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ABSTRACT 

	[bookmark: _Hlk202530844]Graph theory is an area in discrete mathematics with numerous theoretical developments and many applications to practical problems in computer science, chemistry, biology and operations research. As a result, it has attracted much attention to researchers in many dimensions including graph labeling, graph coloring, combinatorics, graph isomorphism, matroid theory and graph representations among others. Construction of other classes of permutations graphs and determining the properties of the emerging classes has also been of interest to many researchers. Fancy developed a class of permutations and labeled it the -permutations. They also determined some algebraic properties of these -permutations. This paper extends the work of Fancy by performing more analysis on the -permutations. Graphs are constructed from some -permutations and analysis of these graphs is performed. Some graph properties are obtained, including isomorphism and other algebraic properties whereby some categories of graphs are found to be forming a group.
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1. INTRODUCTION 

A graph is a collection of points and lines connecting some (possibly empty) subset of them. The points of a graph are commonly known as vertices, and the lines connecting vertices are known as edges and is not empty. A permutation graph is a graph whose vertices represent the elements of a permutation, and whose edges represent pairs of elements that are reversed by the permutation. A cycle permutation graph [image: ]  is the graph [image: ] which has [image: ]-cycle labeled 1,2,3,…,[image: ]  where: [image: ] is joined to [image: ] and [image: ] (mod[image: ]) denoted by  where  is the number of vertices of the graph G and α is a permutation. Two graphs are isomorphic if and only if there is a one-to-one correspondence between their point-sets which preserves the adjacency relation. A graph is connected if it contains a path joining any two points.  The total distance (also known as the distance or transmission) of a graph [image: ] is the sum  the distances [image: ]is between [image: ]and , over all pairs of vertices [image: ] in . It is denoted by [image: ]
Many researchers in graph theory (see Amanathula and Madhumanagal (2017), Bhaswar and Mukherjee (2017), Bhatnagar and Peled (2015), Hoppen and Sampaio (2011), Zohny and Mohammed (2019), Severino, et al (2026), Ficarra and Moradi (2025) have worked on permutation graphs paying attention to various properties of cyclic permutation graphs.
Hoppen and Sampaio (2011), demonstrated how key parameters of a large permutation (like fixed points, cycle structures, or sequence length) can be consistently approximated by sampling a randomly chosen subpermutation and characterized testable permutation parameters based on subpermutation densities.
Bhaswar and Mukherjee (2017), investigated the asymptotic properties of degree sequences in permutation graphs generated from random permutations and utilized graph and permutation limit theories to establish several probabilistic properties.
 Severino et al, 2026, characterized permutation graphs in terms of a cohesive order of its vertices. They showed that only the caterpillars are permutation graphs among the trees and also presented a simple method of constructing permutation graphs. 
Ficarra and Moradi (2025), explored the combinatorial and algebraic properties of edge ideals associated with permutation graphs. They characterized when a permutation graph is a Gorenstein graph.
 Characterization of permutation graphs has also been addressed resulting to the construction of new classes of permutation graphs.
Kwak and Lee, (1992) constructed a cycle permutation graph as a covering graph and gave a new characterization of two cycle permutation graphs being isomorphic by positive and negative isomorphism. They found the number of distinct cycle permutation graphs isomorphic to a given permutation graph, and obtained a formula for finding the number of double cosets of dihedral group in the symmetric group. 
Fancy et al (2020), developed a class of permutations which they named the -permutations. They also determined some algebraic properties of the -permutations
This paper presents more properties of the -permutations by constructing their graphs and determining the properties of the resulting graphs.

2. PERMUTATION GRAPHS

A permutation of a finite set  is a function  such that  is a bijection. If  has  elements, then there are  unique permutations on .
Lemma 2.1(Fraleigh, 1982) Let  be a finite set and let  be any two permutations on . Then their composition, written as , is another permutation on .
Lemma 2.1 shows that composition of two permutations is a binary operation, called permutation multiplication. 
Theorem 2.2 (Fraleigh, 1982) Let  be a non-empty set. Then the collection of all permutations on  is a group under permutation multiplication.
Theorem 2.2 shows that the set of all permutations on a set  is a group under permutation multiplication. This group is called the symmetric group on  and is denoted by , where  is the number of elements in . This group is non-abelian.
Theorem 2.3 (Fraleigh, 1982) Every group is isomorphic to a group of permutations.
A relation between non-empty sets  and  is a subset  of . We read  as “ is related to ” and write .
If  is a non-empty set, an equivalence relation on  is a subset  of  which satisfies the following properties for all :
i. Reflexivity: 
ii. Symmetry: 
iii. Transitivity:  and   
An example of equivalence relation is the congruence modulo  for a positive integer : If , define a relation  by  if and only if  for some . This equivalence relation is denoted by "", that is,  if and only if  for some . 
The above equivalence relation is employed in developing a permutation algorithm in section four.
For each , let  if and only if  for some n. Then  is clearly an equivalence relation on . Each permutation  on a set  determines a natural partition of  into cells with respect to this equivalence relation. If  is a permutation of , then the equivalence classes in  determined by the above equivalence relation are the orbits of .
A permutation  is a cycle if it has at most one orbit containing more than one element. The length of a cycle is the number of elements in its orbit. A cycle of length 2 is called a transposition.
Theorems 2.4, 2.5 and 2.6 below give some properties of permutations.
Theorem 2.4 (Fraleigh, 1982) Every permutation of a non-empty set is a product of disjoint cycles.
Corollary 2.5 (Fraleigh, 1982) Any permutation of a finite set of at least two elements is a product of transpositions.
Theorem 2.6 (Fraleigh, 1982) No permutation in  can be expressed both as a product of an even number of transpositions and as a product of an odd number of transpositions.  

3. THE -PERMUTATIONS

In this section, a class of permutations is obtained by first coming up with a mapping on a finite set. It is then proved that this mapping is a bijection and hence it is a permutation. Some examples of permutations are then provided.
3.1 Development of -Permutations
[bookmark: _Hlk199706841]Let N be a finite set of ordered objects, say  for some . Fix . For some  and such that  divides , partition  into  cells, say, , whereby  if and only if . Let the partition of  allocates members of  into the cells  for  in a manner that their relative positions in  is preserved. Therefore, we obtain a partition .
For a fixed  and fixed , the union  of the cells in is obtained as follows:
,
where . Again, the union of the cells  for  are such that the relative
positions of the cells in are preserved. Let . 
Repeat the above process in succession to obtain  etc. We thus obtain a mapping
 such that:
,
,
,
.
.
.
,
.
.
.
Theorem 3.1(Fancy et al, 2020) The mapping  described above is a permutation in .
Notation 3.2 We denote the set of all such permutations on  by  and call them
the - permutations.
Corollary 3.3 (Fancy et al, 2020) The set of all  - permutations on  is a subset of , the set of all permutations on .
As an example, three categories of permutations are considered for construction; that is, when 9,  and .
To obtain the first category of permutations, we consider  and is the middle position.
When  with , three unique permutations (see Fancy) are obtained. These are:
,  and .
So, .
For the second category of permutations, we have , and  is the middle position, where . Again, here . Here 12 permutations are obtained (see Fancy). These include:
, , , 
, , , 	
, , , 
, , .
So, .
For the third category of permutations, we have 0 , and  is the middle position, where . Again, here . Here 8 permutations (see Fancy) are obtained. These includes:
, ,	 
, , 
, , 
, 
So, .
3.2 Algebraic Structure of the -Permutations
Here, we consider the -Permutations with , where  is the middle position among the n positions in set , and  is a product of two prime numbers. 
In the next result, we prove that this category of permutations forms a group under permutation multiplication.
Theorem 3.2.1 (Fancy et al, 2020) Let  be a product of two primes and let . Let  be the element in the middle position of set . Then for , the set  of all the -Permutations on  is a group under permutation multiplication. This group is abelian.
Proof
Clearly, is closed under permutation multiplication for if , then  is another permutation on .
Next, is associative under permutation multiplication for if , then 
Also, the permutation  and is the identity permutation in . Finally, for every , there must be a permutation  with . That is, every permutation in  has an inverse in .
Thus,  is a group. This group is abelian for we have  for all .		
Corollary 3.2.2 (Fancy et al, 2020) The group  is a subgroup of the group  of all permutations on .
Proof
We have seen in theorem 2.2 that  is a group under permutation multiplication. We have also seen from corollary 3.3 that  is a subset of . Further, we have seen in theorem 3.2.1 that  is a group. Thus, we conclude that  is a subgroup of . 							
Three categories of permutations were considered for this category, that is, when ,  and .When  and , then,  . In this case we obtain only two permutations (Fancy), ant these are:
 and .
The set  is a group whose group table is:
	*
	
	

	
	
	

	
	
	


Clearly, this group is isomorphic to . 
When we consider  and , we obtain (Fancy):
, , 
, 
, 
The set  is a group whose Cayley table is as shown by Table 1
below:
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Clearly, this group is isomorphic to . 
When  and , we obtain
, 
,
,
.
The set  is a group whose group is shown below:
	*
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	


Clearly, this group is isomorphic to .
In this section, we have considered only a class of permutations forming a group.  

4. THE -PERMUTATIONS GRAPHS

In this section, graphs are constructed from the permutations considered in section 3.1 and 3.2. Various characteristics on these graphs are then determined. The graphs are categorized into two, viz, those constructed from the general permutations on a finite set N, and those constructed from permutations forming groups.
4.1 The Graphs from the General - Permutations on a finite set 
Graphs were constructed from the categories of permutations developed in section 3.1. Three categories were obtained by considering  to be a finite set with 9,12 and 15 members respectively. In the first category of permutations, we obtained , where ,  and .
The graphs of these permutations are as follows:1
7
8
9
4
3
2
6
5
The graph 
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In the second category we obtained , where, 
, , , 
, , , 
, , , 
, , .
The graphs of these permutations are as follows: 7
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	Fig. 2. Second category of Permutation graphs
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Fig 3- Third category of Permutation graphs

In the third category we obtained , where, 
, ,	 
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, , 
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The graphs of these permutations are as follows:8
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Fig 4- Fourth category of Permutation graphs

4.2 The Graphs from - permutations that form Groups
The graphs were constructed from the categories of permutations developed in section 4.2. Three categories were obtained by considering  to be a finite set with  and  members respectively. 
In the first category, we have , where
  and .
Their graphs are as follows:
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In the second category, we have , where;
, , 
, 
, 
Their graphs are as follows:
Fig 5- Fifth category of Permutation graphs
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In the third category, we have , where we have 
, 
,
,
.
 Their graphs are as follows: 
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Figure 6b:  Figure 4.24: 
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4.3 Some Properties of the - permutation Graphs
	4.3.1 Isomorphism and Symmetry
Two graphs  and  are isomorphic if there is a bijection between the vertices of  with those of . We the say that the graphs  and  are isomorphic. 
From the category of graphs of permutations not forming groups there was no isomorphism observed. The graphs were all unique in each group.
Isomorphism was observed in the category of graphs permutations forming groups. When , there were  groups. The two graphs were unique. 
When , there were  graphs. In this group, the graphs of  and  were isomorphic as well as those of  and . Therefore, this group had 4 graphs up to isomorphism.
When , there were  graphs. In this group, the graphs of  and  were isomorphic. Therefore, this group had 3 graphs up to isomorphism.
There was no symmetry observed in the graphs of the permutations not forming groups. However, isomorphism was observed across the graphs of the permutations forming groups.
	4.3.2 Paths, Cycles and Components
The  - permutation Graphs consists components, cycles, paths and loops. The components here are cycles which appear as paths. In all the classes of the developed graphs, the graphs from the identity permutations consists of loops. While the components in graphs from the permutations not forming groups are irregular, those in graphs of the permutations forming groups exhibit some patterns endowed with isomorphisms and symmetries. Thus, of interests are the components of the graphs from the permutations forming groups.
For the graphs from the permutation forming groups, three classes were considered, that is for the case when  and .
When , the graph from  has 3 loops and 3 cycles. Two of the cycles exhibit a reflection symmetry.
When , the 6 graphs consists of loops, paths and cycles. The graphs from both  and  each has 3 loops and two symmetric cycles/paths. These paths exhibit isomorpism and symmetries of both reflections and rotations. Recal that the two graphs are isomorphic and notice that the corresponding components have paths in the opposite directions. The same case applies to the graphs of  and , which consists of 4 triangles in some regular pattern. The graph of  consists of 3 loops and 6 cycles. Here, the 6 cyles exists as parallel layers.
When , there are 4 graphs. Here both  and  each consists of 3 loops and 5 cycles/paths. The paths appear in patterns that exhibit isomorphisms, reflections and rotations. The paths in the graph of  are in the opposite direction of the corresponding paths in the graph of . The graph of  has 5 loops and 8 cycles. These cycles are paths which exhibit a pattern of parallel layers.
5. Conclusion

This paper presents results of the graphs developed from the - permutation. It has been shown that the graphs from the permutations forming groups comes in organised patterns and therefore are of interest in this class of permutations. This therefore calls for more study on this category of  the - permutation graphs, including determining its graph colouring and studying the chromatic number in - permutation graphs.
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