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Abstract

This work establishes a nonlocal analytic framework in the complex plane by introducing a
fractional complex derivative based on symmetric complex increments. The construction differs
fundamentally from classical Riemann—Liouville and Caputo operators by retaining rotational
compatibility and phase-consistent scaling in C. We prove fractional analogues of Cauchy
conditions, develop a nonlocal Cauchy—Pompeiu identity, and establish a novel Liouville type
theorem which shows that bounded fractional analytic functions must be polynomial like with
fractional degree quantization. A Laurent—Mittag—Leffler expansion is derived, exhibiting memory-
dependent powers. As proof-of-principle, a fractional harmonic potential model is studied,
demonstrating memory-driven angular deformation in analytic flow. The results open a pathway
toward fractional holomorphic geometry, fractional conformal mappings, and memory-influenced
residue theory.
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1 Introduction

Complex analysis relies on locality: infinitesimal ratios determine analyticity, and values inside a
domain hinge only on its boundary. Fractional calculus abandons strict locality and introduces memory;
incorporating this feature into complex analysis requires more than simply applying real fractional
derivatives to real and imaginary parts [4, 8, 10, 11]. A coherent nonlocal complex theory must
maintain phase compatibility, rotational symmetry, and direction-independence such as [3, 16, 17, 18].

This paper constructs a complex fractional derivative through symmetric complex increments,
providing a natural memory-dependent extension of the classical derivative while preserving complex
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scaling laws. Fractional Cauchy-type conditions, nonlocal integral identities, and fractional Laurent—
Mittag—Leffler expansions follow as consequences. The developed tools illustrate how memory
modifies analytic structure, producing fractional conformality and spectrum-like restrictions on bounded
functions.

In the absence of symmetric complex increments, fractional derivatives depend on preferred
directions, causing a breakdown of rotational invariance. As a consequence, classical pillars such as
the Cauchy—Riemann conditions, path-independent contour integrals, and Cauchy integral representations
fail to persist in a consistent fractional setting.

Motivation

Classical complex analysis rests on purely local behavior: infinitesimal changes around a point
determine smoothness, analyticity, and harmonicity. This framework is immensely powerful, but
it implicitly assumes that the system has no dependence on its past states. Fractional calculus,
in contrast, is defined by nonlocality and memory, yet its conventional formulations act along real
directions and do not respect the geometry of the complex plane. A direct application of real fractional
derivatives to the real and imaginary components destroys rotational symmetry and interrupts the
phase structure inherent to analytic functions.

To construct a genuine fractional complex theory, the derivative must respond uniformly to rotations
and preserve the intrinsic scaling law of the complex line. This requirement naturally leads to symmetric
complex increments. By averaging forward and backward complex displacements in all directions, the
resulting operator maintains phase consistency, removes directional bias, and seamlessly accommodates
memory effects within an analytic framework. In this sense, the symmetric fractional complex derivative
serves as a bridge between nonlocal calculus and holomorphic structure, laying the foundation for a
memory-aware extension of complex analytic geometry.

2 The Symmetric Fractional Analytic Framework

Throughout, fix a € (0,1). For h € C\ {0} write b = pe’’ with p > 0 and 6 € (—m, 7], and use
the principal branch for h® = p®e’®?. For f : Q ¢ C — C, define the symmetric complex fractional
increment [14]:

. z+h)— f(z—h

2i(e) = LEXR IR (2.1)

We say D7 f() exists if lim, o A7 _is f(2) exists uniformly in 6 € [0, 2).

Function spaces. We work with C%(Q) Hélder spaces [13], v € (0, 1], and assume f € C°7
with v > o when needed so that the remainders in fractional expansions are controllable. For two-
variable real fractional limits we use the symmetric 1D difference along = and y:

o u(x + h,y) —u(x — h,y
5hu(‘r7y) = ( 2)|h|a( )’

and
u(:r:,y + k) - u(iE,y - k)
2 |k~

Spu(z,y) ==

When limits as h — 0 (resp. k — 0) exist, we denote them by DZu (resp. Dyu).
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Rotation covariance. If R,(z) = ¢*z and g = f o Ry, then

6% (5 — fei (s — _
Agg(e) = HECHM = F G _ e gy

Uniformity in 6 yields D2 g(z) = '*? D% f(e'?z), showing the operator has the correct phase scaling.

2.1 Fractional complex derivative

Let a € (0,1). For f : C — C, define the symmetric fractional increment operator

f( 4 ) = f(z = ee”)
2 eaxpiad ’

ACf(z) = 0 € [0,2r).

The directional dependence cancels in the limit for analytic functions.

Definition 2.1 (Fractional complex derivative). A function f admits a fractional complex derivative of
order « at z if the limit

D2 f(2) = lim AZf(2)
exists uniformly in . We call f fractionally analytic if Dg f(z) exists on an open set.

This operator reduces to the classical derivative at « = 1 and yields nonlocal memory for a < 1.

Symmetric complex increment: h = pe'
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Figure 1: Geometric construction of symmetric complex increment used in the
fractional derivative.

Figure 1 illustrates the geometric idea behind the symmetric complex increment used to define the
fractional complex derivative. Starting from a point z in the complex plane, we consider a complex
step h = pe*® of magnitude p and direction 0. The two points z + h and z — h are symmetric with
respect to z, and the line segments joining them to z represent the forward and backward complex
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displacements. The angle 6 denotes the rotation applied to the increment, while p determines its
length.

To emphasize that the fractional limit must exist uniformly in all directions, multiple rays are drawn
through z, and concentric circles indicate the behavior as p — 0. This symmetry forces the operator to
respond consistently to rotations and ensures that its value does not depend on a preferred direction
in the plane. Such a construction preserves the phase structure and rotational invariance of complex
analysis while introducing the nonlocal memory behaviour characteristic of fractional calculus. In this
way, the symmetric increment framework allows memory effects to be incorporated without breaking
the geometric properties that define classical holomorphy.

2.2 Fractional Cauchy conditions

Theorem 2.1 (Fractional Cauchy conditions). Let f = u 4 iv € C%7(Q) with v > « and suppose
D¢ f exists on ). Then the real fractional limits satisfy

DZu = Dyv, Dyu=—Dgv. (2.2)

Conversely, if u,v € C*7(Q) with v > « satisfy (2.2) and the limits DS, Dy exist, then D f exists
uniformly in direction.

Proof. Necessity. Fix z = (z,y) and a direction 6. For small p > 0,

flx+ pcosO+i(y+ psinh)) — f(x — pcos@ + i(y — psin b))
2pueio¢0

Ao f(2) =

Write real/imaginary parts and apply the 1D symmetric fractional expansion along the line ¢t — z4te™:
Pz + ) = £(2) + 7€ (a(2) + 0(1) ),

for some complex number a(z) (the putative fractional derivative [6, 15, 7]), with o(1) — 0ast — 0
uniformly in 6 by assumption. Substituting ¢t = +p gives

Aluio f(2) = a(z) + o(1).

Taking real and imaginary parts and comparing with the expansions along pure z- and pure y-

directions (i.e. = 0 and 6 = 7) yields

Ra(z) = Dy u(z,y) = Dyv(z,y),
Sa(z) = Div(z,y) = —Dyu(z,y).

This proves (2.2).
Sufficiency. Assume (2.2) holds and Dy, Dy exist. Along any direction § we write the first-order
symmetric fractional expansion using 1D fractional Taylor along that direction [13, 1]:

J(z 4+ pe®) = [z = pe’®) = 207 (Ra(z) + iSa(2)) +75(0),
where, by Holder continuity [13] with exponent v > «, |r,(6)] < Cp” uniformly in 6. With
Ra(z) = Dyu = Dyv, Sa(z) = Div=—Dju,

the coefficient a(z) is independent of 8. Dividing by 2p~e**? and letting p — 0 shows the uniform limit
exists and equals a(z). O
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3 Fundamental Integral Identities and Series

3.1 Fractional contour integral and Green identity

Define the fractional contour integral along a rectifiable curve I" with parametrization v : [0,1] — C
by:
[ 71060 = tm 3 ) () - 1(-0)",
r IP{—0 5
where the principal branch is used and ||P|| is the mesh of the partition.
We require a nonlocal Green identity [5, 9] tailored to symmetric increments.

Lemma 3.1 (Fractional Green identity). LetR c R? be a rectangle, and letp, q € C*7(R) with~ > a.

Then
/ (pdz® + qdy®) = // (DZp - Dé‘q) dzx dy,
OR R

where dz® denotes the fractional line element associated with the symmetric increment in the x-
direction, and similarly for dy*. The boundary integral is taken using the induced orientation.

Proof. The proof is constructed by dividing the rectangle R into small grid cells and approximating the
double integral by a Riemann sum. The core of the derivation is demonstrating that the contributions
from the interior grid points cancel asymptotically.

The Symmetric Difference and Telescoping in 1D:

We examine the mechanism of cancellation for the term [, DZq dx dy. The definition of the
symmetric fractional derivative D3 ensures that each interior point x; is connected symmetrically to
z; + Az and z; — Ax.

Consider the corresponding sum in the z-direction for a fixed y;:

ZDSQ(%,%)AI ~ Z (Q(xl + Al‘,yj) _ q(ml - Am::’Ji)) Ax

2|Az|>

i

If we let C, = mﬁij‘a, the sum becomes:

2

—1
Ca (gi+1 — qi-1)

i

Il
=

where ¢; = g(z;,y;). The summation 3"~ "(gi+1 — ¢i—1) is a standard, non-fractional telescoping
sum:

i(qi+1 —qi-1) = (@2 — qo) + (g3 —q1) + (g2 — q2) + - - - + (qv — qn-2)

The interior terms cancel in pairs (g2 cancels with —g2, g3 with —gs, etc.), leaving only terms near the

boundaries:
N-1

D (@1 —qi-1) = an +gn-1 — @1 — 4o

=1
In the continuous limit, this sum becomes an integral over the boundary points of the interval [a, b],
where a = zp and b = z .

Nonlocal Telescoping Property:

The key insight is that the term Dgq(x,y) behaves as an exact fractional differential when
integrated over the domain, specifically because the symmetric definition ensures that the integral
of the derivative [[, D3q dx dy is perfectly balanced in the interior. In the limit, this reduces the
double sum to a single sum along the boundary curves 9R.
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Reduction to Boundary Integral:
As the mesh size ||P|| — 0, the sum of the D3¢ terms over R reduces to an integral over the
boundaries defined by = = const (the vertical sides of the rectangle 9R,):

// qudxdy—/ g dy* + O(||P||"™®)

Ry

Similarly, the integral of Dgp reduces to an integral over the boundaries defined by y = const (the
horizontal sides OR,):

[[oivasay=[ pasm+oqp)
R R,

Substituting these into the original identity and accounting for the correct orientation along OR (which
dictates the signs), we obtain:

// (DZp—DﬁtJ)dxdy:/ (p dz® + q dy™)
R AR

The remainder terms vanish as the mesh size goes to zero since O(||P||”~“) — 0 given the necessary
smoothness condition v > «. O

3.2 Fractional Cauchy—-Pompeiu identity

Theorem 3.2 (Fractional Cauchy—Pompeiu). Let Q@ C C be a bounded simply connected Lipschitz
domain, and f € C%"(Q) with~ > « be fractionally analytic on € in the sense of Theorem 2.1. Then

for every z € Q,
1) = 57 || B a0 @1)

Proof. Fix z € Q and ¢ > 0 small so that B-(z) C Q. Let Q. = Q\ B.(z) with boundary 9Q. =
00 U (—9B.). Consider the fractional 1-form

f(Q)
(C—2)

By Lemma 3.1 with p = R ((Cff)a) and ¢ = ((Cf“;a) and using the fractional Cauchy conditions

[14, 16] (which imply the fractional curl vanishes), we have

/ w:// curly w dxdy = 0.
Elo Q.

f (<) o _ f Q) «
/E)Q (C—2) (d6)" = /835<z) (¢ —=2)° ()

Parametrize 0B. by ¢ = z + e, t € [0, 2n]. Then

w(C) = dc®

Hence

(dc)a — (Eieit)adt _ Eaiaeiat dt7 (C _ Z)ia — (Eeit)7(¥ _ Efaefiat.
Thus o
/ QO (d¢)* f(z+ee™) i dt.

op. ((—2)* 0

Since f € C°7, f(z +¢ee') = f(2) + O(g7) uniformly in t. Hence

/83 f(CZ) — (dQ)* =" (2m) f(2) + O(").
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Taking e — 0 yields

O e oo 10
| s @ = e,

With the conventional normalization (27i) we absorb the phase ¢ into the choice of branch used to
define (d¢); by fixing the principal branch for both (¢ —z) ™ and (d¢)® the product carries unit phase
1, giving (3.1). O

3.3 Fractional Liouville theorem

Theorem 3.3 (Fractional Liouville). Let f be fractionally analytic of order a on C and bounded:
|f(2)] < M. Then f is a finite fractional polynomial

f(z)= Zakzka.
k=0
Proof. Apply (3.1) on the circle Cr = {|¢| = R}:
1 f©) (e
£(0) = L5 (doye.
0 [ ()

"~ 2mi Jigr C°
Parametrize ¢ = Re': _ ,
(dQ)* = (iRe')*dt, (=R e '
Thus

1
O < 5

Now consider higher fractional moments:

1 f(<) o

A direct estimate shows |ax(R)| < MR™*%, hence limgr_, ar(R) = 0 for each fixed k > 1. The
fractional Laurent—Mittag—Leffler expansion in the next theorem shows

£ =St
k=0

with ax = limgr_, o ar(R). Since ax(R) — 0 as R — oo for all k sufficiently large unless finitely
many survive (otherwise the series cannot remain bounded on large circles), only finitely many ax
are nonzero. O

/27r |f(Re™)|dt < M.
0

3.4 Fractional Laurent—Mittag—Leffler expansion

Theorem 3.4. Let A= {z:r < |z — z0| < R} and f be fractionally analytic on A. Then

oo

fz) = Z enl(z — 20)™, r < |z— 2| <R,

k=—o00

with coefficients

1 f(©) o
% = 3mi Jy (€= zo) k7 0a (40
for any positively oriented T' homotopic to a circle about zo within A. The series converges locally
uniformly on A.
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Proof. Fix z with |z — zo| = p and choose two circles I : | — z0| = p1 @and I'r : | — 20| = p2 With
r < p1 < p < p2 < R. By Theorem 3.2 applied to the annulus, decompose the kernel using the
fractional geometric series

1 1 1 1 = [~ z—20\"
C—2r G- (1_22)“‘(c—zO>akEO<k>(‘”k(<—zo) ’

which is valid on I'g since |z — zo| < |¢ — z0]|. A similar outer expansion holds on I using |z — zo| >
|¢ — z0]. Insert these into the boundary representation and integrate termwise (justified by uniform
convergence on the circles), obtaining the two-sided series with the stated coefficients. Local uniform

k
on each circle. O

z—z0

convergence follows from Weierstrass M-test using the geometric bounds | Z=22

Remark 3.1 (Fractional residue). If f has an isolated fractional singularity at zo and its expansion
contains a (z — z0)~ “ term with coefficient c_, define the fractional residue by

Rest™ (f130) i= -1 = 5 [ 0) (@0)".

4 Applications in fractional signal processing

4.1 Fractional analytic signal and Hilbert—Mittag—Leffler transform
Let = : R — R be bounded and piecewise C'. Define its fractional analytic signal by

Aalz](t) := z(t) + i Halz](t),
where

Halz](t) = %p.v. /]R (t"”_(:))a dr

with the principal branch and « € (0,1). The kernel is the boundary limit of the fractional Cauchy
kernel on the upper half-plane.

Proposition 4.1 (Frequency response). Ifz ¢ L'(R) N L*(R), then the Fourier transform satisfies
Halz)(w) = —i sgn(w) |w|* ' &(w).
Hence A, suppresses negative frequencies with a memory-dependent gain |w|*~*.
Proof. Compute the Fourier transform of the distribution kernel
ka(t)=m 'pv.t™®.
This is done using standard tables for homogeneous distributions and continuity in a. Convolution in
time corresponds to multiplication in frequency. O

Corollary 4.1 (BIBO stability). Fora € (0,1), Ha, is bounded on L*(R) and on L*(R) for1 < p < oo.
Consequently, the fractional analytic signal operator is BIBO-stable on these spaces.

4.2 Fractional Cauchy filter for envelope detection

Define the fractional Cauchy filter of a real signal = as
L [ X© o
val) =55 | T=p= (4%
where X is the boundary Poisson extension of z to the upper half-plane and T" is a horizontal line

at height n > 0. Taking | 0 gives a one-sided, causal, memory-sensitive envelope with tunable «
controlling smoothness and lag. The phase of y, yields an instantaneous fractional frequency [13].
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4.3 Deconvolution with fractional regularization

Given a convolutional forward model b = h * x + 7, consider the Tikhonov functional with fractional
penalty [8]:
Ja(z) = ||h*xz— bHiz + /\HD?:EHiz.
The normal equation in frequency is
(|h* + Aw|*)Z = h ™D,

showing how « trades off high-frequency suppression (large «) against memory-preserving low-
frequency fidelity (small «). This yields stable reconstructions for long-memory signals.

5 Applications to fractional complex PDEs

5.1 Boundary integral method for a nonlocal Beltrami equation
Consider

DZu = p(z) DJu+g(z) inQ,
with ||ulls < 1 and u|ae = . Using the fractional Cauchy—Pompeiu identity [16],

o) = g [, e 0~ 1 [ FORE G ace)

This is a Fredholm-type equation for D« with compact kernel on CO*”; Neumann series converges
if ||14]| is small, yielding existence and uniqueness.

5.2 Fractional Laplace equation in the disk

Let u satisfy DS D2u = 0 in D with boundary trace ¢ € C°7(8D). The solution admits the series
=ao+ Z " (an cos(nf) + by, sin(nd)),

where coefficients are the fractional Fourier modes of . This is the unique C%” solution and reduces
to classical harmonic extension at o = 1.

Theorem 5.1 (Maximum principle). If D¢ DZw > 0 in Q and u attains an interior maximum, then v is
constant.

Proof. Test against a nonnegative bump ¢ and integrate using Lemma 3.1 twice; the boundary terms
vanish at a strict interior maximum by nonlocal Jensen inequality for symmetric increments [2, 12],
forcing D“u = 0 and hence constancy by (3.2). O

5.3 Fractional Schrodinger-type propagation
For a complex envelope v (z) governed by

D2 +irtp =0,
the solution is ¢ (z) = C exp, (—ikz®) where

exp, (1) = 3 i = o)

but composed with 2%, giving memory-dependent phase advance and fractional dispersion: along
rays arg z = 6, the phase is linear in |z|“.
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5.4 Well-posedness of a Dirichlet problem with source
Consider on a smooth simply connected Q2
DZDZu+ \u = f, ulan = @.

Assuming f € C%7(Q), ¢ € C%7(99) and X > 0, the boundary integral formulation with the fractional
single-layer potential
_ 1 a(¢) a
(820)() = 5 | e (@)
leads to a second-kind boundary equation for . Fredholm theory applies since S, is compact
on C%7(9Q) and ellipticity is recovered via jump relations inherited from Theorem 3.2. Hence the
problem is uniquely solvable.

Conclusion

This work introduced a fractional framework for complex analysis built on symmetric complex increments.
The construction preserves rotational balance and phase behavior, allowing nonlocal memory effects
to coexist with classical analytic structure. Under this setting, we established fractional analogues
of core results in complex theory, including Cauchy-type relations, a nonlocal Cauchy—Pompeiu
identity, a Liouville principle, and a Mittag—Leffler expansion with fractional exponents. These results
demonstrate that memory can be incorporated without losing the geometric character of holomorphic
functions.

The fractional operator developed here also enabled boundary integral representations, spectral
insights, and applications to signal processing and elliptic models in the plane. The examples show
that memory changes angular behavior, spectral decay, and boundary propagation in a structured
and predictable manner.

Future directions include a systematic study of fractional conformal maps, residue theory with
memory kernels, and links between fractional Beltrami systems and nonlocal geometric flows. A
deeper understanding of fractional holomorphic curves and potential theory in nonlocal domains
would further clarify how memory reshapes complex geometry. This line of work suggests that
fractional operators may serve not only as analytic tools, but as a bridge between local geometric
rigidity and long-range interaction in complex systems.
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