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 Abstract 


This paper examines the properties of solution of transient mixed convection flow in a vertical micro- annulus with internal heat generation and variable viscosity effects. A mathematical model describing the coupled momentum and energy equations is formulated using Boussinesq approximation and transformed into a non-dimensional form. The existence and uniqueness of the solution are established. The analytical techniques are then employed to examine the qualitative behaviour of the solution. Our results revealed that the fluid velocity and fluid temperature  are bounded and they are also an increasing function of time. This findings contribute to the theoretical understanding of heat transfer processes in micro-scale annular systems with applications in thermal energy storage, cooling techniques, and engineering heat transfer devices.
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1. Introduction
Mixed convection in the annulus has attracted attention because of its engineering applications such as mixtures, thermal energy storage systems, electrical components cooling, double pipe heat exchangers designed for chemical processes, food industries, and nuclear reactors [1]. 
In several engineering applications, the appreciable temperature difference between the surface and ambient fluid makes it necessary to consider temperature-dependent heat sources or sinks, which may exert strong influence on the heat transfer [2]. 
More so, in many engineering and physical problems in which fluid undergoes exothermic or endothermic reaction, it is highly important to study the effect of heat generation and absorption on these moving fluids. Sheikholeslami et al. [3] investigated the influence of variable magnetic field on forced convection heat transferring a semi annulus. Also, the study of mixed convection flow in vertical annulus has been reviewed by Dawood et al. [4]. Jha et al. [5] examined the effect of variable viscosity on steady fully developed natural convection flow in a vertical annular micro-channel. They concluded in their study that increase in viscosity variation parameter leads to enhancement in the volume flow rate and skin friction. In another development, Jha and Aina [6] worked on a steady laminar fully developed mixed convection flow of an incompressible and viscous fluid between a vertical micro- annulus having temperature dependent viscosity in the presence of velocity slip and temperature jump at the micro annulus surface.
When a problem is formulated, there is need to establish the condition(s) for the existence of unique solution(s) so as to predict the behaviour of such solution(s). Durojaye and Ayeni [7] consider a steady state solution reaction kinetics model of polymerization in the presence of material diffusion. They obtained steady state equations for the resulting partial differential equations. Criteria for existence and Uniqueness of solutions of the equations and numerical results were also provided. They concluded that steady state equation is bounded and has solution under reasonable physical conditions. 
Durojaje et al [8] also presented a mathematical model for free racial polymerization in the presence of material diffusion. They proved the existence and uniqueness of solution of the model. They used parameter expanding method and seek direct Eigen functions expansion to obtain analytical solution of the model. The results were presented graphically and discussed. It was discovered that the mixture temperature and monometer concentration were significantly influenced by Kamenetskii number and thermal diffusivity of the mixture.

 
The objectives of this paper are to establish the criteria for the existence of unique solution of transient mixed convection flow in a vertical concentric annulus and to examine the properties of the solution under certain conditions. 
2. Model Formulation
Following Jha and Aina [6], the fluid inside the annulus exhibits energy generation or absorption is considered. The z-axis is taken along the axis of the cylinder in the vertical upward direction and radius is the radial direction. The radius of the inner cylinder and outer cylinder are r1 and r2 respectively as shown in the Figure 1 below












Figure 1: Flow Geometry
The viscous dissipation and compressibility effect in the fluid are considered using Boussinesq approximation, the mathematical model representing the present physical situation can be written as:

                                                             (1)

                                                                               (2)
The temperature dependent viscosity is [6]:

                                                                                                                        (3)
The internal heat generation or depletion term  is modeled [9] as: 

                                                                                 (4)
The first term represents the dependence of the internal heat generation or absorption on the space coordinate while the last term represents its dependence on the temperature inside the boundary layer.
The case when both > 0 and > 0 is heat generation while it is internal heat depletion when both < 0 and  0.                                                                                        
The initial and boundary conditions are as follows:

                                                                (5)                                                    




Where  is the coefficient of space-dependent internal heat generation or absorption, s the coefficient of temperature-dependent internal heat generation or absorption,  Is the mass density at temperature ,     is the reference fluid temperature, which ensure a liner relations between the local density and the level temperature, The reference temperature is chosen as the mean fluid temperature in any cross section of the micro- annulus,  is the viscosity when temperature is , 	is Kinematic viscosity,  is time, 	is Thermal diffusivity, Re        is Reynold number, 	is the temperature of the fluid,   is the internal heat generation or depletion term.

3. Method of Solution
3.1 Dimensional Analysis
In order to have the problem in a non-dimensional form, the following parameters are defined.

                                                 (6)
Using (6), and after dropping the prime, equations (1) - (3) become

                                                                       (7)

                                         (8)

                                                                                   (9)

Using the coordinate transformation

                                                                                                                      (10)

                                                                                                   (11)
We have

                                                                          (12)

                                                 (13)

                                                                                  (14)
Where
 is the thermal grashof number, Ec    is Eckert number, Pe  is Peclet number,     is pressure gradient.


 is the Reynolds number,  

3.2 Existence and Uniqueness of Solution
Here, we shall prove the existence and uniqueness of solution of system of equation (12) and (13). Here, the equations (12) and (13) are written as:
                            (15)
                                       (16)
This question of existence and uniqueness of solution to these equations has been addressed by Ayeni [10] who considered a similar set of equations and showed among other results that existence and uniqueness are somewhat well known. In his work, he studied the following system of parabolic equations.
                                                                                     (17)
						           (18)
                                                                                      (19)
, , ,                    (20)
 
 (S.1):  and  are bounded for. Each has at most a countable number of discontinuities. 
(S.2): f, g, h satisfies the uniform lipschitz condition 
                                                                                                                                           (21)                
Where 
       	
Our proof of existence of unique solution of the system of parabolic equations (15) and (16) will be analogous to his proof.
   Theorem 1: There exists a unique solution and  of equations (15) and (16).   
In the proof we shall need the following Lemma:
Lemma 1 (Ayeni [10]): Let  and  satisfy (S.1) and (S.2) respectively, then there exists a solution of problem (17) - (20).
Proof of Theorem 1: we rewrite the equation (15) and (16) as;
  		                                               (22)  	                                                           (23)
Where 
                       (24)                      
 	           (25) Ignoring the second term at the right hand side, the fundamental solution of equation (22) and (23) are [11]:
 	                                                                       (26)
			                                               (27)
Next, it suffices to show that the Lipschitz condition in Lemma 1 is satisfied. That is if we are able to show that 
                                        (28) 
And
 	                       (29) 
 		                                               (30)
                                                                                                                                                        (31)                                                                                             
 							                       (32)
                                                                                                                                                        (33)
                                                                                                                          (34)
Since 
Hence 
  
Therefore
                                        (35)

And
 	                       (36) 
 Clearly,  are Lipchitz continuous. Hence by Lemma 1, the result follows. This completes the proof.
Next, we shall examine the properties of solution of equations (12) and (13).

3.4 Properties of Solution
Theorem 2: Let and.
In the proof, we shall make use of the following lemma of Kolodner and Pederson [12].

Lemma 2 [12]:
Let  of the differential inequality  where K is bounded from below. If 

Proof of Theorem 2: Given in cylindrical coordinates:
 						                       (37)
				                       (38)
Differentiating (37) and (38) with respect to t, we have
 		 	                       (39)
                     (40)
Let 
Then (39) and (40) become
 						           (41)
	                                       			           (42)
This can be written as 
				                                               (43)
							           (44)
Where 
 
Clearly,  is bounded from below and k is bounded everywhere.
Hence by Kolodner and Pederson lemma  This completes the proof.
4. Conclusion


To examine the properties of solution of transient mixed convection flow and heat transfer in a vertical micro-annulus taking in to account the internal heat generation, viscous heat dissipation and temperature-dependent viscosity, we used the Lipschitz continuity approached as presented in the work of Ayeni [10] and Kolodner and Pederson [12] lemma. The results obtained revealed that the fluid velocity and fluid temperature  are bounded and they are also an increasing function of time.
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