2.2. Generalized Oresme Numbers: The case a; = 1 and ay = —i. Now, we consider the case
ar =1,a0 = —i. A generalized Oresme sequence {V,, }n>0 = {V,(Vo, V1) }n>0 is defined by the second-order
recurrence relations

1
L (2.6)

with the initial values Vy = vg, V7 = v1 not all being zero.

The sequence {V,,},>0 can be extended to negative subscripts by defining
Vo, = 4V—(n—1) - 4V—(n—2)

for n = 1,2,3,.... Therefore, recurrence (2.6) holds for all integer n. For more information on generalized
Oresme numbers, see Soykan [2].

Binet formula of generalized Oresme numbers can be given as

Vo, = (Dl + Dzn)a" (27)
where
Dl = VO)
1
Dy = —(Vi—alW).
«
ie.,
1 n
Vi=W+ S (Vi —aVh)n)a

Here, a = = % are the roots of the quadratic equation

1
f—z+1:O. (2.8)

i.e. the roots of characteristic equation (2.8) are equal. Note that
1 1
VnZ(V0+2 V1—§V0 n)Xan

Now we define three special cases of the sequence {V,,}. Modified Oresme sequence {Gy, }n>0, Oresme-

Lucas sequence {H, }»>0 and Oresme sequence {Oy, },>0 are defined, respectively, by the second-order re-

currence
1
Gn+2 = Gn+1 - ZGna GO = Oa Gl = 17 (29)
1
Hypo = Hpp1— Zan Hy=2H =1, (2.10)
1 1
O'rb+2 - On+1 - Zona OO = anl = 5 (211)



UNDER PEER REVI EW

CLOSED-FORM EXPRESSIONS OF LEONARDO-TYPE SEQUENCES 19
The sequences {G, }n>0, {Hpn}n>0 and {O,, }n>0 can be extended to negative subscripts by defining
Gon = 4G_(—1) —4G_(_2),

H ., = 4H—(7L—1)74H—(7L—2)7

O_yn 40_(n—1) —40_(,_9),

for n = 1,2, 3, ... respectively. Therefore, recurrences (2.9)-(2.11) hold for all integer n.
For all integers n, modified Oresme, Oresme-Lucas and Oresme numbers can be expressed using Binet’s

formulas as

_ n

G, = na" 1:27%1,
1

H, = 2a7b—2n71,
n

0, = na":Q—n,

respectively.

In the following Example, we consider Theorem 1.1 (a) for

a1 = 1,

1
az = R
Wy = 0,
Wl = 13

so that we have the case V,, = G,, (modified Oresme numbers).

EXAMPLE 2.4. In this example, we consider the case a; = 1,a0 = —i,Wo =0,W; =1 in Theorem 1.1

(a). So V,,(0,1) =V, represents nth modified Oresme number, i.e., Vi, = Gy,

(a): The case s = 0. The solution (the closed-form solution) of the sequence {W, } defined by nonho-

mogeneous linear recurrence relation

1
Wp=Wy_1— 7 n=2 +co
18 gen by
Wn(O, 1) = — (460 — 1) G, + coGpr_1 + 4cg
i.e.,

Wn(ov 1) = _4COGn+1 + G + 4co.
(b): The case s = 1. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation

1
Wn = Wrb—l - ZWn—Q +cin+co
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18 gen by
Win(0,1) = —(4deg — 4e1 — 1)Gp + (co — 2¢1)Gr—1 + A1n + Ag
i.e.,
Wn(0,1) = —4(cop — 2¢1)Gpni1 — (4de1 — )G, + Ain+ Ag

where
Ay = dey,
Aoy = 4(co—2c1).

(c): The case s = 2. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
1 2
Wy =Wpn_1— ZW"_2 + con” +cin+co
18 given by
W, (0,1) = —(4co — 4ey + 20cy — 1)Gy, + (co — 2¢1 + 8¢2)Gr1 + Agn® + Ain + Ay
i.e.,

W,o(0,1) = —4(co — 2¢1 + 8¢2)Grp1 — (dey — 12¢0 — 1)G,, + Agn® + Ajn + Ay

where

A2 = 462,
Al = 4(01 — 402),
Ay = 4(6() —2c1 + 802).

(d): The case s = 3. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
1 3 2
Wy =Wt — 7Vn—2 +c3n” 4+ con” +cin+co
18 given by
Wn(O, 1) = —(400 —4¢1 4+ 20¢cy — 100c3 — 1)Gn + (co — 2¢1 + 8¢y — 4403)Gn,1 + A3n3 + AQTLQ + Ain+ Ag

i.e.,

W,h(0,1) = —4(co — 2¢1 + 8cy — 44¢3)Gry1 — (4e1 — 12¢5 + T6c3 — 1)Gy, + Asn® + Aan® + Ayn + Ay
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where
Az = ez,
As = 4(co — bc3),
A1 = 4(c1 — 4eg + 24cy),
Ao = 4(co —2¢1 + 8co — 44cs).

In the following Example, we consider Theorem 1.1 (a) for

a; = ].,
1
az = *Z,
Wy = 0,
1
Wl = 57
so that we have the case V,, = O,, (Oresme numbers).
EXAMPLE 2.5. In this ezample, we consider the case a; = 1,a3 = —i, Wo=0,W; = % in Theorem 1.1

(a). So V,(0,%) =V, represents nth Oresme number, i.e., V;, = Oy,.

(a): The case s = 0. The solution (the closed-form solution) of the sequence {W,,} defined by nonho-

mogeneous linear recurrence relation

1
Wp =Wy 1— ZWn—Q + co
s given by
1
Wn(ov 5) = 7(800 - ]-)On + 2C()()n—l +4eo
i.e.,
1
Wn(O, 5) = —8000n+1 + On + 4C0.

(b): The case s = 1. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation

1
Wn = anl - 7Wn72 +can+c

4
18 given by
1
Wn(O, 5) = —(800 —8c1 — 1)On + 2(60 — 261)0,171 + Ain+ Ay
i.e.,
1
Wn(O, ) = —8(00 — 201)On+1 - (861 — 1)On + Ain+ Ag
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where
Al = dey,
Ay = 4(co — 2¢1).

(c): The case s = 2. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation

1
Wi =Wy = Waa + can’® 4+ c1n + ¢

18 given by
W,.(0, %) = —(8co — 8¢y +40cy — 1)O,, + 2(co — 2¢1 + 8¢2)0p—1 + Aon® + Ain+ Ay
i.e.,
W, (0, %) = —8(co — 2¢1 +8¢2)Ony1 — (8¢ — 24cy — 1)0,, + Agn? 4+ An + A
where

A2 = 402,
Al = 4(01 — 402),
A() = 4(C0 — 261 + 862).

(d): The case s = 3. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation

1
W, =W,_1— ZWn_g + 63713 +ean? +en + Co

s given by

1
W, (0, 5) = —(8¢o — 8¢y +40cy — 200c3 — 1)O,, 4 2(co — 2¢1 + 8¢y — 44¢3)0p 1 + Asn® + Aon® + Ajn + Ay

i.e.,

1
Wn((), 5) = *8(00 - 201 + 862 - 4403)07,,_;'_1 - (861 - 2462 + 15203 - I)On + A3n3 + A2n2 + A17'L + AO

where

Az = e,
A2 = 4(62 — 663),
Al = 4(61 — 4(32 + 2463),

A() = 4(00 — 201 + 802 — 4403)
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