 SOLUTION PROPERTIES OF TRANSIENT MIXED CONVECTION FLOW IN A VERTICAL MICRO-ANNULUS WITH INTERNAL HEAT GENERATION AND VARIABLE VISCOSITY EFFECTS

 Abstract 


This paper examines the properties of solution of transient mixed convection flow in a vertical micro- annulus with internal heat generation and variable viscosity effects. A mathematical model describing the coupled momentum and energy equations is formulated using Boussinesq approximation and transformed into a non-dimensional form. The existence and uniqueness of the solution are established. The Kolodner–Pederson’s lemma is then employed to examine the qualitative behaviour of the solution. The study establishes that, the mathematical model is well-posed and physically consistent, the fluid velocity and fluid temperature  are bounded, exhibit thermal stability and evolve monotonically in a predictable manner over time toward finite limiting values. These findings contribute to the theoretical understanding of heat transfer processes in micro-scale annular systems with applications in thermal energy storage, cooling techniques, and engineering heat transfer devices.
Keywords: Annulus, convection flow, Incompressible flow, transient, fluid velocity
[bookmark: _GoBack]1. Introduction
Mixed convection flow in annular and micro-channel systems has received considerable attention due to its applications in thermal energy storage, electronic cooling, chemical processing, food industries, and nuclear systems [1]. In such configurations, the interaction between buoyancy and forced convection significantly influences thermal performance and flow stability.
In practical engineering systems, large temperature gradients require the inclusion of temperature-dependent transport properties and internal heat sources in the governing equations. Hydromagnetic convections in cones and wedges was investigated in [2]’ while magnetic field effects in semi-annular geometries were examined in [3]. Nanofluid mixed convection in annular systems has also been numerically analyzed in [4], showing enhanced thermal transport due to nanoparticle dispersion.
Variable viscosity effects in micro-scale flows were studied in [5]’ where viscosity variation was shown to effect flow rate and share stress. An exact solution for steady mixed convection in a vertical micro-annulus with temperature-dependent viscosity was presented in [6]. More recent studies have extended analysis to MHD and nanofluid systems. The effects of variable viscosity and thermal conductivity in chemically reacting MHD nanofluid flow over a vertical cone were examined in [13]. Hybrid nanofluid mixed convection over an inclined shrinking plate was investigated in [14], while neural computing approaches to nanofluid heat and mass transfer were developed in [15]. Mixed convection with internal heat generation in complex cavities was studied numerically in [16], and MHD mixed convection in porous trapezoidal cavities was analyzed in [17]. Further theoretical and numerical developments involving hybrid nanofluids and porous micro-channels were reported in [18,19]. Although these studies provide significant numerical insights, limited attention has been given to rigorous mathematical analysis of solution properties, particularly existence, uniqueness, boundaries and qualitative stability in transient mixed convection models. Establishing these properties is essential to ensure that model is well-posed and physically meaningful. 
Since 2016, a primary driver has been the steady lowering of regularity requirements in stochastics models, where unpredictability can, ironically, boost solveability. Mean-field [21] established weak/strong existence and weak/strong uniqueness under significantly relaxed conditions, emphasizing non-degeneracy and growth controls while tolerating limited drift regularity, which is an important step because distribution dependence complicates standard martingale-problem and fixed-point approaches. Subsequent work has addressed physically motivated singular interactions: [22] treated McKean-Vlasov equations resulting from random vortex dynamics, proving existence and uniqueness even when coefficients involve singular integral kerncis (e.g., Biot-Savart type), demonstrating how problem-specific structure can substitute for classical smoothness.
Parallel advances aim to address irregular drift in (non-mean-field) SDEs. [20] demonstrated well-posed for a one-dimensional SDE with random, irregular drift, obtaining pathwise uniqueness under a one-sided gradient-type bound and moment conditions--representing a broader trend where monotonicity/one-sided bounds stand in for global Lipschitz continuity. In higher-dimensional contexts, [26] demonstrated the existence and uniqueness of strong solutions for SDEs with "critically irregular" drift within a critical Lebesgue-scale framework, reflecting the field's shift toward scale-invariant integrability conditions that are consistent with PDE regularity theory and stochastic flow methods. Work on fractional/noisy drivers enhances this picture: [25] demonstrated the existence and uniqueness of mixed fractional SDEs with discontinuous drift driven by both Brownian motion and fractional Brownian motion, coupling generalized Itô-type tools with customized estimates to address memory and irregularity at once. Collectively, these studies demonstrate that "uniqueness" is increasingly gained not by smoothness, but by coercivity, non-degeneracy, integrability at the appropriate scale, and carefully chosen solution concepts (weak, strong, pathwise).

A second fast-growing strand focuses on fractional and functional (delay/integro-differential) equations, which are driven by hereditary processes in physics, biology, and control. Fixed-point theory remains fundamental, but new studies improve the operator framework to support nonlocal boundary conditions and innovative fractional derivatives. [24] investigated nonlinear fractional differential equations with fractional boundary conditions (including Atangana-Baleanu derivatives), employing Leray-Schauder-type arguments for existence and Banach contraction for uniqueness, as well as linking theory to an implicit numerical scheme--an example of how the existence/uniqueness narrative is increasingly associated with computation and approximation. In integro-differential systems with state-dependent delays,


[23] investigated fractional neutral Volterra-Fredholm problems, demonstrating their existence/uniqueness and associated stability properties; such findings are significant because delays can destroy semigroup structure and fractional operators complicate energy methods, making fixed-point/stability toolkits a viable alternative. Across this literature, uniqueness is frequently "local" until contraction can be demonstrated globally; consequently, defining sharp smallness criteria (on Lipschitz constants, kernels, or temporal horizons) remains an active design challenge. A third area of significant advancement is the infinite-dimensional well-pose for stochastic partial differential equations (SPDEs), in which existence and uniqueness must be balanced against blow-up and loss of consistency. [27] established conditions for the presence and uniqueness of a maximum strong solution for a large SPDE class and proved their relevance to viscous fluid equations, including stochastic Lie transport formulations linked to Navier-Stokes dynamics. The emphasis on maximal solutions (solutions defined up to an explosion time) reflects a modern perspective: in nonlinear and stochastic PDEs, the right question is frequently not global solvability, but whether one has (i) a unique solution up to the natural breakdown time and (ii) verifiable conditions ensuring that breakdown does not occur (or occurs with controlled probability). These contributions also illustrate a methodological convergence between PDE and probability: stopping-time localization, a priori constraints, and compactness/monotonicity concepts are fused into a single well-posed technique.
When a problem is formulated, it is essential to establish the conditions under which a unique solution exists in order to predict the behaviour of that solution. Oluwaseun Durojaye and Oluwatoyin Ayeni [7] investigated a steady-state reaction-kinetics model of polymerisation in the presence of material diffusion. They derived steady-state equations from the governing partial differential equations and established criteria ensuring the existence and uniqueness of solutions. In addition, numerical results were presented to illustrate the theoretical findings. Their study concluded that the steady-state equation remains bounded and admits a solution under physically reasonable conditions.

Furthermore, Oluwaseun Durojaye et al. [8] developed a mathematical model describing free-radical polymerisation in the presence of material diffusion. They demonstrated the existence and uniqueness of solutions for the proposed model. Analytical solutions were obtained using the parameter expansion method together with a direct eigenfunction expansion approach. The outcomes were presented graphically and analysed in detail. The results revealed that both the mixture temperature and monomer concentration are strongly affected by the Kamenetskii number and the thermal diffusivity of the mixture.
Analytical foundations for existence and uniqueness in related nonlinear systems were developed in [7,8], while internal heat generation modelling follows the framework in [9]. The existence and uniqueness approach adopted here is based on the theory in [10], supported by fundamental solution structures in [11]. The Kolodner-Pederson lemma [12] is further employed to obtained pointwise bounds and examine qualitative behaviour.
Motivated by these considerations, this study investigates transient mixed convection flow in a vertical micro-annulus with internal heat generation, viscous dissipation, and temperature- dependent viscosity. Existence and uniqueness of solutions are established via Lipschitz continuity framework, and qualitative properties are analyzed using the Kolodner-Pederson lemma. The results confirm that the model is well posed and that velocity and temperature field remain bounded and evolved monotonically toward finite limiting values over time.
The objectives of this paper are to establish the criteria for the existence of unique solution of transient mixed convection flow in a vertical concentric annulus and to examine the properties of the solution under certain conditions. 
2. Model Formulation
Following Jha and Aina [6], the fluid inside the annulus exhibits energy generation or absorption is considered. The z-axis is taken along the axis of the cylinder in the vertical upward direction and radius is the radial direction. The radius of the inner cylinder and outer cylinder are r1 and r2 respectively as shown in the Figure 1 below









Figure 1: Schematic Diagram of the Vertical Micro-Annulus with Thermal Boundary Condition

The viscous dissipation and compressibility effect in the fluid are considered using Boussinesq approximation, the mathematical model representing the present physical situation can be written as:

                                                             (1)

                                                                               (2)
The temperature dependent viscosity is [6]:

                                                                                                                        (3)
The internal heat generation or depletion term  is modeled [9] as: 

                                                                                 (4)
The first term represents the dependence of the internal heat generation or absorption on the space coordinate while the last term represents its dependence on the temperature inside the boundary layer.
The case when both > 0 and > 0 is heat generation while it is internal heat depletion when both < 0 and  0.                                                                                        
The initial and boundary conditions are as follows:

                                                                (5)                                                    




Where  is the coefficient of space-dependent internal heat generation or absorption, s the coefficient of temperature-dependent internal heat generation or absorption,  Is the mass density at temperature ,     is the reference fluid temperature, which ensure a liner relations between the local density and the level temperature, The reference temperature is chosen as the mean fluid temperature in any cross section of the micro- annulus,  is the viscosity when temperature is , 	is Kinematic viscosity,  is time, 	is Thermal diffusivity, Re        is Reynold number, 	is the temperature of the fluid,   is the internal heat generation or depletion term.

3. Method of Solution
3.1 Dimensional Analysis
In order to have the problem in a non-dimensional form, the following parameters are defined.

                                                 (6)
Using (6), and after dropping the prime, equations (1) - (3) become

                                                                       (7)

                                         (8)

                                                                                   (9)

Using the coordinate transformation

                                                                                                                      (10)

                                                                                                   (11)
We have

                                                                          (12)

                                                 (13)

                                                                                  (14)
Where
 is the thermal grashof number, Ec    is Eckert number, Pe  is Peclet number,     is pressure gradient.


 is the Reynolds number,  

3.2 Existence and Uniqueness of Solution
Establishing criteria for existence and uniqueness of solution is fundamental in mathematics especially in differential equations, linear algebra, optimization and analysis because it tells us whether a problem:
i. Has a solution at all (existence)
ii. Has only one solution (Uniqueness)
Solving problem without these guarantees, may be meaningless or misleading
Here, we shall prove the existence and uniqueness of solution of system of equation (12) and (13). Here, the equations (12) and (13) are written as:
                            (15)
                                       (16)
This question of existence and uniqueness of solution to these equations has been addressed by Ayeni [10] who considered a similar set of equations and showed among other results that existence and uniqueness are somewhat well known. In his work, he studied the following system of parabolic equations.
                                                                                     (17)
						           (18)
                                                                                      (19)
, , ,                    (20)
 
 (S.1):  and  are bounded for. Each has at most a countable number of discontinuities. 
(S.2): f, g, h satisfies the uniform lipschitz condition 
                                                                                                                                           (21)                
Where 
       	
Our proof of existence of unique solution of the system of parabolic equations (15) and (16) will be analogous to his proof.
   Theorem 1: There exists a unique solution and  of equations (15) and (16).   
In the proof we shall need the following Lemma:
Lemma 1 (Ayeni [10]): Let  and  satisfy (S.1) and (S.2) respectively, then there exists a solution of problem (17) - (20).
Proof of Theorem 1: we rewrite the equation (15) and (16) as;
  		                                               (22)  	                                                           (23)
Where 
                       (24)                      
 	           (25) Ignoring the second term at the right hand side, the fundamental solution of equation (22) and (23) are [11]:
 	                                                                       (26)
			                                               (27)
Next, it suffices to show that the Lipschitz condition in Lemma 1 is satisfied. That is if we are able to show that 
                                        (28) 
And
 	                       (29) 
 		                                               (30)
                                                                                                                                                        (31)                                                                                             
 							                       (32)
                                                                                                                                                        (33)
                                                                                                                        (34)
Since 
Hence 
  
Therefore
                                        (35)

And
 	                       (36) 
 Clearly,  are Lipchitz continuous. Hence by Lemma 1, the result follows. This completes the proof.
Next, we shall examine the properties of solution of equations (12) and (13).

3.3 Properties of Solution
Theorem 2: Let and.
In the proof, we shall make use of the following lemma of Kolodner and Pederson [12].

Lemma 2 [12]:
Let  of the differential inequality  where K is bounded from below. If 

Proof of Theorem 2: Given in cylindrical coordinates:
 						                       (37)
				                       (38)
Differentiating (37) and (38) with respect to t, we have
 		 	                       (39)
                     (40)
Let 
Then (39) and (40) become
 						           (41)
	                                       			           (42)
This can be written as 
				                                               (43)
							           (44)
Where 
 
Clearly,  is bounded from below and k is bounded everywhere.
Hence by Kolodner and Pederson lemma  This completes the proof.
4. Conclusion
To investigate the properties of the solution for transient mixed convection flow and heat transfer in a vertical micro-annulus—while accounting for internal heat generation, viscous dissipation, and temperature-dependent viscosity—the Lipschitz continuity approach was employed. This approach follows the methodology presented in the work of Oluwatoyin Ayeni [10] together with the lemma developed by Irving Kolodner and Donald Pederson [12].

The analysis demonstrates that both the fluid velocity and the fluid temperature remain bounded with respect to time. Such boundedness indicates that the velocity and temperature profiles approach finite limiting values as time progresses.
Furthermore, since the governing model equations satisfy the Lipschitz condition, existence and uniqueness of the solution are guaranteed. 
Therefore, the mathematical model is well posed under the stated assumptions
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