Noise induced almost sure exponential stability of a nonlinear delay differential equation with a constant time lag

Abstract 

This study builds on the theory of stochastic delay differential equations, which are widely used to model real-world systems with time delays in fields such as neural networks, epidemiology, and control systems. Previous research has established various stability criteria for deterministic and stochastic systems using methods like Lyapunov–Krasovskii and Lyapunov–Razumikhin techniques. Recent studies highlight that stochastic perturbations, particularly multiplicative white noise, can significantly influence system stability. Motivated by these findings, this work examines how noise can stabilize nonlinear delay differential equations that are otherwise unstable in their deterministic form.
This study investigates the effect of multiplicative white noise on stabilizing nonlinear delay differential equation which generally appear unstable in their deterministic form. The applied technique includes Lyapunov sample exponents and stochastic perturbation methods. By applying multiplicative white noise to the deterministic system, the resulting system becomes stochastically stable in an almost sure exponential sense. It demonstrates that, under certain conditions appropriate noise intensity and small delay the system achieves almost sure exponential stability.
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 1.0   Introduction 
Delay differential equations are used in various fields such as neural networks, epidemic models like (SIS models) and control systems with time lags. Faydasicok and Ozcan (2025) studied global stability problems of linear neutral systems with multiple neutral and discrete delays. A stability analysis of linear discrete – time neutral systems with both discrete and distributed delays were investigated, using Lyapunov – Krasovskii function, new stability criteria was established in the form of linear matrix inequalities by the combined delay decomposition approach with an auxiliary function – based summation inequality (Li, 2026). Altun (2025) and Mesmouli et. al (2026) investigated a class of nonlinear neutral type system with periodic coefficients and imposed some hypotheses guaranteeing the exponential stability of the trivial solutions of the equation considered. Abbas et.al (2025) examined the stability and exponential lag – synchronization of neural networks with state dependent and distributed delays. Altun and Tunc (2025) obtained some new results using Lyapunov Krasovskii function and established some conditions that guaranteeing the global exponential stability of the Zero solution of a neutral differential equation withtime lags. Sedova and Druzhinian (2023) obtained new sufficient conditions for the exponential stability of nonlinear time – varying differential equations. They extended the results to the classical asymptotical stability theorem in terms of Lyapunov – Razumikhin function, non – positivity of the time derivative of a Razumikhin function were weakened.    
A stochastic delay differential equations have wide varieties of applications in many fields such as science, technology, physics, chemistry, structural (mechanics and optical bi- stability and fatigue cracking) financial mathematics, mathematical biology, radio astronomy and turbulent diffusion (Zhu et al,2017). Mao and Mao (2017) obtained the existence and uniqueness of solutions to neutral stochastic functional differential equations with Levy noise or Jumps. Stochastic finance problem was derived by Dash et al (2021). Kolmanovskii and myshkis (1992) described delay differential equation as a differential equation with deviating argument. Lyapunov introduced the concept of stability into the study of dynamical system. By dynamic systems, we refer to a system subject to change or in motion. Stability means, sensitivity of a system to little changes in its initial state or parameters of the systems. Wu (2016) investigated the stability behavior of solution for differential time changed systems, such as exponential sample – path stability, moment asymptotic stability and moment exponential stability. Huang and Zhu (2025) established sufficient conditions for the moment exponential stability of the considered system and derived an upper bound for the moment Lyapunov exponent, using comparison principles, impulsive effect were investigated. Hu and Yang (2026) established that almost sure exponential stability and instability are dependent on the intensities of both Markovian Jump noise and Urnstein – Uhlenbeck process noise and with certain conditions. Han et.al (2025) investigated the sampling control problem of impulsive regime switching diffusion system. They developed a new technique to overcome the challenges posed by discontinuities in the system states caused by impulsive jumps and sufficient criteria for moment exponential stability of the control system. It was established under certain conditions that, on the drift and diffusion coefficients, pth - moment, exponential stability implies the almost sure exponential stability (Atonuje, 2015, Atonuje and Apanapudor 2017).  Anonwa et.al (2025), investigated the contribution of Brownian white noise in stabilizing nonlinear optimal control delay differential equation that are generally unstable in their deterministic form. The authors perturbed the equation with a multiplicative white noise to create a stochastic optimal control delay differential equation. It was established that if the noise intensity parameter of the stochastically perturbed equation is finite, then the system become self – stabilized in almost sure exponential sense.  Atonuje and Ezenweani (2011) studied the stability behavior of a non-linear deterministic delay differential equation with two time lags of the form,

where  =max{σ , }, σ,  є(0,)  , σ< are two constant time lags, the initial function   are continuous functions under certain conditions.                                                                                                              They perturbed Eq. (1.1) with multiplicative Ito-type white noise to form a stochastic delay differential equation of the form
                                 is a Brownian motion represented by multiplicative Brownian white noise of Ito – type.   Atonuje et al (2024), Mao (2007) and Anonwa et al (2025b) investigated the effect of multiplicative Ito-type Brownian noise in stabilized the evolution of optimal control dynamical system with a volterra functional, described by an unstable nonlinear classical delay differential equation. They perturbed the equation using multiplicative Brownian noise to form a stochastic optimal control system. The noise scaling parameter in the stochastic system were replaced with a finite control value, the system become stochastically self-stabilized in an almost sure exponential sense, under certain conditions and sufficiently small time delay. To the best of my knowledge, no work has been done on the “noise induced almost sure exponential stability of a nonlinear solutions of stochastic delay differential equation”.  Motivated by the above literatures, in this we shall study the almost sure exponential stability problem for stochastic delay differential equation. 
This study is significant because,
i. stability in dynamic systems is crucial for maintaining equilibrium position or returning to its original state after disturbances.                                                    
ii.  stability helps engineers to design better systems and prevent dangerous behavior. 
It ensures predictability and reliability in control systems.                               This is so because an unstable system leads to system failure. our improved knowledge of stabilization and instability can add to the progress of national economy.                                                                                                                  2.Preliminary                                                                                                                                                       Let  be a probability space. A filtration is a family  of increasing sub of . The filtration is said to be right continuous if A family  of  - valued random variables is called a stochastic process with parameter set and state space . The parameter set  is usually the half-line , it can also be an interval , the non-negative integers of . For each fixed , we have a random variable 

diffusion function, is the Brownian process and  is the noise scaling parameter. We shall consider the first order delay differential equation of the form, 

Where  is a functional defined and bounded on , is the current state of a system which depends at some previous time ,   is the initial datum and  is a constant time delay and  . 
The solution of delay differential equation  (2.2) is said to be unstable if the sample Lyapunov exponent is non negative that is   
 
Where the left hand side of  is called positive sample exponent.  Equation can be perturbed with a multiplicative  noise  , where is called stochastic process,  is the diffusion function, is the Brownian process and  is the noise scaling parameter to form a stochastic delay differential equation  below

where is called the drift function,  is called the diffusion function,  is a stochastic process,  is a constant time lag,  is the noise scaling parameter which measures the fast fluctuation effect of the noiseand is a one dimensional Brownian noise given as  defines the randomness of the physical systems and it is often called the Ito type noise .
When a dynamical system  is sensitive to little changes in its parameters or initial state, then such a system is said to be stable.
 Mathematical definition, we have the following:
Definition (1)
The equilibrium solution is said to be stable if given , there exists a  such that  whenever . If the equilibrium solution is not stable, then such a solution is said to be unstable.

                  Definition (2) (The trivial solution of )
               Assume that is the solution of (2.4) . Suppose that  . It follows that (2.2) has the solution corresponding  to the initial datum  is called the  trivial  solution of (2.2) 
              The following Assumptions, Lemmas and Theorems are based on the Ito formula is called exponential martingale inequality. it is useful to the proof of the main results.
                 Assumption (1) 
                H1:  we assume that the following hypothesis hold such that , there exists a symmetric positive definite  matrix and three positive constants  with  such that
                             (i) 
                            (ii) Trace  
                            (iii) 
             
                3.Main Results
                Lemma (3.1) 
                     Suppose that assumption (1) hold. Then the solution of equation  (2.2) satisfies the property that   provided that  .
                                                                              Proof
                Suppose that lemma (3.1) is false, there exists  such that  , where is the first time of reaching zero state that is . Let we find   , large enough to ensure  that  where  for any   . We have   . Apply Ito formula we have ,             ds 
                    
              for every  ,    
        from the above hypotheses, we have 
       
                                                         ≤
             where  is a constant dependent but independent  of   . By the Gronwall inequality we have                                                                                                                                          (3.1 )
                 since  From the inequality  (3.11 ) we have 
                                                                                          (3.2)
                as  , hence contradicts the definition of  . 
               Theorem (3.2)
                    Consider the system of stochastic delay differential equation of the form
                               . . . (3.3)
                suppose that there exists a function  , the family of all non -negative function  define on  such that they are continuously twice differentiable in   such that  ,we have 
               (i) . 
               (ii) .
               (iii) . Then 
                                                                     (3.4)
                almost surely  If  , the solution of stochastic delay differential equation (3.3) is almost surely exponentially stable .
                               proof 
                assume that the sample Lyapunov exponents of the solution (3.4) holds for  , then We  show equation (3.4) for  suppose  for every  By Lemma (3.1) ,  almost surely . By the Ito formula and by condition  (ii) and (iii) , we show that for  ,we have 
                 where  , is a continuous martingale with initial value  . If  is arbitrary and for  By the exponential martingale inequality, we have 
                          .  .  .    (3.5)
               By the moment inequalities, we noticed that almost all there is an integer  such that  
                                                         . . .  (3.6)
                  Eq. (3.23) hold   
                    . (3.7)
                 almost surely. For almost all let  and  , we have 
                  
                  , By condition (i) we have  , since  is arbitrary . Hence the stochastic delay differential system  almost sure exponential stable, provided that the noise scaling parameter of the stochastic system is sufficiently large enough strength and small time lag so as to stabilize the system in an almost sure exponential sense.
                    Conclusion.
                  we established the stochastic almost sure exponential stability of a nonlinear deterministic delay system with a constant time lag. The system of  non-linear deterministic delay differential equation were perturbed by  the addition of a multiplicative white noise of an Ito-type represented by the Brownian motion , which resulted in the stochastic delay differential equation . Our findings reveal that , if the average impact of the noise scaling parameter  of the stochastically perturbed system kept finite by making it large as possible , the  is stochastically stable in an almost sure exponential  sense . Our techniques involve the use of Lyapunov sample exponent and stochastic perturbation.     
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