


Analytical Solutions on Portfolios of Investments for Stock Markets: A Laplace Transform Approach


Abstract
This study introduces a Laplace transform approach to derive analytical solutions for investment portfolios in volatile stock markets, with a focus on the Nigerian context. Traditional models like mean-variance analysis often fail to capture stochastic dynamics, volatility, and time-dependent factors in emerging economies. By formulating systems of second-order differential equations for asset prices and applying Laplace transforms, closed-form solutions incorporating modified Bessel functions are obtained, revealing symmetric properties and normal distributions of asset values. Results from graphical analyses demonstrate how volatility influences gradual price stabilization, maturity parameters reduce short-term fluctuations, and growth rates balance risk-return dynamics. The framework provides robust tools for asset allocation, risk assessment, and forecasting, offering practical implications for investors and policymakers in navigating market uncertainties.

Keywords: Laplace transform, stock market portfolios, volatility modeling, Bessel functions, Nigerian capital market.

1.0 Introduction
A crucial component of financial strategy is managing investment portfolios in stock markets, especially in developing nations like Nigeria where markets are very volatile because of things like foreign portfolio inflows, exchange rate swings, and macroeconomic instability [1]. According to recent research, foreign portfolio investment (FPI) has a substantial and asymmetric impact on stock market capitalization and performance, with inflows frequently intensifying market reactions during difficult economic times [10]. Empirical data, for example, indicates a positive correlation between foreign capital investments and stock market activity; yet, issues such as exchange rate volatility can have nonlinear and destabilizing impacts on investor confidence and asset values [9].
[13] reveals the solutions to several families of fractional integro-differential equations through the application of a simple fractional calculus method. This approach results in various interesting consequences and also extends the classical Frobenius method. The provided approach is primarily based on established theorems concerning particular solutions of fractional integro-differential equations using the Laplace transform and the extension coefficients of binomial series. Additionally, an illustrative example of such fractional integro-differential equations is presented.
Exchange rate volatility has been found to be a major macroeconomic factor influencing the dynamics of the Nigerian stock market. It typically results in increased uncertainty and has an impact on portfolio returns due to external pressures and regime changes. The importance of institutional quality, capital inflows, and structural factors in determining market efficiency and the long-term growth of the capital market is further highlighted by recent Nigerian research, highlighting the necessity of sophisticated modeling techniques to capture these intricate interactions [1] and [10].
The stochastic and time-dependent nature of these dynamics in volatile emerging markets is frequently not sufficiently addressed by conventional portfolio optimization techniques like mean-variance analysis. Advanced mathematical techniques, such as transform methods, offer ways to get closed-form analytical solutions that more accurately account for uncertainty, temporal evolution, and risk variables in order to get around these restrictions. In order to obtain analytical answers for stock market investment portfolios, this research presents a Laplace transform approach. By converting differential equations driving portfolio dynamics into algebraic forms that can be inverted and solved, this approach enables accurate modeling of asset allocation methods, risk assessment, and return forecasts.
Using this transform-based paradigm, the study builds on recent discoveries on foreign investment flows, market capitalization determinants, and volatility patterns to provide a novel contribution to financial modeling specific to the Nigerian setting. The strategy is in line with the increasing focus on reliable quantitative techniques for overcoming obstacles in emerging markets. The theoretical underpinnings, methodological specifics, empirical application, solutions found, and ramifications for investors, portfolio managers, and policymakers in Nigeria's stock market are described in the parts that follow.
Researchers have used this method on real share price data in empirical Nigerian scenarios. In order to determine how frequently prices fluctuated between increase, decline, and steady states during the sample period, [20] created transition matrices for the closing prices of Fidelity Bank and Access Bank shares. The study next examined equilibrium distributions of share price states and long-run behavior using powers of the transition matrix, shedding light on the stochastic character of price fluctuations in the Nigerian stock market.
More recently, by focusing on analytical solutions to state-based financial systems, [15] expanded stochastic modeling of capital market pricing. Their research demonstrates how structured stochastic techniques enhance prediction accuracy and investment decision-making, and emphasizes the significance of probabilistic transition structures in comprehending changes in market prices. A thorough mathematical framework for evaluating stock market price dynamics is produced by combining their findings with traditional absorbing Markov chain theory.
Models that reflect both short-term transitions and long-term equilibrium tendencies are obviously needed, given the inherent uncertainty and volatility of share prices. In order to examine the behavior of stock market prices, this study uses a Markov chain model and obtains the corresponding fundamental matrix solution. By providing a systematic probabilistic approach for assessing state transitions, steady-state distributions, and projected durations within financial markets, it adds to the body of knowledge in quantitative finance. 
[4] solved differential equations and stochastic differential equations of time-varying investment returns using multiplicative and multiplicative inverse trend series. They discovered that the asset price return rate is contingent upon the appropriate circumstances. In both deterministic and stochastic systems, the proposed model showed that a multiplicative inverse trend series outperformed a multiplicative trend in terms of effectiveness and dependability.
In a similar vein, [8] employed local linearization to approximate non-autonomous SDEs using fractional Brownian motion with the Hurst parameter. The drift and diffusion terms were roughly understood using a first-order Taylor expansion. A local fractional linear stochastic differential equation is created from the original problem, and it is easy to solve.  In these conditions, the convergence rate is double that of the Euler approach, much like in Brownian motion.
However, in their analysis of OandO Nigeria PLC stock price variation assessments, [5] transformed the stock prices into a solution for a three-step transition probability matrix for each unique year. A stochastic Markov chain analysis was then performed on OandO Nigerian, PLC's stock price closing data from 2017 to 2021. We also looked at the percentage increase and decrease in starting prices due to various pricing levels to help us make decisions about future price changes. 
In order to determine the stock rate of returns, [4] looked at the system of stochastic differential equations of Dangote Cement PLC's time-varying investments, focusing on additive and multiplicative inverse effects as important model parameters. Four different investment solutions can be analytically determined by using Ito's theorem to the problem. In order to develop precise criteria for controlling asset price return rates, [3] used multiplicative and multiplicative inverse trend series, taking into account both the differential equations and the stochastic differential equations of time-varying investment returns. In both deterministic and stochastic scenarios, their analysis of the proposed model revealed that the multiplicative inverse trend series performs more effectively and consistently than the multiplicative trend. 
Additionally, [18] examined the stochastic analysis of stock market expected returns for investors as well as the particular needs for learning the drifts, volatilities, and variances of four distinct equities.
[21] examined the closing stock price data of three chosen companies using stochastic analysis of Markov chains. According to NASCO Nigeria's review of the situation, there is a chance that prices may rise soon.
When making decisions, the differential equation model created by [22] may take environmental aspects into account and incorporates a stochastic parameter. By introducing a condition to the stochastic component and utilizing principal component analysis, which is dependent on drift, these studies logically extended to vector stochastic differential equations that would aid in forecasting various commodity price processes. The proportion that Principal Component Analysis (PCA) first described as a function of drift is also displayed in the results. The results of the Kolmogorov-Smirnov (KS) test under the given conditions showed that the drift and volatility distributions differed.
Additionally, [5] studied the specific criteria for deriving the drifts, volatilities, and growth rates of four distinct stocks from the stochastic analysis of the model and performed stochastic analysis of the predicted returns and growth rate of the stock market. Financial liquidation has resulted from the substantial depletion of assets valued at hundreds of Naira, as expected by growth rates. Additionally, growth-rate data increased significantly, primarily demonstrating robust stock returns during the trading period and providing investors with a profit margin.
[2] incorporate a stochastic component and take the environment into consideration while making decisions in their differential model. It made sense to expand their study to include vector stochastic differential equations, which were useful for forecasting commodity prices in general. To get at their findings, they attached a condition to the stochastic part and employed physical component analysis, which is dependent on drift. They also demonstrated that the drift and volatility distributions were different.  A stochastic model was created for the Nigerian Stock Exchange (NSE) by [17]. They examined the market values of four different stocks. By measuring the likelihood of each change in stock prices and computing the drift (expectation) and volatilities (covariance) of the change, stochastic differential equations were created. For ninety days, we monitored changes in stock prices. The Euler-Murayama method was used to get the drift and volatility coefficients for the stochastic differential equations. The simulation served as the basis for our short-term stock price projection. When examining the prices over a forty-month period, S1 seems to offer the highest return on investment among the four stocks taken into consideration. The investor may select the stock with the highest return on investment if they monitor the trend over an extended period of time. By leveraging our experience to compare up to four equities, we can advise the customer on the best spot to invest.
For efficient analysis and investment decision-making, organized probabilistic models are necessary since stock market price movements are intrinsically stochastic [16]. Using closing price data from the Nigerian Exchange between 2022 and 2025, this study uses a fundamental matrix solution and a three-state Markov Chain model to analyze changes in the stock prices of UNICEM Nigeria PLC and BUA Nigeria PLC. Transition probability matrices were built to represent price movements that were steady, upward, and downward. The findings support the stochastic and memoryless character of stock price dynamics by showing nearly balanced transition probabilities between states. According to growth rate and expected mean rate of return assessments, BUA shows somewhat higher short-term increasing trends, whereas UNICEM shows comparatively stronger long-term growth stability. Future price movements follow an exponential time-dependent pattern, according to the fundamental matrix solution obtained by eigenvalue and eigenvector analysis. Increasing volatility dramatically increases future price magnitudes, according to numerical simulations, underscoring volatility as a crucial factor influencing risk exposure and price dispersion. The study comes to the conclusion that a thorough mathematical framework for assessing short-term transition probability and long-term stock price evolution can be obtained by combining Markov chain transition structures with fundamental matrix solutions. The results provide quantitative evidence in favor of strategic investment planning in unpredictable markets.
2.0	Materials and Method
2.1	The Black-Scholes Model

In the early 1970s, Robert Merton, Myron Scholes, and Fisher Black made the biggest contributions to European stock option pricing. This led to the creation of the well-known Black-Scholes-Merton (Black-Scholes) model, which has significantly helped traders with derivatives pricing and hedging. The 1997 Nobel Prize in Economics was awarded to them in recognition of their achievements (Hull, 2006). The Black Partial Differential Equation (BPDE) states that							                   (1)

Furthermore, risk variables encompass all forms of risk and uncertainty found in the financial market, including stock prices, interest rates, strike prices, stock maturity dates, and asset values at time . 
2.2	Problem Formulation on Price of Asset Equations



Considering companies disparities of portfolios in an investment such as  and  be represented in the systems of 2nd order differential equation. However, the above concepts is quantitative since prices observes by investors prices and takes action in discrete time periods  the price changes and fundamental factors are very unclear and are displayed in probability space, [18]. The dynamics governing this process are as follows:

						                   (2)

								                   (3)
With the following boundary conditions

								                   (4)







Where  and  represents the underlying assets,  and are constant parameter, represents volatility, is the maturity time parameter of investments and is the price of worth of assets.
2.3	Method of Solution
The suggested model in (2) and (3) was solved using the Laplace transform for second order differential equations.
A particular solution for the homogeneous part of (2) will be obtained before the entire solution. This is because the homogeneous solution describes the inherent behavior of the system, the particular solution shows the external effect, and the full solution provides the behavior of the entire system. As mentioned earlier, estimating the growth rate and maximizing the price for the initial business investment are two practical implications of solving (2). On the other side, the economic ramifications include helping to predict future economic trends, helping to create policies and investment strategies, and helping to anticipate and respond to changes in demand [11].
Thus, resolving the homogeneous portion, which is expressed as

								                   (5)
Taking Laplace transform of (5) gives

						                   (6)

			                   (7)
To clear the bracket above yields

	                   (8)
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By factorization, (10) gives

						                 (11)

								                 (12)
(12) becomes a differential equation. Solving using variable separable,

								                 (13)

									                 (14)
Integrating both sides of (14) gives

								                 (15)

						                             (16)
Taking natural log of both sides,

									                 (17)

Recall that , thus implies 

									                 (18)
Taking the Laplace inverse of (17),

					                 (19)
Hence the inverse Laplace transform gives,

						                 (20)
(20) becomes Modified Bessel function of order zero because of its imaginary part. 

										     (21)
Using (20) into (21) yields

									                 (22)
To obtain the non-homogenous part of (2), we assume a solution for particular integral. Let the particular integral be;

								                (23)
Differentiating (23) up to 2nd order,

								                (24)

								                 (25)
Substituting (23), (24) and (25) into (2) gives

				                             (26)

	                             (27)

Because (2) and (3) are related, the solution to (2) depends on the solution to (3), making the right-hand side of equation (2) a linked differential equation. In the RHS of (2), we replace the solution of (3), which suggests,	                (28)
Combining the terms above gives,

		                             (29)
Putting (29) into (28) gives

			                                                                (30)
Putting (22) and (20) into (27) gives,

					                             (31)
Applying the boundary conditions in (4) gives

					                                         (32)

Solving for  in (32) gives

					     (33)

Making the subject




								                 (34)
Substituting (34) into (32) gives,

		                                        	     (35)
Combining (35) and (31) 



			                                         (36)
where,

						     (37)						
From (3), taking the Laplace transform gives

						                 (38)

			                 (39)
To clear the bracket above yields

	                 (40)

					                 (41)

						                 (42)

						                 (43)

								                 (44)
(44) becomes a differential equation. Solving using variable separable,

								                 (45)

									                 (46)
Integrating both sides of (46) gives

								                 (47)

							                             (48)
Taking natural log of both sides,

									                 (49)

Recall that , thus implies 

									                 (50)
Taking the Laplace inverse of (50),

				                             (51)
Hence the inverse Laplace transform gives,

						                 (52)
Using the boundary condition of (4) in solving (52),

										                 (53)
Putting (52) into (53) gives,

									                 (54)
Where (54) is a Bessel function of order zero given by,

						     (55)	

2.4	Symmetric Characteristics of the Model
The pricing asset solution has a normal distribution because of its symmetric characteristic. Therefore, the solution will be examined to ascertain the symmetric features of assets. Therefore, we formulate the theorem as follows:

Theorem 1(Symmetric properties): The answer (54) is symmetrical about the curve. That is,  see [15].
Proof
From (54)








Differentiating  with respect to 












3	Results 
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Figure.1: Dynamics of Asset Price under Volatility Influence




This graph illustrates how the first asset price  responds to changes in price level under the influence of volatility. The curve reflects the modified Bessel function behavior derived from the Laplace transform solution. The smooth, non-linear pattern indicates that volatility causes gradual adjustments in asset value rather than abrupt changes. As  increases, the asset price stabilizes, suggesting that market uncertainty is absorbed over time.

[image: ]



Figure 2: Effect of Maturity Parameter  on Asset Price 



This graph shows the relationship between the second asset price  and price level, influenced by the maturity parameter. The curve demonstrates that longer maturity periods lead to smoother price transitions, indicating reduced short-term volatility. The Bessel function solution implies that asset value becomes more predictable as maturity increases, which is beneficial for long-term investment planning.

[image: ]
Figure 3: Combined Impact of Volatility and Growth Rate on Portfolio Value


This graph represents the interaction between volatility, growth rate​, and asset price. The curve shows that portfolio value initially fluctuates due to market uncertainty but gradually aligns with growth trends. This confirms the model’s ability to capture both stochastic fluctuations and deterministic growth, highlighting the importance of balancing risk and return in investment strategies.

[image: ]
Figure 4: Symmetric Distribution of Asset Prices around Equilibrium

This graph demonstrates the symmetric property of the asset price solution, confirming the theorem that at the equilibrium point. The symmetry indicates that price deviations above and below equilibrium occur with equal probability, implying a normal distribution of asset prices. This validates the model’s assumption of market efficiency and supports its applicability in predicting fair asset values.

Discussion of Results


The analytical solutions obtained from equations (36) and (54) describe the dynamic behavior of the two asset prices  and in an investment portfolio under the influence of volatility, maturity time, and growth parameters. These solutions are expressed in terms of modified Bessel functions and standard Bessel functions, which arise naturally when solving second–order differential equations through Laplace transform techniques. The graphical simulations provide insights into the long–term stability, volatility absorption, and symmetric distribution properties of the asset prices. The results highlight how stochastic fluctuations and deterministic parameters interact to determine portfolio behavior in a volatile financial environment such as the Nigerian capital market.
Figure 1: Dynamics of Asset Price under Volatility Influence


The first graph illustrates the dynamic behavior of the asset price  with respect to the price level under the influence of the volatility parameter. The curve follows the structural pattern of the modified Bessel function obtained from the analytical solution in equation (36). The results show that volatility does not produce abrupt or discontinuous changes in asset price; instead, it generates a smooth nonlinear trajectory. Initially, the asset price responds sensitively to volatility shocks, resulting in moderate fluctuations in the early time period. However, as the price level increases, the trajectory gradually stabilizes. This behavior suggests that the financial system absorbs uncertainty over time, allowing the asset price to converge toward a stable path. From a financial perspective, this result indicates that although volatility may temporarily distort asset values, long-term market mechanisms tend to restore equilibrium conditions. Such stabilization is consistent with stochastic financial models where random disturbances gradually diminish due to underlying growth or market correction mechanisms. This finding supports previous studies on stochastic financial dynamics that show asset prices often exhibit mean-reverting tendencies or gradual convergence after volatility shocks (Amadi & Okpoye, 2022; Osu & Amadi, 2022). In practical terms, the result implies that investors operating in volatile markets such as the Nigerian Exchange (NGX) may experience short-term fluctuations, but long-term investment strategies may still yield stable returns. Furthermore, the Bessel-type structure of the solution indicates that volatility contributes to oscillatory damping effects, meaning that the magnitude of fluctuations decreases as the system evolves over time.
Figure 2: Effect of Maturity Parameter on Asset Price


Figure 2 illustrates the influence of the maturity parameter  on the second asset price , as obtained from equation (54). The maturity parameter represents the investment horizon or the time to asset maturity. The graphical pattern shows that longer maturity periods produce smoother and more predictable asset price trajectories. At lower maturity values, the asset price exhibits more pronounced oscillations, indicating higher short-term sensitivity to market disturbances. However, as maturity increases, these oscillations gradually diminish, resulting in a smoother curve. Mathematically, this behavior arises because the maturity parameter appears in the exponential component of the Bessel function solution, which acts as a damping factor that moderates price fluctuations over time. From an economic standpoint, the result implies that long-term investments tend to reduce the impact of short-term volatility. Investors with longer investment horizons are therefore less exposed to temporary market shocks and can benefit from more predictable asset growth patterns. This observation aligns with empirical findings in financial economics, which suggest that long-term assets generally exhibit lower relative volatility compared to short-term speculative assets (Amadi & Anthony, 2022; Osu et al., 2022). For the Nigerian capital market, where macroeconomic shocks such as exchange rate fluctuations and foreign capital inflows frequently influence asset prices, the maturity parameter plays a critical role in mitigating uncertainty. Thus, the model provides theoretical justification for long-term portfolio diversification strategies.
Figure 3: Combined Impact of Volatility and Growth rate on Portfolio Value



Figure 3 presents the combined interaction between volatility, growth rate, and asset price dynamics within the portfolio system. The graphical structure shows multiple curves representing different combinations of volatility and growth parameters. The results demonstrate that portfolio value initially undergoes significant fluctuations due to stochastic disturbances associated with market uncertainty. These fluctuations are more pronounced when volatility is high and growth rates are relatively low. However, as the system evolves, the deterministic growth component begins to dominate the stochastic component, resulting in a gradual alignment of the portfolio trajectory with the growth trend. This interaction highlights an important property of the model: portfolio dynamics are governed by a balance between stochastic volatility and deterministic growth forces. When the growth parameter  exceeds the destabilizing influence of volatility, the portfolio value tends to increase steadily. Conversely, when volatility dominates growth, the portfolio experiences stronger fluctuations before eventual stabilization. This finding is consistent with stochastic financial models that emphasize the importance of balancing risk and return in portfolio management (Amadi et al., 2021; Osu et al., 2022). In practical investment decision-making, this result suggests that investors must carefully adjust their portfolios to ensure that expected growth rates sufficiently compensate for volatility risk. The model therefore provides a mathematical framework for evaluating risk-return tradeoffs in emerging financial markets.
Figure 4: Symmetric Distribution of Asset Prices around Equilibrium

Figure 4 demonstrates the symmetric property of the asset price solution derived from equation (54). The theoretical analysis in Theorem 1 established that the solution satisfies the symmetry conditionwhich implies that the asset price distribution is symmetric about the equilibrium point. The graph confirms this theoretical result by showing that price deviations above and below equilibrium occur with equal probability. This symmetry indicates that the probability distribution of asset prices follows an approximately normal distribution pattern, a common assumption in financial modeling. The implication of this result is that positive and negative market shocks have comparable effects on the asset price trajectory. Such symmetry is an indicator of market efficiency, where asset prices adjust proportionally to new information without systematic bias. In the context of portfolio modeling, the symmetric property ensures that the analytical solution remains stable and predictable over time. It also supports the theoretical assumption used in many financial models that asset returns follow approximately normal distributions. This finding is consistent with previous stochastic financial studies which demonstrate that asset price variations often display symmetric statistical properties when modeled using differential equations or Markov processes (Nwosu & Amadi, 2025; Osu et al., 2024). Therefore, the symmetric behavior observed in the model validates the mathematical framework and confirms its suitability for analyzing portfolio dynamics in real financial markets.

4.0	Conclusion







[bookmark: _GoBack]This study presents a Laplace transform approach to derive analytical solutions for investment portfolios in volatile stock markets, particularly in Nigeria, addressing limitations of traditional mean-variance analysis by modeling stochastic dynamics through systems of second-order differential equations for asset prices  and . Drawing on the Black-Scholes model, it incorporates factors like volatility (), maturity time (), growth rates (), and price (), yielding closed-form solutions involving modified Bessel and Bessel functions that exhibit symmetric properties and normal distributions. The methodology solves homogeneous and non-homogeneous parts, applies boundary conditions, and validates through theorem proofs, extending prior stochastic models like Markov chains. Empirical discussions, supported by graphical analyses, highlight implications for asset allocation, risk assessment, and policy in emerging markets, contributing to quantitative finance literature. The findings from the research are: (i) The curve shows a smooth, non-linear rise, indicating that volatility causes gradual asset value adjustments rather than abrupt changes, with stabilization as price level  increases, suggesting market uncertainty is absorbed over time. (ii) The oscillating curve demonstrates smoother price transitions with longer maturity periods, reducing short-term volatility and implying greater predictability for long-term investment planning. (iii) Multiple rising lines and a 3D surface reveal initial fluctuations due to uncertainty that gradually align with growth trends, emphasizing the need to balance stochastic risks with deterministic growth in strategies. (iv)The symmetric curve confirms equal probability of price deviations above and below equilibrium, supporting a normal distribution and validating market efficiency assumptions for fair value predictions.
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