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[bookmark: _GoBack]The existence, uniqueness, and solution characteristics of transient mixed convection flow of an incompressible viscous fluid in a vertical concentric annulus filled with a porous medium of constant porosity are investigated. Under the Boussinesq approximation, the governing momentum and energy equations incorporating buoyancy, pressure gradient, and magnetic field effects are formulated. The equations are non-dimensionalized using appropriate scaling to obtain key parameters such as Reynolds number (Re), Grashof number (Gr), Peclet number (Pe), and magnetic parameter (M). The reduced system is analyzed using similarity transformations. The existence and uniqueness of solutions are established using the Picard–Lindelöf theorem. The results confirm that the system admits a unique bounded solution, ensuring well-posedness of the model. The research shows how essential dimensionless characteristics such as Reynolds, Grashof, Peclet, and magnetic parameters affect flow and thermal behaviour. Overall, this study establishes a solid theoretical foundation for future analytical and numerical research of convection flows in porous annular geometries.
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Introduction 
The concepts of existence and uniqueness often referred to as well-posedness are fundamental to modern analysis. They ensure that a mathematical model not only defines a solution (existence) but also that this solution is uniquely determined by the data (uniqueness). Caldini, G. (2022). Since 2016, research has ventured far beyond the traditional Lipschitz and compactness frameworks, broadening the scope of solvable problems to encompass irregular coefficients, memory effects (like fractional and delay structures), distribution dependence (mean-field interactions), and infinite-dimensional dynamics (SPDEs). Within these domains, three recurring themes emerge: (i) substituting pointwise smoothness with integrability or structural conditions, (ii) employing comparison and contractivity methods to guarantee uniqueness, and (iii) creating approximation and stability frameworks that ensure existence is both constructive and robust (Tran, Q. H. 2024). 
A significant trend since 2016 has been the deliberate relaxation of regularity assumptions in stochastic models, where randomness can surprisingly enhance solvability—a phenomenon known as “regularization by noise.” In the context of mean-field (McKean–Vlasov) SDEs, Mishura and Veretennikov (2016) demonstrated weak and strong existence and uniqueness under notably relaxed conditions, focusing on non-degeneracy and growth controls while allowing for limited drift regularity. This is a crucial advancement since distribution dependence complicates the usual martingale problem and fixed-point approaches. Following this, further research has tackled physically motivated singular interactions: Qian et al. (2022) examined McKean–Vlasov equations stemming from random vortex dynamics, proving existence and uniqueness even when the coefficients involve singular integral kernels (like those of the Biot–Savart type), showcasing how specific structural features of a problem can effectively replace the need for classical smoothness.
 The problem of irregular drift in non-mean-field stochastic differential equations (SDEs) is the focus of recent developments. Holden, Karlsen, and Pang (2022) showed that a one-dimensional SDE with random, irregular drift is well-posed. By using a one-sided gradient-type bound and specific moment requirements, they were able to obtain pathwise uniqueness. This result is part of a broader trend in which the conventional global Lipschitz continuity is being replaced by monotonicity and one-sided bounds. In a critical Lebesgue-scale framework, Wei, Lv, and Wu (2023) made important progress in higher dimensions by demonstrating the existence and uniqueness of strong solutions for SDEs with what they called "critically irregular" drift. This reflects a shift in the field towards scale-invariant integrability conditions that resonate with the principles of PDE regularity theory and stochastic flow methods. Additionally, research on fractional and noisy drivers adds another layer to this evolving landscape. Sönmez (2023) established the existence and uniqueness of mixed fractional SDEs characterized by discontinuous drift, which is influenced by both Brownian motion and fractional Brownian motion. This work cleverly combines generalized Itô-type tools with specific estimates to address both memory effects and irregularity at the same time. Together, these studies illustrate that achieving “uniqueness” is increasingly reliant not on smoothness, but rather on factors like coercivity, non-degeneracy, integrability at the appropriate scale, and the careful selection of solution concepts—whether weak, strong, or pathwise.
Fractional and functional equations, especially those incorporating delay and integro-differential equations, are a fast-growing field of study that draws inspiration from genetic processes in physics, biology, and control systems. Fixed-point theory is important in this situation, but new research has improved the operator framework to handle nonlocal boundary conditions and novel fractional derivatives. Saha, Sukavanam, and Pan (2023), for example, investigated Atangana-Baleanu derivatives and other nonlinear fractional differential equations with fractional boundary conditions. They connected their theoretical results to an implicit numerical scheme and used Banach contraction principles for uniqueness and Leray–Schauder-type arguments for existence. This demonstrates how computational techniques and approximations are becoming more and more entwined with the debates surrounding existence and uniqueness. Raghavendran et al. (2025) studied fractional neutral Volterra–Fredholm problems in integro-differential scenarios with state-dependent delays, proving existence and uniqueness as well as stability features. These results are important because fractional operators can complicate energy methods, making fixed-point and stability calculations more difficult, and delays can upset the semigroup structure. Finding exact smallness conditions—whether connected to Lipschitz constants, kernels, or time horizons—remains a persistent difficulty in the area since uniqueness is frequently seen as "local" across this body of work unless global contraction can be proven.

One significant area where we've seen major advancements is in the infinite-dimensional well-posedness of stochastic partial differential equations (SPDEs). Here, the challenge lies in balancing the existence and uniqueness of solutions against potential blow-up and loss of regularity. Goodair, Crisan, and Lang (2024) laid out criteria for establishing the existence and uniqueness of a maximal strong solution across a wide range of SPDEs, showing how these ideas apply to viscous fluid equations, including stochastic Lie transport formulations tied to Navier–Stokes dynamics. Their focus on maximal solutions—those defined up to an explosion time—reflects a contemporary perspective: in the realm of nonlinear and stochastic PDEs, the key question often shifts from global solvability to whether we can find (i) a unique solution up to the natural breakdown time and (ii) conditions that can be verified to ensure that breakdown is either avoided or happens with a manageable probability. These insights also underscore a methodological convergence between PDEs and probability, blending concepts like stopping-time localization, a priori bounds, and compactness/monotonicity into a cohesive strategy for well-posedness.
Existence and uniqueness theory advances classical deterministic problems by expanding Peano and Kamke-style concepts beyond the standard ordinary differential equations (ODEs). Abduganiev, Azamov, and Begaliev's 2024 publication included improved versions of Kamke's uniqueness theorem and Peano's existence theorem for Pfaff equations with continuous coefficients. This illustrates that academics are increasingly focusing on two key topics, even in deterministic contexts: (i) expanding the range of acceptable coefficient classes and (ii) developing constructive approximation techniques that perform well with weak regularity. This trend indicates a shift in perspective: existence and uniqueness are no longer solely consequences of differentiability, but also structural features of operator families, many of which are nonlocal, nonsmooth, or degenerate.
Since 2016, several key themes have emerged in the academic world. To begin, the term "uniqueness" refers to a multitude of ideas, including pathwise uniqueness (consider SDEs), comparison-based uniqueness (consider viscosity solutions), and contraction-based uniqueness (consider fixed-point scenarios). Each of them serves a distinct purpose in modelling, and contemporary research has worked hard to choose which to use. Next, approximation has gained traction and is no longer an afterthought. Nowadays, approaches such as implicit discretizations, Galerkin truncations, and Euler-type schemes are widely used as both practical and proving tools for existence. Finally, in terms of optimality, there is still a noticeable disparity. Several conclusions are based on small or non-degenerate conditions, although it's unclear how accurate these criteria are. Bridging the gap between minimal assumptions and realistic verification poses a significant problem, particularly for coupled mean-field and SPDE models (Alonso, N. I. 2026).
Recent research has increased our understanding of convection flows and the validity of fluid models in porous media and annular geometries. For example, Alazmi et al. (2022) explored mixed convection heat transfer in vertical annuli filled with porous media, demonstrating the importance of buoyancy and permeability on flow behaviour. Similarly, Sivaraj and Kumar (2021) investigated magnetohydrodynamic mixed convection in porous channels, demonstrating the dampening effects of magnetic fields on velocity profiles. 
In a related work, Reddy et al. (2023) investigated transient convection flows in porous media, highlighting the importance of time-dependent behaviour in thermal systems. Furthermore, Das et al. (2022) presented computational insights into heat transmission in concentric circular regions, indicating that temperature distribution is sensitive to boundary conditions.
More recently, Zhang et al. (2024) investigated the existence and uniqueness of solutions to nonlinear fluid flow equations, emphasising the significance of thorough mathematical validation in assuring model trustworthiness. These studies show an increasing interest in combining analytical, numerical, and theoretical approaches to better understand convection fluxes in porous and annular systems.
3.0 Materials and Method
3.1 Physical Model
We consider a transient, laminar, and fully developed mixed convection flow of an incompressible viscous fluid in a vertical concentric annulus filled with a porous medium of constant porosity. The annulus is bounded by two coaxial cylinders of radii (inner cylinder) and (outer cylinder), such that , where denotes the radial coordinate.
The flow is assumed to occur along the axial -direction, driven by a constant pressure gradient. Thermal effects are introduced through temperature differences between the inner and outer walls, which give rise to buoyancy forces. Additionally, an external magnetic field of uniform strength is applied, influencing the flow through electromagnetic damping.
The fluid properties are assumed constant, except for density variations in the buoyancy term, which are treated using the Boussinesq approximation.
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 Figure 1: Flow Geometry

Under the above assumptions, the governing equations for momentum and energy are expressed as follows:
Momentum Equation
                                                             (3.1)
Energy Equation

                                                                                             (3.2)
The initial and boundary conditions are as follows

where and represent the temperatures of the inner and outer cylinders, respectively. The variables and physical parameters used in the model are defined as follows
 axial velocity of the fluid,   temperature of the fluid,   radial coordinate,  =  axial coordinate,  time,  kinematic viscosity,  =  thermal diffusivity,  = fluid density,  pressure,  acceleration due to gravity,  = coefficient of thermal expansion  =  reference temperature,  electrical conductivity of the fluid,  magnetic field strength 
3.2 	Non – Dimensionalization  
To simplify the governing equations and identify the key physical parameters controlling the flow and heat transfer, the following dimensionless variables are introduced:
uʹ= ,       rʹ =   ,       Zʹ  =  ,,      tʹ =  
where and are the characteristic length Scales in the radial and axial directions, respectively, and is a characteristic velocity.
Substituting these variables into the governing equations (3.1) and (3.2), and dropping the prime (ʹ), we obtain the following dimensionless equations:
Momentum Equation
                                                                         (3.3)
Energy Equation
                                                                                                 (3.4)
The corresponding dimensionless boundary conditions become:

The dimensionless parameter appearing in the models are as follows:
 Re =Reynolds number, Gr = Grashof number, Pe = Peclet number, M = Magnetic parameter 
3.3 Existence and Uniqueness of Solution.
Understanding existence and uniqueness is essential for a mathematical model to be well-posed and meaningful. This study aims to determine if there is a unique solution to the given problem. Existence indicates that at least one solution meets the system's governing equations and requirements. This is usually established using analytical approaches such as fixed-point theorems, continuity arguments, or compactness processes, depending on the type of problem.
On the other hand, uniqueness ensures that the solution discovered is the only one that meets the requirements. This feature governs the model's dependability and predictability. Uniqueness is frequently demonstrated using techniques such as contraction maps or energy estimations, which indicate that any two possible solutions must coincide. 
Existence and uniqueness work together to ensure that the problem is articulated clearly and that a feasible and trustworthy solution is discovered. These properties give a solid theoretical foundation for future research and, depending on the nature of the problem, numerical approximation.
Momentum Equation
  
 ,  a ≤ r ≤ 0
Energy equation
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Substituting equation (3.5), (3.6) and (3.7) into the model equation we get
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 					             (3.9)                                                                                                         
Self – Similar solution exists at equation 3.8 and 3.9 reduces to 
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Equation (3.10) can be rewritten as
 					              (3.12)
With boundary condition
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 		                            (3.14)

Now we shall establish the criteria for the existence and uniqueness of the solution of the model.
From equations (3.10) – (3.12), the governing equations can be expressed as a system of first-order ordinary differential equations.
Let us introduce a variable
.
Then the system can be written in vector form as 
                                                                                                                                                      (3.15)where
                                                                                                              (3.16)
And the function is defined by
                                                                                          (3.17)
Here, and are derived from the momentum and energy equations and depend on the physical parameters: Reynolds number (Re), Grashof number (Gr), magnetic parameter (M), and Peclet number (Pe).
Let    t ≥ 0 
 
Proof
Let 
Then; 
          
The system of equation can be written in vector form as
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3.4 Existence and Uniqueness Theorem
Consider the system of ordinary differential equations obtained from (3.11) – (3.12)
                                                                                                  (3.35)

where is the vector of dependent variables and is defined by the governing momentum and energy equations.
Assumptions
Let the domain be defined as:
                                                                               (3.36)

where is a constant.
Assume that all physical parameters are finite positive constants.The components of the vector function are constructed from smooth algebraic combinations of the dependent variables and physical parameters. Hence, each is continuous in . Therefore, the vector function is continuous in .
Lipschitz Condition
To establish uniqueness, we verify that satisfies a Lipschitz condition with respect to .
The partial derivatives of satisfy:
                                                                                               (3.38)

for some constant , since all parameters are finite and the functions are smooth.
Hence, for any , we have:
.
for some Lipschitz constant . Therefore, is Lipschitz continuous in on .
Application of Picard- Lindelöf Theorem
Since:
is continuous in , and 
satisfies a Lipschitz condition with respect to , 
it follows from the Picard–Lindelöf theorem that the initial value problem admits a unique solution in 
Therefore, the system of equations (3.11) – (3.12), subject to the boundary conditions (3.13) –(3.14), possesses a unique solution in the domain . This establishes that the mathematical model is well-posed.
Method for Existence and Uniqueness
The controlling momentum and energy equations are reduced to a set of ordinary differential equations via similarity transformations. When 𝑏 = 0, the system exhibits self-similar solutions and can be represented as a first-order system with appropriate variables. 
The fundamental ODE theory is then applied to the system. The functions that define the system satisfy the Lipschitz condition in a finite domain since they are continuous and have bounded partial derivatives, as demonstrated. The Picard-Lindelöf theorem dictates that the system has just one solution.
Conclusion
In this study, a mathematical model for transient mixed convection flow of an incompressible viscous fluid in a vertical concentric annulus filled with a porous media was developed. The governing momentum and energy equations, which account for buoyancy, pressure gradient, and magnetic field effects under the Boussinesq approximation, were nondimensionalized and reduced to ordinary differential equations by similarity transformations. The Picard-Lindelöf theorem was used to prove that the model is well-posed and has stable and unique solutions. The research shows how essential dimensionless characteristics such as Reynolds, Grashof, Peclet, and magnetic parameters affect flow and thermal behaviour. Overall, this study establishes a solid theoretical foundation for future analytical and numerical research of convection flows in porous annular geometries.
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