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Abstract
The paper discusses the restriction of the theory of classical lattice isomorphism to the analysis of algebraic systems, in which current results are mostly restricted to modules over rings of polynomials and therefore to the analysis of causal systems. The main omission is that there is no single framework which can manage modules across rational function rings, and these are required to model noncausal, multidimensional, and distributed dynamical systems. In order to fill this gap, the paper constructs a lattice-theoretic generalised framework of finitely generated modules over the rings of rational functions in terms of module theory, localisation and bilinear forms. It is a combination of structural analysis of submodules, annihilator theory and duality by non-degenerate bilinear mappings to generalise classical results. The principal finding is that, given a non-degeneracy condition, there is a lattice isomorphism (up to duality) between the lattice of submodules of a module over a rational function ring and the submodule lattice of its annihilator. This theorem is a generalisation of the classical lattice isomorphism by Fuhrmann between polynomials and rationals, with all the necessary lattice operations maintained but allowing a more arbitrary algebraic structure. It has been extended to multidimensional dynamical systems, in which it allows the study of noncausal and spatially distributed phenomena. Control theory, coding theory and signal processing have practical implications where rational representations give a better model of the interconnections of complex systems and system structure.
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Introduction
The study of dynamical systems using algebra has experienced a radical change with the advent of the behavioural approach that was developed by Jan C. Willems. The behavioural paradigm defines a dynamical system as the collection of all paths, which obey a collection of laws, and thus does not a priori distinguish between inputs and outputs. Formally, a (linear, time-invariant) behavior is defined as:

				(1)

with  a poly-matrix of the shift operator , and  the signal space. This description naturally gives a module-theoretic statement where behaviours are represented as submodules of finitely generated modules over the rings of polynomials (Willems, 1986; Willems, 1991, Oduselu-Hassan, 2025). One key idea of the behavioural approach is that structural properties of systems (e.g., controllability, observability, and autonomy) can be defined in terms of algebra alone. Particularly, the behaviours are related to modules of the ring , where  corresponds to the indeterminate that characterises the -th direction of shift. This point of view has been especially effective in the analysis of multidimensional (n-D) systems, in which classical state-space techniques are severely constrained by the lack of a natural time ordering (Roesser, 1975; Fornasini & Marchesini, 1978).

Simultaneously with these, Paul A. Fuhrmann introduced close relations between the system theory and the module theory based on the idea of lattice isomorphisms. Specifically, Fuhrmann was able to show that the lattice of invariant subspaces of a linear system could be represented isomorphically in terms of submodules of an appropriate module over a polynomial ring (Fuhrmann, 1976; Fuhrmann, 2011, Oduselu-Hassan, & Ojada, 2024). This correspondence allows geometric system-theoretic problems to be translated to algebraic ones, thus allowing the application of methods of commutative algebra and homological algebra.

Let be a finitely generated module over a commutative ring . The set of all submodules of , denoted , forms a lattice under inclusion, with meet and join operations given by intersection and sum, respectively:

			(2)

The lattice isomorphism theorem by Fuhrmann defines that, in a set of appropriate conditions, there is an isomorphism between the lattice of invariant subspaces of a system and the lattice .  This finding offers a robust structural description of the properties of systems and has found extensive use in control theory, especially in the study of linear systems and realisation theory.
Although these were important progressions, the existing algebraic framework is mostly confined to modules over polynomial rings, which admit causality by virtue of being dependent on the non-negative powers of shift operators. In many applications, however, especially in multidimensional and distributed systems, this restriction proves to be overly limiting. For instance, the use of polynomial rings precludes the representation of systems with noncausal or bidirectional dynamics, as well as systems that involve rational dependencies among variables.
To address these limitations, it is natural to consider modules over rational function rings of the form
					(3)

where terms are ratios of polynomials. This extension can be extended to include more general system behaviours, such as those that occur in multidimensional signal processing, image analysis, and spatially distributed control systems. The behaviours in this context can be expressed as

		(4)

thus allowing more dynamical phenomena to be modelled.
The move to rational function rings, however, causes considerable algebraic difficulties. Specifically, the module structure of  is quite different from that of , because the former is a field (or a localisation of a polynomial ring) and thus does not have much of the finiteness properties that classical results rely on. As a result, not every lattice isomorphism theorem directly generalises to this more general context.
The algebraic frameworks have been identified as more general in the literature on multidimensional systems. It is noteworthy that the application of the module-theoretic approach to the study of n-D systems has been considered in the works of Oberst (1990) and Rogers, Wood and Owens (2000), which focus on the use of other algebraic structures other than the rings of polynomials. However, a general theory of lattice isomorphisms of modules over rational function rings is not well-developed.

The primary gap, therefore, lies in the absence of a unified framework that extends the classical lattice isomorphism results of Fuhrmann to modules defined over rational function rings. Existing approaches are largely confined to causal or polynomial modules, thereby excluding a wide class of systems with noncausal or multidirectional interactions. This limitation is particularly acute in the context of multidimensional systems, where the notion of causality is inherently ambiguous and often inappropriate.
In this paper, we address this gap by developing a generalized theory of lattice isomorphisms for modules over rational function rings. Our approach builds on the foundational ideas of behavioral system theory and module-theoretic analysis, while introducing new algebraic constructs that accommodate the increased generality of rational function coefficients. Specifically, we consider finitely generated modules over localized polynomial rings and establish conditions under which their submodule lattices admit representations analogous to those in the classical polynomial setting.
Let  and  be a multiplicatively closed set. The localization yields a ring of rational functions, and we study modules of the form , where is an -module. We then investigate the lattice structure of submodules of  and establish isomorphisms with suitably defined classes of system behaviors. Central to our analysis is the characterization of submodules in terms of their generators and annihilators, as well as the interplay between localization and lattice operations.
Furthermore, we extend these results to the setting of multidimensional systems by considering behaviors defined over . We show that the generalized lattice isomorphisms provide new insights into the structural properties of such systems, including their decomposability, invariance, and interconnection structures. In particular, our framework enables the analysis of systems that are not amenable to classical polynomial methods, thereby broadening the scope of algebraic system theory.
The theoretical developments presented in this paper have direct implications for applications in multidimensional signal processing and distributed control. By allowing for rational dependencies among variables, our approach facilitates the modeling and analysis of systems with complex spatial interactions and nonlocal dynamics. Moreover, the generalized lattice structure provides a unifying language for describing system properties across different domains.
The main contributions of this paper are the development of a generalized lattice isomorphism framework for modules over rational function rings, the establishment of structural correspondences between such modules and multidimensional system behaviors, and the demonstration of how these results can be applied to the analysis and synthesis of complex multidimensional systems.



2. 	Preliminaries
To formalize the generalized lattice framework introduced in the preceding section, we recall essential algebraic structures that underpin the analysis of modules over rational function rings and their applications to multidimensional systems.
Let be a field, typically or . The polynomial ring in one indeterminate is denoted by

which is a principal ideal domain and serves as the classical algebraic setting for linear systems (Fuhrmann, 2011). Extending this, the field of rational functions is given by

which can be viewed as the field of fractions of . This structure allows division by nonzero polynomials and is central to the extension from causal to noncausal system representations.
In addition, we consider the ring

which captures proper rational functions and plays an important role in system realizability and stability considerations (Willems, 1986). Unlike , the ring is not a field but retains sufficient structure for module-theoretic analysis.
A (left) module over a ring is an abelian group equipped with a scalar multiplication satisfying

for all and . In the behavioral setting of Jan C. Willems, system behaviors correspond to submodules of finitely generated modules over rings such as or .
A rational function is any element of , and its algebraic properties such as poles and zeros are crucial in determining system structure and interconnection properties. The transition from to enables the representation of more general dynamics beyond purely causal systems.
Finally, a lattice is a partially ordered set in which any two elements admit a greatest lower bound (meet) and a least upper bound (join), defined by

In module theory, the collection of all submodules of a module forms a lattice , which is central to the lattice isomorphism perspective pioneered by Paul A. Fuhrmann. This lattice structure provides the foundation for the generalized results developed in this paper.

3. 	Bilinear Forms and Structural Properties
To further develop the generalized lattice framework over rational function rings, we introduce bilinear forms as a key analytical tool for capturing duality and structural properties of modules. These forms play a central role in extending classical results to the noncausal, rational setting.
Let , and let be a finitely generated -module. A bilinear form on is a mapping

such that for all and ,

Such forms generalize inner products and are instrumental in studying orthogonality and annihilators within modules (Fuhrmann, 2011).
Given a submodule , define its orthogonal complement as


This notion aligns with the behavioral interpretation of systems introduced by Jan C. Willems, where orthogonality corresponds to compatibility of trajectories.

Lemma 1.
Let be submodules. Then

Proof.
Let . Then for all , ,

By bilinearity,

Setting and respectively, we obtain and , hence . The converse inclusion follows similarly, completing the proof. 
This result establishes that orthogonality reverses lattice joins into meets, a property central to lattice duality as developed by Paul A. Fuhrmann.

Lemma 2 (non-degeneracy).
A bilinear form  on is non-degenerate if
Proof.
Assume for all . Then . If the form is non-degenerate, the only element orthogonal to all of is the zero element, hence . Conversely, if , then no nonzero element annihilates all others, establishing non-degeneracy. 
Non-degeneracy ensures a faithful dual pairing between modules and their duals over , which is crucial for extending lattice isomorphism results to rational modules and for preserving structural properties under localization.
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4. 	Submodule Structure Analysis
Building on the bilinear and lattice-theoretic framework developed in the preceding section, we now analyze the internal structure of submodules over rational function rings. This analysis is essential for extending classical invariant subspace results to modules defined over and , where algebraic properties differ significantly from the polynomial case.
Let , and let be a finitely generated -module. A submodule can be characterized in terms of generators. That is, there exists a finite set such that

In the rational setting, this representation reflects the closure of under rational operations, thereby allowing more flexible dependencies than in polynomial modules.
A fundamental concept in the structural analysis of modules is the annihilator. For a submodule , the annihilator is defined as

The annihilator captures the algebraic constraints imposed on and plays a central role in duality and decomposition theory (Fuhrmann, 2011). In particular, annihilators provide a bridge between module elements and the underlying ring structure.
In the behavioral interpretation of Jan C. Willems, annihilators correspond to system laws that constrain admissible trajectories. Thus, extending annihilator theory to -modules allows the representation of systems with rational dependencies and noncausal interactions.
Another key structural invariant is the rank of a module. When , which is a field, any finitely generated module is a vector space, and its rank is defined as

For or , rank can be defined via localization:

providing a consistent measure of module size across different ring structures. This notion is crucial for comparing submodules and establishing lattice relations.
We now formalize key structural results.



Lemma 3 (Finitely Generated Submodules).
Let be a finitely generated -module, where . Then every submodule is finitely generated.

Proof.
Since is finitely generated over a Noetherian ring such as , or a field such as , it follows that submodules inherit finite generation. For , the result follows by restriction from , where finite-dimensionality ensures finite generation. 
This property ensures that the lattice remains algebraically tractable, a requirement for extending the lattice isomorphism theory of Paul A. Fuhrmann.

Proposition 1 (Annihilator Relations).
Let be submodules. Then

Proof.
Let . Then for all , ,

Thus  and , implying . The reverse inclusion follows directly, completing the proof. 

This proposition shows that annihilators reverse the join operation in the submodule lattice, mirroring the duality established earlier via bilinear forms. Consequently, annihilator theory provides a powerful mechanism for analyzing submodule interactions and forms a cornerstone of the generalized lattice isomorphism developed in this work.

5. 	Main Results: Lattice Isomorphism
We now present the central result of this paper by establishing a generalized lattice isomorphism for modules over rational function rings. This extends the classical framework of Paul A. Fuhrmann to a broader algebraic setting consistent with the behavioral paradigm of Jan C. Willems.
Let , and let be a finitely generated -module. We define the following lattices:
· : the lattice of all submodules of , with operations 

· : the lattice of submodules of the dual module . 
· : the lattice of annihilator submodules in . 
These lattices capture, respectively, the structural, dual, and constraint-based perspectives of module behavior (Brockett & Fuhrmann, 1976; Oberst, 1990).

Theorem 1 (Generalized Lattice Isomorphism).
There exists a lattice isomorphism

between the lattice of submodules of and the lattice of annihilators over , provided the underlying bilinear form is non-degenerate.

Proof.
Injectivity:
Assume , i.e.,

By non-degeneracy of the bilinear form (Section 3), annihilators uniquely determine submodules. Hence , proving injectivity.

Surjectivity:
Let . By definition, for some submodule . Thus, for every element in , there exists a preimage in , establishing surjectivity.

Homomorphism:
For , using Proposition 1,

and similarly,

Thus,  reverses join and meets, preserving the lattice structure up to duality, hence is a lattice isomorphism. 

This result generalizes classical polynomial-based isomorphisms (Willems, 1991; Brockett & Fuhrmann, 1976) to rational modules, enabling the treatment of noncausal multidimensional systems. It also aligns with developments in multidimensional system theory (Fornasini & Marchesini, 1978; Roesser, 1975) and module-theoretic approaches (Oberst, 1990; Suri, 2000), while extending them to rational function settings.

6. 	Extensions (Generalized Framework and Novel Contributions)
The lattice isomorphism established in the previous section provides a foundation for several nontrivial extensions that significantly broaden the applicability of the theory. These extensions constitute the primary novelty of this work, particularly in moving beyond commutative and time-invariant settings.
First, we extend the framework to non-commutative rings. Let be a non-commutative ring of rational operators, and let be a left -module. In this setting, bilinear forms must be replaced with sesquilinear or balanced mappings (Wang, 2011)

satisfying

to preserve compatibility with non-commutativity. The annihilator becomes one-sided:
Under appropriate conditions (e.g., Noetherianity and Ore localization), the lattice anti-isomorphism

can still be established, thereby extending the results of Paul A. Fuhrmann to operator-theoretic contexts (Elizarov, 1969; Paesachov, 2013).
Second, we consider multidimensional modules over rings of the form

which naturally arise in n-D system theory (Fornasini & Marchesini, 1978; Oberst, 1990). A behavior is then defined as

and the associated module structure becomes inherently multi-graded. The lattice isomorphism extends by considering tensor decompositions:

allowing submodule lattices to reflect directional dependencies across dimensions. This generalization aligns with the behavioral theory of Jan C. Willems while incorporating rational interconnections (Rogers et al., 2015; Quadrat, 2008; Rotman & Rotman, 2009).
Third, we extend the theory to time-varying systems, where coefficients belong to rings of rational functions with explicit time dependence:

In this case, modules are no longer stationary, and submodule lattices evolve with time. We define a time-indexed family with

yielding a dynamic lattice isomorphism. This extension captures adaptive and switching systems and connects with recent developments in time-varying behavioral systems (Coulson et al., 2019; Polderman & Willems, 1998; McConnell et al., 2001).
Collectively, these extensions demonstrate that the generalized lattice isomorphism is not confined to classical algebraic settings but applies to a wide spectrum of modern system-theoretic models, including non-commutative, multidimensional, and time-varying systems.

7. Applications
The generalized lattice isomorphism framework developed in this work admits several important applications across system theory and information sciences.

(a) 	Control Theory (System Representation).
Within the behavioral framework of Jan C. Willems, a dynamical system is represented as

The lattice isomorphism enables a dual characterization of system behaviors and constraints, facilitating structural analysis such as controllability and interconnection (Polderman & Willems, 1998; Fazzi et al., 2019).

(b) 	Coding Theory (Convolutional Codes).
Convolutional codes can be modeled as submodules of , where encoding corresponds to module generation:

Extending to allows rational encoders, improving flexibility and decoding performance. The lattice structure aids in analyzing code equivalence and minimality (Smarandache, 2001).

(c) AI / Signal Processing.
In multidimensional signal processing, rational modules describe filtering operations:

The lattice framework supports decomposition and feature extraction in high-dimensional data systems (Rogers et al., 2015).

8. 	Numerical / Constructive Examples
We present illustrative examples to concretize the generalized lattice isomorphism developed in previous sections.

Example 1 (Polynomial Matrix Module).
Let and consider

The submodule consists of vectors , . Its annihilator is

demonstrating the lattice mapping .

Example 2 (Rational Matrix Extension).
Let and

Then is a vector space. Since is a field,

and annihilators reduce to trivial ideals, illustrating structural simplification in rational modules (Fuhrmann, 1996).

Example 3 (Explicit Transformation).
Define the lattice map

For , we compute

confirming injectivity.

System Model Example.
Consider a 2-D system in the behavioral setting of Jan C. Willems:

The behavior

corresponds to a submodule whose annihilator encodes system constraints. This example highlights how lattice isomorphism supports structural decomposition in multidimensional systems (Oberst, 1990; Rogers et al., 2015, Oduselu-Hassan et al., 2026).

9.	Simulation and Computational Illustration
To complement the MATLAB validation, we provide a simple Python-based simulation that illustrates the lattice mapping

for modules over rational function rings. This computational example aligns with the behavioral interpretation of systems introduced by Jan C. Willems and supports the algebraic results established earlier.

Simulation Setup
Consider the rational matrix:

and define the module

We compute a sample module element and verify annihilator behavior symbolically.
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10. 	Discussion
The results obtained in this paper significantly extend the algebraic foundations of system theory by generalizing lattice isomorphisms from polynomial to rational function settings. The key implication is that system representations are no longer restricted to causal structures. Instead, by working over , we allow dynamics of the form

thereby accommodating noncausal, bidirectional, and multidimensional interactions. This is particularly relevant for modern applications where spatial and distributed dynamics cannot be adequately captured using polynomial modules alone (Fazzi et al., 2019; Rogers et al., 2015).
Compared to the classical results of Paul A. Fuhrmann, where lattice isomorphisms are established over , our framework replaces ideal-theoretic constraints with localization-based structures. Consequently, submodule lattices exhibit enhanced flexibility, while annihilators remain the central dual objects:

Similarly, the behavioral perspective of Jan C. Willems is extended from polynomial kernel representations to rational ones, broadening the class of admissible behaviors.
A crucial structural shift lies in the transition from finitely generated modules over principal ideal domains to vector spaces over fields, where

simplifying certain analyses while introducing new challenges in capturing finer algebraic invariants. Overall, the results unify and extend prior theories, providing a more comprehensive framework for multidimensional and noncausal systems.

11. 	Conclusion
This paper has developed a generalized framework for lattice isomorphisms in the context of modules over rational function rings, thereby extending classical results rooted in polynomial algebra. Building on the foundational ideas of Jan C. Willems and Paul A. Fuhrmann, we reformulated system representations within a broader algebraic setting that accommodates noncausal and multidimensional dynamics. In particular, we established that for a finitely generated module over , the mapping

defines a lattice isomorphism (up to duality) between submodules and their corresponding annihilators, under suitable non-degeneracy conditions.
The key contribution of this work lies in removing the inherent restriction to polynomial rings , thereby enabling the analysis of systems described by rational operators. This transition from

introduces a richer algebraic structure in which modules behave as vector spaces, with

allowing for a more flexible and comprehensive characterization of system properties. As demonstrated, this framework naturally extends to multidimensional modules, non-commutative settings, and time-varying systems, thereby significantly broadening the scope of algebraic system theory.
From a theoretical standpoint, the results unify lattice-theoretic, module-theoretic, and behavioral perspectives into a single coherent structure. The preservation of lattice operations through annihilator mappings ensures that structural properties such as invariance, decomposition, and interconnection remain tractable even in the generalized setting. Moreover, the introduction of rational function rings provides new insights into duality and orthogonality, particularly in systems where classical causality assumptions are no longer valid.
From an applied perspective, the framework has direct implications for control theory, coding theory, and multidimensional signal processing. By enabling the representation of systems with rational dependencies, it supports more realistic modeling of distributed and spatially interconnected systems.
In summary, this work not only extends existing theories but also establishes a robust foundation for future research in advanced algebraic systems theory, opening pathways for further exploration in nonclassical and high-dimensional system models.
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