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Closed-Form Solutions of Third-Order Leonardo-Type Sequences: third-order
Jacobsthal, Graham, and Jacobsthal-Narayana Families as Homogeneous

Counterparts

Abstract. This paper develops closed-form formulas for third-order nonhomogeneous linear recurrence
relations, designated as generalized Leonardo-type sequences, where the driving term is a polynomial. We
analyze several notable cases of generalized Tribonacci numbers, which appear as the homogeneous counter-
parts of the original nonhomogeneous relations. In particular, our study covers classical examples including
the third-order Jacobsthal sequence, modified third-order Jacobsthal sequence, third-order Jacobsthal-Lucas
sequence, Graham sequence, Graham-Lucas sequence. Jacobsthal-Narayana sequence, Jacobsthal-Narayana-
Lucas sequence.
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1. Introduction

Sequences arising from recurrence relations have long been central to mathematics, radiating outward
into disciplines such as physics, engineering, architecture, biology, computer science, and even the arts.
Though their definitions often appear elementary, they conceal profound richness, modeling processes of
growth, oscillation, and symbolic construction. Classical second-order families—including the Fibonacci,

Lucas, Pell, and Jacobsthal sequences—continue to serve as foundational examples of this tradition.
1
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The domain, however, extends far beyond second-order cases. Higher-order recurrence sequences deepen
both theoretical insight and practical application, enlarging the classical framework while exposing intricate
algebraic and analytic structures. The Tribonacci (third-order), Tetranacci (fourth-order), and Pentanacci
(fifth-order) sequences exemplify this progression, each governed by characteristic polynomials whose root
configurations determine closed-form formulas. Homogeneous recurrences emphasize the relationship be-
tween characteristic polynomials and root multiplicities, whereas non-homogeneous forms introduce symbolic
terms that interact with root structures to produce resonance effects. Collectively, these families establish
a unified framework that links classical recurrence identities with the advancing field of symbolic recurrence
theory.

This paper contributes to the ongoing discourse by establishing closed-form representations for third-
order nonhomogeneous linear recurrence relations, formulated as generalized Leonardo-type sequences with
polynomial inputs. The study further identifies distinguished manifestations of generalized Tribonacci
numbers, which naturally arise as the homogeneous analogues of the corresponding nonhomogeneous re-
lations. Our exposition encompasses several classical families, notably the third-order Jacobsthal, modified
third-order Jacobsthal and third-order Jacobsthal-Lucas sequences; Graham sequence and Graham-Lucas
sequences.

Let the third order nonhomogeneous linear recurrence relation, referred to as generalized Leonardo-type

sequences, be given by

Wy =a1Wp_1+ a2Wy_o+ asW,,_3 + p(n) (1.1)

with initial conditions Wy = ko, W7 = ki, Wy = kg where p(n) is the polynomial with degree s, with

coefficients in C[z] or C:
S

p(n) = Z ent,

i=0
and the recurrence coefficients ay, a2, a3 are complex scalars or polynomials in Clz]. For more information
on generalized Leonardo-type sequences, see Soykan [5] and [6].

Let the homogeneous relation corresponding to (1.1) be written as
Vo =a1Vpo1 +a2Vio +asV,—3 (1.2)
with the same initial conditions as W, i.e.,
Vo = Wo, Vi = Wy, Vo = Wa.
Suppose that 61,605 and 03 are the roots of the characteristic equation
3

22— a1z —asz—a3 =0 (1.3)

of (1.2).
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Note that if all the roots of (1.3) are equal to 1 then
2 a2t —apz—a3=(2-1P=2>-32432-1=0
so that a1 = 3, as = —3, az = 1 and (1.2) reduces to
Vie=38Vo1 —3V0+ V,_3.

Our earlier study established particular solutions of third-order nonhomogeneous recurrences (1.1) with
polynomial inputs for s = 0,1,2,3; see Soykan [7]. Here, we extend those results to unified closed-form
solutions by systematically applying Theorem 1.1. The method separates each recurrence into homogeneous
and particular parts, with the particular solution obtained through iterative determination of coefficients.

The framework is governed by two parameters: the multiplicity » of 1 as a root of the characteristic
equation (1.2), and the degree s of the polynomial p(n). Explicit formulas are derived for all combinations
r=0,1,2,3 and s =0, 1, 2, 3, showing how resonance and multiplicity corrections arise when roots coincide.
In this paper, however, only the non-resonant case r = 0 is needed, since the examples—generalized third-
order Jacobsthal, Graham, and Jacobsthal-Narayana sequences—fall precisely into this category. Thus, the

theorem is presented in detail for r = 0, with higher multiplicities noted but omitted.

THEOREM 1.1.

(a): [5, Theorem 7.7. (a)] The case r =0, i.e., all three roots of the characteristic equation of (1.2)
18 distinct from 1.

The solution of (1.1) is given by

Wo(Wo, Wi, Wa) = WM 4w

= V(Wo, Wi, W) — V(WP W) i)y 4 W)
where WA = Vi (Wo, W, Wa) — Vn(WO(p),Wl(p>, Wép)) is the solution of (1.2) and
S ) s )
Wr(bp) = ZAZTLl = Ao + z:Al’ﬁ,2
i=0 i=1

is the particular solution of (1.1). For each 0 < i <'s, A; can be calculated with the iteration

c
Ag=———— 2> forn=s
a1+a2+a371 f
and
A :—;(c - z‘;: (—1)k—n+l F (a1 428 ""ag+35""a3)Ay), forn=s5-1,5—2,...,2,1,0
n a1+a2+a3—1 n n 3 ) ) g ey 4y Ly U

k=n-+1
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Here
W()(p) = AO7
Wl(p) - ZAm
i=0
id .
Wi = ZQZAi,
i=0
and

Va(WP WP Wiy = ViAo, Y ALY 204y)
=0 =0

= BV, (Wo, Wy, W3) + BaVy 1 (Wo, Wi, Wa) + B3V, _o(Wo, Wy, Wa)

where

L6
A

Y 1 YE;
1 A ) 2 ’ 3 A

and

Vi = (W2+a2W2+a1a3W2 —2a, Wi Wa — asWoWa+ (a1as —as) Wo W) Wi + (a3 +ara) W2+
anasWE — asWiWy — asWoWa + aZWoW)W + az(ay W2 + asW — Wi W + asWoWy) WP

Yy = ((a3+a1a2)WE —asWoWy + (a3 —2aza; ) WoW, +a3a2Wg+2a3a1WOW1—a3WOW2)W2(p)+
(aaW3+2a3W1 Wa+a3 Wi —(3az+aaz) W1 Wa—(a3—2aza1 ) WoWa—azay WOWQ)Wl(p)+(a3W22—a3a2
WoWs — azai Wi Ws — a2 Wo Wy ) WP

Y3 = ag(— Wi Watai W2+aosWoWi+asW2) Wi +ag (W2 —ay Wy Wa—as WoWa—as W W1 ) WP 4
ag(asW2 — asWoWa) WP

A = W3+ (a3 + ara2) WP + a3W§ — 2. Wi W3 + (a3 — a2)WiWs — aaWoW3 + azai Wi Wa +
(a3 + ar1az)WoW2 + 2a2a3WEW1 + (—3az + a1a2) Wo W1 Wa

i.e.,

Vi = (Wi + a3Wi + arasWg — 20 Wi Wo — asWoWa + (aras — az)WoWi) >oi_o 2°A; + ((as +
ar1a2)Wi + a2asW§ — aaWiWa — asWoWs + a3WoWh) >0 o Ai + az(a Wi + asWg — WiWs +
asWoWi)Ao

Ys = ((ag+aras)WE—asWoWi+(a3—2azar ) WoWi+azas WiE+2azas WoWi —asWoWa) > 7 20 A,+
(a2W3 + 2a3 W1 Wa + a3W¢ — (3as + ara2)W1iWa — (a3 — 2aza)WoWa — azai WoWa) >0 A; +
(a3W3 — azaaWoWa — azas Wi Wo — a3WoW1) A

Vs = ag(—WiWa + ai W 4+ asWoW1 + asW§) Y7o 2°A; + as(Wg — anWiWa — aaWoWa —
asWoWh) 301y Ai + as(asWi — asWoWa) Ag

A =W3+ (az + arag) W3 + a3W§ — 21 W1iW3 + (a3 — ax)WiEWs — aaWoW3 + aza WEWo +
(a3 + araz)WoWE + 2a2a3WEW1 + (—3az + a1a2) Wo W1 Wa
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In summary, the solution of (1.1) is given by

s
W, (Wo, W1, Wa) = (= By + 1)V (Wo, Wi, Wa) — BaVy_1(Wo, Wi, Wa) — B3V, _o(Wo, W1, Wa) + Y A’
i=0

(b): The case r =1, i.e., 1 is a simple root of the characteristic equation of (1.2). The solution can
be obtained in the same manner as case (a).

(c): The case r = 2, i.e., 1 is a double root of the characteristic equation of (1.2). The procedure
parallels case (a), but requires multiplicity corrections to account for the repeated root.

(d): The case r = 3, i.e., 1 is a triple root of the characteristic equation of (1.2). The solution is

constructed analogously to case (a), with adjustments reflecting the higher multiplicity.

Proof. The result is obtained by combining Theorem 5.5 (p. 104), Theorem 5.6 (pp. 104-105), and Theorem
3.1 (pp. 88-89) for m = 3, as presented in Soykan [5]. In principle, the theorem covers all multiplicities
r =0,1,2,3: the case » = 0 represents the non-resonant situation with three distinct roots different from
1, while r = 1,2, 3 correspond to simple, double, or triple roots of 1 in the characteristic equation (1.2). In
this paper, however, only the non-resonant case r = 0 is required, where the three roots are distinct from
1. The cases r = 1, 2,3 can be obtained in the same manner with appropriate multiplicity adjustments, but

they are not needed for the examples under consideration. [J

2. Examples: Closed-Form Solutions of Third Order nonhomogeneous Linear Recurrence

Relations

In the following subsection, we consider special cases of Theorem 1.1 (a) for the special third order

nonhomogeneous linear recurrence relations.

2.1. Generalized Third Order Jacobsthal Numbers. In this subsection, we consider the case a; =
1, a2 = 1 and a3 = 2. A generalized third order Jacobsthal sequence {V,, }n>0 = {Va(Vo, V1, V2) }n>0 is defined

by the third-order recurrence relations
Vi=Vu1+Vu_2+2V,_3 (21)

with the initial values V) = ¢o, V1 = ¢1, Vo = ¢ not all being zero.

The sequence {V,,},>0 can be extended to negative subscripts by defining
1 1 1
Vo ==5Vou-n = 5Vem-2 + 5Vem-9)

for n = 1,2,3,.... Therefore, recurrence (2.1) holds for all integer n. For more information on generalized
third order Jacobsthal sequence, see Soykan [2].

Binet formula of generalized third order Jacobsthal numbers can be given as

bia” n ba 3" n bsy"
(@=B)a=7) B-a)B-7) O-a)ly-0)

Vo =
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where

b =Va = (B+NVi+ B0, ba=Va— (a+7)Vi+ayVo, by =Va — (a+ B)Vi + aBVh. (2.2)

Here, «, 3 and ~are the roots of the cubic equation 23 — 22 — 2z — 2 = 0. Moreover

a = 2
~1+iV3

ﬂ = Ta
—-1-iV3

T =

Third-order Jacobsthal sequence {J,},>0 (OEIS: A077947, [1]), modified third-order Jacobsthal se-
quence {K, }n>0 (OEIS: A186575, [1]) and third-order Jacobsthal-Lucas sequence {j, }»>0 (OELS: A226308,

[1]) are defined, respectively, by the third-order recurrence relations

J7L+3 - J7L+2 + J’n-{-l + 2Jn7 JO = 07 Jl - 17 J2 = la (23)
Kn+3 = Kn+2 + Kn+1 + 2Kn7 KO = 37 Kl = 17 K2 =3. (24)
Jn+3 = Jn+2 tint1+ 200, Jo=2,j1 =172 =5. (2.5)

The sequences {J, }n>0 and {j,}n>0 are defined in [??] and {K, },,>0 is given in [??]. For more details on
the generalized third-order Jacobsthal numbers and its special cases, see [2].

The sequences {J;, }n>0, {Kn}tn>0 and {jn}n>0 can be extended to negative subscripts by defining

1 1 1

Jon = =51 = 5T + 53
1 1 1

K., = —iK,(n,l) - §K7(n72) + §K7(n*3)
1. 1. 1

Jon = T3i-(-1) T 5i-(-2) T 5I-(n-3),

for n =1,2,3, ... respectively. Therefore, recurrences (2.3)-(2.5) hold for all integer n.
Note that for all integers n, third-order Jacobsthal, modified third-order Jacobsthal and third-order

Jacobsthal-Lucas numbers can be expressed using Binet’s formulas as

B an+1 ﬂ"-‘rl ,.ynJrl
S Py o Sl ey R e Y vy (26)
. = @of-at2ar (B -8 (27742 (2.8)

(@=B)la=v)  B-a)B-7) (G-a)(r=5)"
respectively.

In the following Example, we consider Theorem 1.1 (a) for

ay = 1,a2:1,a3:2,

Wy = 0, Wi=1, Wo=1,
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so that we have the case V,, = J,, (third order Jacobsthal numbers).

EXAMPLE 2.1. In this example, we consider the case a1 =1, a2 =1, a3 =2, Wo =0, Wy =1, Wy =1,
in Theorem 1.1 (a). So V,(0,1,1) =V,, represents nth third order Jacobsthal number, i.e., V,, = J,.
(a): The case s = 0. The solution (the closed-form solution) of the sequence {W,,} defined by nonho-

mogeneous linear recurrence relation
Wop=Wo1 +Wh_o+2W,_3+4 ¢

s given by

1 2 1
Wn(O, 1, 1) = g (C() + 3) I+ gCan,Q — gCO.

(b): The case s = 1. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation

Wi =Wp_1 +Wp_2+2W,_3+cin+co

18 given by
1 1 2
Wn(O, 1, 1) = g (CQ +4c1 + 3) Jn + gclJnil + g (C() + 301) Jp—o +Ain+ Ay
where
1
A = —3017
1
AO = —g(CO +3Cl).

(c): The case s = 2. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation

Wy, =Wyt +2 Wyo +2W, 3+ con® + c1n + ¢o

s given by
Win(0,1,1) = §(3co + 12¢1 + 52¢2 +9)Jn + 5 (c1 +9¢2) Jn—1 + 2 (3o + 9e1 + 31e) J—a + Agn® +
Ain+ Ag
where
1
A2 = 75027
1
A = —g(cl + 6¢2),
1
Ay = —§(300 +9c¢; + 3lca).

(d): The case s = 3. The solution (the closed-form solution) of the sequence {Wy,} defined by non-

homogeneous linear recurrence relation

Wy =Wyt + Wyo 4+ 2W,_3 + c3n® + can® + cin + co
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18 gen by
Wn(O, 1, 1) = 5(360 + 12¢1 + 52¢o + 258¢3 + 9)Jn + %(01 + 9¢co + 6563)Jn_1 + %(360 + 9¢1 +
3102 + 13563)Jn_2 + A3n3 + AQTL2 + AlTL + AO

where
1
A3 = _gc?n
1
Ay = _§(02 +9C3)7
1
A = _§(61 + 6¢cg + 3les),
1
Ay = —§(3co +9¢1 + 3leg + 135c¢3).

In the following Example, we consider Theorem 1.1 (a) for
ap = 1, a2=1, az =2,
Wo = 3, Wi =1, Wy =3,
so that we have the case V,, = K, ( modified third-order Jacobstha numbers).
EXAMPLE 2.2. In this example, we consider the case a; =1, a2 =1,a3 =2, Wy =3, W1 =1, Wy =3 in

Theorem 1.1 (a). So V,,(3,1,3) =V, represents nth modified third-order Jacobstha number, i.e., V;, = K.

(a): The case s = 0. The solution (the closed-form solution) of the sequence {W,,} defined by nonho-

mogeneous linear recurrence relation
Wy =Wp_1+ Wy o+ 2Wy_3+co
18 gien by
1 10 4 1
n(3,1, =—(1 147) K, ——coKy_1 — —=coKy—0 —
Wn(3,1,8) = g7 (17eo + 147) Ko & przcoKn—s = gzcokn-2 = 30
(b): The case s = 1. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
Wy =Wp1+Wpo+2W,_3+cin+co
s given by

1 2
11 (5lcg 4+ 176¢1 +441) K, + —— (10co + 47¢1) K1 — —— (6¢g — 11¢1) Ko + Ain + Ag

Wn(3,1,3) = 147 441

where
Ay = —2e,

Ay = —g(CO + 301).
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(c): The case s = 2). The solution (the closed-form solution) of the sequence {W,} defined by

nonhomogeneous linear recurrence relation
2
Wp=Wh1+Wp_o+2W,_3+4+con”+cin+co

18 gwen by
Wn(3,1,3) = ﬁ(Slco + 176¢1 + 708¢o + 441) K, + ﬁ(BOcO +141¢1 +673¢2) K1 — ﬁ(GCO —
1le; — 179¢2) Ko + Aon? + Ain + Ag

where
1
AQ = _5627
1
A = —g(cl =+ 662),
1
Ay = —5(30() +9c1 + 3102).

(d): The case s = 3. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
3 2
W, =Who1 + Wh—o +2W,_3 4+ c3n” + con” + cin + ¢g

s given by
Wi (3,1,3) = 7 (5lco + 176c1 + T08cy + 3478¢3 + 441)K,, + 157 (30co + 141c1 + 673c2 +
3513¢3) Ky—1 — 137 (6c0 — 11y — 179¢o — 1375¢3) Kyya + Agn® + Aon® + Ain + Ag

where

AS = _5637
1
A2 = —g(CQ —+ 963),
1
A1 = 75(61 + 662 + 3163),

Ag

1
—§(300 +9c¢1 + 3leg + 135¢3).
In the following Example, we consider Theorem 1.1 (a) for

ay = 1, a2:1, a3:2,

Wy = 2, Wi=1, Wy =35,
so that we have the case V,, = j,, (third-order Jacobsthal-Luca numbers).

EXAMPLE 2.3. In this example, we consider the case a1 =1, a2 =1, a3 =2, Wy =2, Wy =1, Wo =5

in Theorem 1.1 (a). So V,,(2,1,5) =V,, represents nth third-order Jacobsthal-Luca number, i.e., Vi, = jn.
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(a): The case s = 0. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
Wp=Wu_1+W,_2o+2W,,_35+ ¢

is given by

1 . 1 . 1 1
Wa(2,1,5) = 18 (co+18) jn + 600.771—1 - T800Jn—2 - gco-

(b): The case s = 1. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation

Wn = anl + Wn72 + 2Wn73 +cin+co

s given by
1 . 1 . 1 .
W, (2,1,5) = —(co + 4c1 + 18) 7, + — (3co + 10¢1)jn—1 — —=Cojn—2 + A1n + Ao
18 18 18
where
1
Al - _3017
1
Ay = —g(CO + 361).

(c): The case s = 2. The solution (the closed-form solution) of the sequence {W,,} defined by nonho-

mogeneous linear recurrence relation
2
Wp=Wn 1+ Wy 2+2W, 3+con”+cin+co

is given by
Wn(2,1,5) = & (3co + 12¢1 + 58z + 54) jn + 15 (3co + 10c1 + 36¢2) jn—1 — 25 (3co — 38¢2)jn—2 +
AQ?’L2 + Ain+ Ay

where
1
Ay = —3%
1
A1 = —5(614-662),
1
AO = 7§(300 —+ 901 —+ 3102).

(d): The case s = 3. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
3 2
Wyop =Who1 + Wh—o +2W,_3 4+ c3n” + con” 4+ cin + ¢g

18 given by
Wi(2,1,5) = 25 (3co +12¢1 4 58c2 +330c3 + 54) ji, + 15 (3co + 101 4 36¢2 + 152¢3) jp—1 — =7 (3co —
38¢cy — 30663)jn_2 + A3ﬂ3 + AQTIZ + Ain+ Ag
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where

1

As = —503’
1

AQ = 7§(CQ+963),
1

A1 = 75(61 + 662 + 3163),
1

Ay = —§(3co +9c¢1 + 3leg + 135¢3).

2.2. Generalized Graham Numbers. In this subsection, we consider the case a; = 2, as = 3

and az = 5. A generalized Graham sequence {V,},>0 = {Vo(Vo, V1, V2)}n>0 is defined by the third-order

recurrence relation

V=2V, 1 +3V_2 +5V,_3 (29)

with the initial values V) = ¢o, V1 = ¢1, Vo = ¢ not all being zero.

The sequence {V,,},>0 can be extended to negative subscripts by defining

3 2 1
Von = —gV—(n—n - gV—(n—g) + gV—(n—:a)
for n = 1,2,3,.... Therefore, recurrence (2.9) holds for all integer n. For more information on generalized

Graham numbers, see Soykan [3].

Binet formula of generalized Graham numbers can be given as

bia™ by 5" bsy™
V, =
@—Ba—  G-a)B-7 G -—a)0-5
where
by =Vo = (B+7)Vi+ B0, by = Vo — (a+7)Vi + Vo, b3 = Vo — (a+ B)Vi + aBVp. (2.10)

Here, o, 3 and v are the roots of the cubic equation 2% — 222 — 32 — 5 = 0. Moreover
1/3 1/3
_ g + % " 1231 + @ 1231
“ 7 37\ 51 TV 08 54 108 )
1/3 1/3
g = g + @ + 1231 4 w? @ 7 1231
— 37951 TV 108 “ 5 108 |
1/3 1/3
_ o2 o i\ (s i
7T 3TY 108 “\ 54 108 |

_ —1+i0V3
N 2

where

w = exp(27i/3).



UNDER PEER REVI EW

Now we define two special cases of the sequence {V,}. Graham sequence {G,},>0 and Graham-Lucas
sequence {H,},>0 are defined, respectively, by the third-order recurrence relations
Gn+3 = 2Gn+2 + 3Gn+1 + 5Gna CTYO = 0, Gl = 1a GQ = 27 (211)

Hny3 = 2Hpio+3H,1 +5H,, Hy=3,H, =2 H=10. (2.12)

The sequences {G,,},>0 and {H, },>0 can be extended to negative subscripts by defining

3 2

G, = *EG—(n—U - gG—(n—2) + 5G—(n—3)7
3 2 1

H_, = _ng(nfl) - ng(n72) + ng(n73)

for n = 1,2,3, ... respectively. Therefore, recurrences (2.11) and (2.12) hold for all integer n.For all integers

n, Graham and Graham-Lucas numbers can be expressed using Binet’s formulas as
n+1 n+1 n4+1
G, = o n B n gl ,
(@=pB)a=7) B-)B-7) ©O-a)-0)
H, = a” + Bn + ’7n7

respectively.
In the following Example, we consider Theorem 1.1 (a) for

ay = 23 a2:3a 03:5,

Wo = 0, Wi =1, Wp =2,

so that we have the case V;, = G,, (Graham numbers).

EXAMPLE 2.4. In this example, we consider the case a1 = 2, ao =3, a3 =5, Wy =0, Wy =1, Wy =2
in Theorem 1.1 (a). So V,,(0,1,2) =V, represents nth Graham number, i.e., V,, = G,,.
(a): The case s = 0. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation

Wy =2Wy_1+3Wy_2+5Wy,_3+co

s given by
5 1

1 1
Wn(O, 1, 2) = §(Co + 9)Gn — §CoGn,1 =+ §CQGn,2 — 500.
(b): The case s = 1. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation

Wo=2W,_1+3W,_o+5W,_3+cin+ ¢y

18 gwen by

1 1 5
W,L(O, 1, 2) = 87]_(960 + 32¢1 + 81)Gn — 871(900 + 2361)G”_1 + 871(980 + 2301)Gn—2 + Ain+ Ag
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where
1
Al = _5617
Ao = ——(9co+23c)
0o = 31 Co C1).

(c): The case s = 2. The solution (the closed-form solution) of the sequence {W, } defined by nonho-

mogeneous linear recurrence relation
W, =2W,—1 +3W,_o + 5W,,_3 + CQTLQ +cin+co

s given by
W,(0,1,2) = ﬁ(SlcO +288¢; +1022¢5 + 729)G,, — % (81co+207¢1 4+ 365¢2)Gr—1 + %9 (81lco+
207cy + 52702)Gn72 + An? + Ain+ Ao

where
1
A2 = 76027
A = —L (96 + 460)
1 = 31 C1 Cc2),
1
Ay = —@(8100 + 207¢q + 52762).

(d): The case s = 3. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation

W, =2W,—1+3W,_2 +5W,_3 + 63713 + CQHQ +c1n+co

s given by
Wi(0,1,2) = 51%=(243co +864c1 +3066¢2 + 11104c;3 4 2187) Gy — 5757 (243¢0 + 621c1 4 1095¢2 —
929¢3)Gr—1 + 715=(243co + 621c1 + 1581ca + 4255¢3)Gr—2 + Agn® + Aan® + Ain + A
where
1
As = *503,
1
AQ = 7@(302 + 2303),
1
A = —TQ)(27(:1 + 138¢o + 527c3),
1
Ay = _T87(24360 + 621c; + 1581cy + 4255¢3).

In the following Example, we consider Theorem 1.1 (a) for

ap = 2, a2:3, CL3:5,

W, = 3, Wi =2 W, =10,

so that we have the case V,, = H,, (Graham Lucas numbers).
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EXAMPLE 2.5. In this example, we consider the case a1 =2, ao =3, a3 =5, Wy =3, Wy =2, Wy =10
in Theorem 1.1 (a). So V,(3,2,10) = V,, represents nth Graham Lucas number, i.e., V,, = H,.
(a): The case s = 0. The solution (the closed-form solution) of the sequence {W,,} defined by nonho-

mogeneous linear recurrence relation
Wy =2Wyh_1 +3Wy_2+5Wy,_3+co

s given by

695 1
T T ARA HTL— - A .
11079 0127 @

Wn(3,2,10) = 17575

(320co + 11079) H,, +

n—1

58
11079
(b): The case s = 1. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation

Wo=2Wpn_1+3Wph_o+5W,_3+cin+ ¢

18 given by
1
W,L(3,2,10) = 2880c9+8323¢c; +99711)H,,+———(522c9+4763c1 ) H,—1— 1251
( ) = Sgriy (2880co-+8328¢, +99T11) 5 (522c0+4763¢1) i1 =g (12510 +
281961)Hn—2 + Aln + AO
where
1
A = —§01,
1
AO = 75(9604’2361).

(c): The case s = 2. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation

W, =2W,—1 +3W,_o + 5W,,_3 + CQTLQ +cin+co

18 gen by
1 1
2,10) = 2592 4 2284 H,+—(4 42
W, (3,2,10) 897399( 5920c( + 74 907¢1 +228409¢2 4 897399) "+897399( 698cy+42867¢c; +
222887cy)Hy, o1 — m(ll%%o +25371cy + 44201co)H,, o + Aan? + Ajn + A
where
1
A2 = _5027
A = —(9¢) + 460s)
1 = 31 (&) Co ),
1
Ay = —@(8100 + 207¢1 + 527¢3).

(d): The case s = 3. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation

W, = 2Wh1 + 3W_o 4+ 5Wi_s + csn® + con® + e1n + ¢
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18 gen by
W.(3,2,10) = —————=(77760 224721 685227 2312171 2692197)H,,+————— (14094
( ) = 699107 (17 760c0+ g“L et et VHn 5599107 (14094c0+
128601¢q 4 668661co +2975491¢s)Hp 1 — m(?ﬁ’)???oo +76113c1 +132603c2 +39403¢3) H,—o +
A37’L3 + AQ?’LQ + Aln + AO
where
1
A3 = _5635
1
Ay = —?7(302 + 2303),
1
A1 = _%(2701 + 13802 + 527C3)7
1
Ay = e (243co + 621ey + 1581cy + 4255¢;).

2.3. Generalized Jacobsthal Narayana Numbers. In this subsection, we consider the case a; = 1,

as = 0, az = 2. The generalized Jacobsthal-Narayana numbers
{Va(Vo, V1, V2;1,0,2) bn>o
(or {V,,}n>0 or shortly {V;,},>0) is defined as follows:
Vi = Vo1 + 2V, _3, Vo=a,Vi=0bVo=¢c, n>3 (2.13)

where Vy, V1, Vo are arbitrary complex (or real) numbers.

The sequence {V,,}»>0 can be extended to negative subscripts by defining
1 1
Vo = 7§V—(n—2) =+ iv—(n—?))

for n = 1,2,3,... when t # 0. Therefore, recurrence (2.13) holds for all integers n. For more information on
generalized Jacobsthal-Narayana numbers, see Soykan [4].

For all integers n, Binet’s formula of generalized Jacobsthal-Narayana numbers is given as follows.

n

pra” n p2f" n P37
(@a=P)a=y) B-a)B-7) (O-a)ly-7)
= AlOln + Agﬁn + A3")/n,

V., =

where

pr = Va—(B+7)Vi+ BV,
p2 = Va—(a+7)Vi+arV,
ps = Vo—(a+B)Vi+afVs.
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and
A, - Py _Va— B+t BV
(a—=B)(a—7) (@ —=B)(a—7)
(aVa + a(—1 4+ o)V + 2V))

a2 +6 ’
A, = P2 _ Vo — (a+7)Vi+ oWy
(B=a)(B—") (B—a)(B—7)
_ (BVa+B(=1+B)V1 +2V)
B*+6 ’
A = D3 _Va—(a+BVi+apfV
(v —a)(y—8) (v—a)(vy—B)
_ (Ve ty(=1+)V +2W)
V2 46 '

Here, «, 8 and ~ are the roots of the cubic equation

222 -2=(z—a)(z—-B)(z—7v)=0.

Moreover,
1/3 1/3
Lo L (s, )", (3 [®
3 27 27 27 27 '
1/3 1/3
B = 1—Hu §+\/§ + w? B _ /2
3 27 27 27 27 ’
1/3 1/3
= 1—|—w2 §+ 2 +w B _ /2
T3 27 "\ 27 o7 Var)
where
—1+1v3
w= %[ = exp(27i/3).
Note that
O‘+ﬁ+7:17
af +ay+ By =0,
afy =2.

Now, we define two special cases of the sequence {V,,}. Jacobsthal-Narayana sequence{ B, },>0, Jacobsthal-

Narayana-Lucas sequence {C), },>0 are defined, respectively, by the third-order recurrence relations
B, = Bp_1+2B,_3, By=0,B;=1,By =1, (2.14)
C, = C,_1+2C,_3, Cy=3,Ci=1,C5=1. (215)

The sequences { By, }n>0, {Cr}n>0, can be extended to negative subscripts by defining

1
B_, —sB_(n—2) + sB_(n-3);

2
1
2

C., = _7B7(n72) + §B7(n73)7
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for n = 1,2, 3, ... respectively. Therefore, recurrences (2.14)-(2.15) hold for all integer n.

For all integers n, Binet’s formulas of Jacobsthal-Narayana and Jacobsthal-Narayana-Lucas numbers are

n+1 n+1 n+1
B, — o 4 B n v
(a=B)a=v) B-a)B-7) (G-a)y=~5)
n+2 n+2 n+2
L A i
af+6 B°+6 y*+6
Cn = o"+ Bn + /Vna

respectively.

In the following Example, we consider Theorem 1.1 (a) for
ap = 1, a2=0, a3 =2,
Wo = 0, Wiy =1, Wy=1,
so that we have the case V,, = B,, (Jacobsthal-Narayana numbers).
EXAMPLE 2.6. In this example, we consider the case a1 =1, a0 =0, a3 =2, Wy =0, W7 =1, Wy =1

in Theorem 1.1 (a). So V,,(0,1,1) =V,, represents nth Jacobsthal-Narayana number, i.e., V,, = B,.

(a): The case s =0. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
Wy =Wp_1+2W,_3+co

18 given by
1 1
Wn((), 17 1) = 5 (CO + 2) Bn + COBn—Q — 560.

(b): The case s = 1. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
Wy, =Whuo1+2W,_3+cin+co
18 given by

1 1 1
Wn(O, 1, 1) = 1(260 + 901 + 4)Bn + ican_l + 5(260 + 761)371_2 + Aln + AO

where
1
A = —5C1
1
A() = —1(2604—761).

(c): The case s = 2. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation

Wy, = W1 +2W,_3 + can® + cin + ¢
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18 gen by
W, (O, 1, 1) = i(QCO +9c¢y +46¢5 +4)Bn + %(Cl + 1062)Bn_1 + %(260 +7c1+ 3062)Bn_2 + A2n2 +
Aln + Ao
where
1
Ay = —52
1
A1 = —5(61 + 762),
1
Ay = —1(200 + 7cy + 30cz).

(d): The case s = 3. The solution (the closed-form solution) of the sequence {Wy,} defined by non-

homogeneous linear recurrence relation

Wy = W1 + 2W,_3 + csn® 4+ can? + e1n + ¢

s given by
1 1 1
Wn (0, 1, 1) = §(4CO + 1801 + 9262 + 56703 + 8)Bn + 1(261 + 20C2 + 16703)Bn_1 + 1(400 + 1461 +
60co + 341c3) B2 + Asn® + Agn? + Ajn + Ag
where
1
A3 = _5037
1
AQ = —1(202 + 2103),
1
A = —5(01 + Teg + 45¢3),
1
AO = —§(4CO + 1401 + 6002 + 34103)
In the following Example, we consider Theorem 1.1 (a) for
a = 1,a2:0,a3:2,
Wo = 3, Wi=1 We=1,

so that we have the case V,, = C,, (Jacobsthal-Narayana-Lucas numbers).

EXAMPLE 2.7. In this example, we consider the case a1 =1, a0 =0, a3 =2, Wy =3, Wy =1, Wy =1
in Theorem 1.1 (a). So V,,(3,1,1) = V,, represents nth Jacobsthal-Narayana-Lucas number, i.e., V,, = Cp,.
(a): The case s = 0. The solution (the closed-form solution) of the sequence {W,,} defined by nonho-

mogeneous linear recurrence relation
Wy =Wp_1+2Wh_3+co

18 given by

1 3 2 1
Wn(3,1,1) = —(11 58)C,, + —coCh— —cgCr_o — =Cp.
( ) 58( co +58)C, + 2900 1+2900 2= 5%
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(b): The case s = 1. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
Wn = Wn—l + QWn_g +cin+ ¢y
18 gien by
1 1 1
Wn(3,1,1) = 1—16(2260 + 87¢y +116)C, + §(6CO +29¢1)Cp—1 + %(400 +29¢1)Ch—2 + Ain + A

where

1
A = —5C1
1
AO = —1(200 + 701).

(c): The case s = 2. The solution (the closed-form solution) of the sequence {W,} defined by nonho-

mogeneous linear recurrence relation
2
Wn=Wp_1 +2Wy,_3+can” +cin+ ¢

1s given by
1 1 1
Wn(3,1,1) = 116 (22¢o+87cy +422¢5 4+ 116)C,, + %(660 +29¢1 +152¢2)Cr—1 + %(400 +29¢1 +
19802)077,72 + AQTL2 + AlTL + AO

where

1
A2 - _5027
1
A = —§(c1—|—702),
1
Ay = —1(200—1—701—1—3002).

(d): The case s = 3. The solution (the closed-form solution) of the sequence {W,} defined by non-

homogeneous linear recurrence relation
3 2
Wp =Wu_1+2W,_3+csn”® +can” +cin+co

is given by
1 1
W.(3,1,1) = @(4400 + 174cq + 844cy + 5205¢5 + 232)C, + E(HCO + 58¢c1 + 304cy +

1
187363)Cn—1 + m(860 + 58¢1 + 396¢o + 286363)O,L_2 + A3n3 + AQ’IIQ + Ain+ Ag
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[4

[5

6

[7

where
1
Ay = 568
1
Ay = —1(262 + 2103)7
1
A1 = —5(61 + 762 + 4503),
1
AO = 7§(4CO + 1461 + 6062 + 34163).
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