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ABSTRACT 

	In this paper, we investigate triharmonic curves in three-dimensional strict Walker manifolds endowed with a Lorentzian metric. After recalling the geometric structure of strict Walker manifolds and polyharmonic curves, the triharmonic curve equation is formulated in the Lorentzian setting. We obtain necessary and sufficient conditions for a curve to be triharmonic in a three-dimensional strict Walker manifold and characterize such curves in terms of their curvature and torsion functions. The obtained results extend the theory of harmonic and biharmonic curves to the higher-order variational framework of triharmonic maps within the Walker Lorentzian context.
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1. INTRODUCTION 
This paper focuses on triharmonic curves in three dimensional strict Walker manifold. The study of higher order harmonic maps extends the classical theory of harmonic maps in differential geometry. Harmonic maps arise as critical points of an energy functional and are characterized by the vanishing of a suitable tension field. As a generalization, biharmonic maps were introduced as critical points of the bienergy functional, and later higher order generalizations led to the notion of polyharmonic maps. In the one dimensional case, harmonic maps reduce to geodesics, while higher order harmonic maps correspond to special classes of curves satisfying higher order differential equations. Triharmonic maps correspond to the third order case in the hierarchy of polyharmonic maps and lead, in the case of curves, to higher order differential equations involving the geometry of the ambient manifold. Unlike harmonic curves, triharmonic curves do not necessarily satisfy lower order harmonic conditions, which makes their study substantially different from that of biharmonic curves.
Biharmonic curves in three-dimensional strict Walker manifolds have already attracted some attention in the literature, the corresponding theory of triharmonic curves has not yet been addressed. The main of motivation of this paper is to fill this gap by studying triharmonic curves in three-dimensional strict Walker manifolds and present explicit characterizations of triharmonic curves and their geometric properties.
This paper organised as follows, in the first part we will give a short but effective summary of polyharmonic (  curves and their mathematical background. Then we give a basic notion of strict Walker manifold  of dimension three. In the following we focus on the biharmonicity of curves on three dimensional strict Walker manifolds and examine the results. The final part is on the triharmonic curves in  which is the main contribution of the literature.

2. Preliminaries
In this section we will deal with the higher-order generalizations obtained by considering polyharmonic curves, defined as critical points of higher-order energy functionals associated with the Levi-Civita connection of the metric .
Let  and  be Riemannian manifolds and let   be a smooth map and its associated energy 
		(1.1)

The critcal points of  are mentioned by the vanishing tension field defined as 
		(1.2)
The solutions of  are called harmonic maps. The energy functionals  may be extended by the higher derivatives of the map  and called  energy 
		(1.3)
	
The critcal points of  are defined  (polyharmonic of order  maps .
From the curve point of view,  energy for a curve  (coincide with  for   is given by

		(1.4)
where is the tangent vector of and  is the parameter of the curve. Then the curve  is called k-harmonic (polyharmonic) curve if it is a critical point of the k-energy functional (1.4). The corresponding Euler–Lagrange equation is a differential equation of order 2k, involving covariant derivatives of the tension field and curvature terms of the ambient manifold as follows[1],[5][6]
		(1.5)
Let us deepen our results for special types of k- harmonic curves. In particular, for ,solutions of  corresponds the energy of a curve whose critical points are geodesics. Note that every geodesic is a solution of  and if one interested in non-geodesic solutions of , the curve called  harmonic [7].
For  one obtains biharmonic curves, characterized by the vanishing of the bitension field as the solutions of  and investigated in [8] and studied by many resarchers from different aspects [9][10][11]][12].
While the case  yields triharmonic curves, governed by the solutions of  and many research have been performed for this case. In [13] the authors construct triharmonic maps, [14] focuses on the triharmonic curves in space forms, recently [15] and [16] triharmonic curves on homogeneous manifold and Sol space of dimension three.
Consequently, polyharmonic curves form a natural hierarchy extending geodesics, biharmonic curves, and triharmonic curves. Note that biharmonic curves are not triharmonic in general [13] .
[bookmark: GrindEQpgref69dca7872]2.  WALKER MANIFOLDS 
In this part we will focus on the notion of Walker manifold and Walker metric briefly. For deeper undeerstanding we refer to [17].
A Walker manifold is a pseudo-Riemannian manifold admitting a parallel null distribution. The local canonical form of such metrics was first described by A. G. Walker [8]. A. Walker has derived adapted coordinates to a parallel plane field. In dimension three a Walker manifold  admits local coordinates  in which the metric takes the form 
		(1.6)
And its matrix form is
		(1.7)
with inverse 
		(1.8)

The metric  has Lorentzian signature in both cases . For some function , and moreover, the coordinate vector field  spans a parallel null line field.
If the function  depends only on the variables  that is ,  then  is called a strict Walker manifold. In this case, the Levi-Civita connection simplifies considerably, and its non-zero components are given by
,
		(1.9)
	
where , , and  are the coordinate vector fields , , and , respectively.
Equivalently, the non-vanishing Christoffel symbols are
		(1.10)
	
	
These simplified expressions for the Levi-Civita connection and the curvature tensor transform three-dimensional strict Walker manifolds a convenient geometric setting for the explicit study of biharmonic and triharmonic curves.
For completeness, we recall that starting from local coordinates  for which the Walker metric  is given by , one can introduce a local pseudo-orthonormal frame  on  defined by 
		(1.11)
	
	
 With respect to this frame, the metric satisfies ,  and , so that signature of the metric  is  [10].
This pseudo-orthonormal frame will be useful in later sections when discussing Frenet frames and the causal character of curves.
 Consider the covariant derivatives associated with the Levi–Civita connection of the left-invariant metric  introduced above. These derivatives satisfy     
		(1.12)

 The curvature tensor corresponding to the connection  is defined by

		(1.13)
for all vector fields .
 Let

		(1.14)
where the indices and   The non vanishing components of the curvature tensor are then given by

		(1.15)
	
	
	
       
The vector product of  and  in  taken with respect to the metric  is denoted by  in  defined through

		(1.16)

for every vector  in , where  represents the determinant relative to the canonical basis of .
If  and , then relation yields

		(1.17)
  Lemma 1.1. The Walker cross product in  has the following properties:
(1) The Walker cross product is bilinear and antisymmetric
(2) For any vectors  and the vector is orthogonal to both  and 
(3) The frame defined in  fulfills
and  [10]. 



2.1 Polyharmonic Curves in Strict Walker 3-Manifold
In this part we will focus on the  harmonic(polyharmonic) curves  for well-established cases  and  In [10] the authors considered biharmonic curves for strict Walker 3-manifold and obtained some results. Inspired of this work , we will deal with the trihamonic curves in aforementioned manifold and obtain some results.

[bookmark: GrindEQpgref69dca7874]2.1.1  Biharmonic curves in Strict Walker 3-Manifold
 Let be a three dimesional strict Walker manifold and  be a curve parametrized by its arc length  .
The Frenet frame of  is given by the vectors along  where  is the tangent,  is the principal normal, and  is the binormal vector. The Frenet vectors satisfied the following Frenet formulas:

		(2.1)
where  and  are the curvature and the torsion of the curve  respectively with  and  [10].
 Theorem 2.1. Let (be a three dimesional strict Walker manifold and  be a curve parametrized by its arc length . Then,  is a nongeodesic biharmonic curve if and only if 
		(2.2)
where [10].
Corollary 2.1. Let (be a three dimesional strict Walker manifold and  be a time-like curve parameterized by its arc length s. We suppose that, where  are functions of . Then,  is a nongeodesic biharmonıc curve if and only if 
		(2.3)
[10].

[bookmark: GrindEQpgref69dca7875]2.1.2   Triharmonic Curves in Strict Walker 3-Manifold

We know that -harmonic curve is proper if it is not harmonic. Any harmonic curve is a k -harmonic curve for any  .
An arc-length parametrized curve    from  to a Riemannian manifold  of dimension  is called triharmonic if 
	 	(2.4)

Propositions 2.1. Let (be a three dimesional strict Walker manifold and  be a differentiable curve parametrized by arc length. Then  is a proper triharmonic curve if and only if following three equations hold 
	
		(2.5)
	
where

 
		(2.6)
	
	
	
	
	
	
	
 

 Proof: Let us recall Frenet formulas  without matrix notation as follows


                                                               (2.7)

Then by iteration we compute the following components used in  in the following

		(2.8)
	



		(2.9)
	
	
	
	


		(2.10)
	
	
	
	


		(2.11)
	
	
	
	
	
	
	
	
In sake of easiness we will denote  as
	
and by  we conclude that  is a triharmonic curve iff
	
Taking into account of  we get  which completes the proof.
Theorem 2.2 . Let (be a three dimesional strict Walker manifold and  be a differentiable curve parametrized by arc length. Then  is proper non-geodesic triharmonic curve 

		(2.12)
	
	
where

		(2.13)
	
	
	
	


		(2.14)
	
	
	
	
	
	


		(2.15)
	
	
	
	
	
	
	
	


		(2.16)
	
	
	
	
	
	


		(2.17)
	
	
	
	
	


		(2.18)
	
	
		(2.19)
	
	
		(2.20)
Proof: Using we get  respectively. Combining aforementioned equations in  we get rhe desired result.

In this part we will focus on the triharmonic helices in . As is well known a helix is a special curve with constant geodesic curvature and torsion.
Theorem 2.3. Let  be a non-geodesic triharmonic helix parametrized by an arc-length. Then

	

Proof: We know that a curve called helix when its geodesic curvature and torsion are constant. Then the system (2.12) becomes

		(2.20)


		(2.21)

Using  and  and in vitue of  and  we conclude the following

		(2.22)

As is well known, the space curve called general helix is the famous one in curve theory because of having many application from mathematics to applied science. From the definition of general helix, we may conclude a well known conclusion from Venant that the ratio of curvature to its torsion should be constant [10].
In this part, we will focus on the general helices in a strict Walker 3-Manifold.
Definition 2.1: Let  be a differentiable curve and  be the Frenet frame on  along . If both  and  are constant along  then the curve called circular helix with respect to .
Proposition 2.2. If   is a general helix with respect to  then its curvature and torsion satisfies 
		(2.23)

Theorem 2.3. Let  be a non-geodesic triharmonic general helix parametrized by arc length. If , then  is a circular helix.
Proof. From , we have

		(2.24)
	
	
	
	
	

 By using equations in  we derive a system of three differential equations characterizing triharmonic general helix in  as follows

		(2.25)
	
	

Substituting  into the third equation in  we have , which implies  and hence  This means  is a circular helix
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