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Abstract
	This article, we  examines slant helices for modified orthogonal Saban frames on timelike and spacelike curves with geodesic curvature on and hyperbolic curves with geodesic curvature on 

1. Introduction
Surfaces and curves are two fundamental topics in differential geometry, and curve theory in particular is not only the domain of geometers, but also of physics and many engineering fields. For this reason, the field of curve theory has been examined from a new perspective. Frenet frames obtained from curves were constructed in Euclidean, Lorentzian, and Galilean–Pseudo-Galilean spaces, and their geometric properties were examined [1-4]  . The construction of Frenet frames was proven for every dimension in these spaces, adding new theories to geometry. Furthermore, Frenet frames have served as an important resource for studies in many fields such as electrical engineering, biology, and physics. The derivation of modified Frenet frames, equiform frames, quasi-frames, and Sabban frames from Frenet frames has opened up many different avenues for geometers, offering the opportunity to examine new concepts [5-7]  . The study of all these frames within Euclidean, Lorentzian, Galilean, and Pseudo-Galilean spaces has provided the means to establish a tremendous theory. Furthermore, the study of the spatial forms of these frames in these spaces has enabled research to advance to much higher levels. First, Sasai defined a modified orthogonal framework based on curvature and torsion, starting from the Frenet framework in 3-dimensional Euclidean space [8]. Later, these frameworks were examined in terms of their spatial forms. The Sabban framework and modified frameworks constructed in Euclidean and other spaces [9-11].
In the theory of curves, one of the important areas on which many structures are built and new theories are constructed is helices. Helices have also enabled the expression and proof of good theories in different spaces. The definition of the concept of slant helices based on helices has paved the way for the emergence of completely new ideas for differential geometers [12-14].
The aim of this work is to express and prove new characterizations that provide the necessary and sufficient conditions for  modified orthogonal  Sabban frames to be slant helices in and on Minkowski space.
2. Basic Concepts
Let <  , > be symetric non-degenerete (0,2) tensor with index 1 on  defineed by 
                                      
for   and . By the standart isomophism between  to  we extended  to be a symetric non-degenerate (0,2) tensor field on  The pair  is called a Minkowski (Lorentz) 3-space with index one. We  denote it by  and call   a Minkowski metric with index one. 
	For  , we put 
	  
and 
	  
where  is a Minkowski metric. ). In particular and   are called a de Sitter space and Hyperbolic space ( anti-de Sitter space) respectively. The space has two connected components:  and . In this work,  is taken as . That is, the upper leaf.
It follows that a tangent vector x to  can have exactly one among the following Minkowski  casusal characters
       1.  is a spacelike vector if and only if   > 0 or x =0.
       2.  is a lightlike vector or a null vector if and only if = 0 and x  0.
      3.  is a timelike vector if and only if < 0 .
For each point pthe set of null vectors in the tangent space is called the null-cone at the point p. The norm of a tangent vectors x to  having any one of three causal characters is doneted and defined by  It is trivial to mention that a tangent vector x to  is called a unit vector if and only if  , i.e., if and only if  . As usual, two tangent vectors x and y in to  are called orthogonal if and only = 0.
Let be an arbitrary curve in  and  denote its velocity vector field. Then  may locally or globally have exactly one of the following casual characters of its velocity vectors  [15].
1.  is spacelike if and only if all its velocity vectors  are spacelike
 ( i.e.  or  for all possible s.
2.  is null (lightlike) if and only if all its velocity vectors  are null (lightlike)
 ( i.e.  or  for all possible s.
3.  is timelike if and only if all its velocity vectors are timelike
 ( i.e.   for all possible s.


3) The Modified Orthogonal Saban Frame With Geodesic Curvature On  And 
 	Definition 3.1: Let  be a timelike (or spacelike) unit speed curve on  (or ) and s be the arc length parameter of  and . Assume that  is the unit tangent vector of  and , where  is vector product of  and T(s). The relations between those and the classical Saban frame  for timelike curve of  at non-zero points of  are


This frame  is called the modified orthogonal Saban frame of   on  (or  [11] .

Theorem 3.1: Let  and  be a unit speed regular timelike curve on  and the modified Saban frame, respectively. Thus, the derivative formulas of modified orthogonal Saban frame for timelike curve of  is


Theorem 3.2: Let  and  be a unit speed regular spacelike curve on  and the modified Saban frame for spacelike curve of  respectively. Thus, the derivative formulas of modified orthogonal Saban frame for spacelike curve of  is 


Theorem 3.3: Let   and  be a unit speed regular hyperbolic curve on  and the modified Saban frame on  respectively. Hence, the derivative formulas of modified orthogonal Saban frame is 

4) k-type  Slant Helices for  Modified Orthogonal Saban frame on   ve 
In this section, we will use the proof methods and methodologies in [16].
Definition 4.1 Let  be an unit-speed regular curve on  with Frenet frame .  be an unit-speed regular curve  said to be   a -type slant helix if there exists a non-zero fixed direction vector such that, where  is a real constant and  [17].
Theorem 4.1: Let   be an unit-speed regular timelike curve on  and .  Modified Orthogonal Saban frame of . If the curve η(s) is a 1-type  slant helix, it is also a 3-type slant helix.
Proof: Let's assume that the timelike curve η(s) in , given by the Modified orthogonal Saban frame { η(s),T(s),}, is a 1-type slant helix. Then there is a  constant, such that

Now, if we take the derivative of Equation (4.1) and we use Equation (3.1), we may write


and

If the derivative of (4.2) is taken again and (3.1) is used



Thus, η(s) is a 3-type  slant helix.
Theorem 4.2: Let   be an unit-speed regular timelike curve on  and   Modified Orthogonal Saban frame of . If the curve η(s) is a 2-type  slant helix and , it is also a 1-type slant helix and 3-type slant helix.
Proof: Let's assume that the timelike curve η(s) in , given by the Modified orthogonal Saban frame { η(s),T(s),}, is a 1-type slant helix. Then there is a  constant, such that

Now, if we take the derivative of Equation (4.3) and we use Equation (3.1), we may write



Thus, From the hypotesis η(s) is a 1-type  slant helix and 3-type  slant helix.

Theorem 4.3: Let   be an unit-speed regular timelike curve on  and   Modified Orthogonal Saban frame of . If the curve η(s) is a 3-type  slant helix and , it is also a 2-type slant helix
Proof: Let's assume that the timelike curve η(s) in , given by the Modified orthogonal Saban frame { η(s),T(s),}, is a 3-type slant helix. Then there is a  constant, such that

Now, if we take the derivative of Equation (4.4) and we use Equation (3.1), we may write



Thus,from the hypotesis η(s) is a 2-type  slant helix
Theorem 4.4: Let   be an unit-speed regular spacelike curve on  and   Modified orthogonal Saban frame of . If the space curve   is a 1-type  slant helix, it is also a 3-type slant helix
Theorem 4.5: Let   be an unit-speed regular spacelike curve on  and  Modified orthogonal Saban frame of . If  the spacelike curve  is a 2-type  slant helix and , it is also a 1-type slant helix and 3-type slant helix
Theorem 4.6: Let   be an unit-speed regular spacelike curve on  and  Modified orthogonal Saban frame of . If the spacelike curve  a 3-type  slant helix and , it is also a 2-type slant helix
Theorem 4.7: Let   be an unit-speed regular  curve on  and   Modified orthogonal Saban frame of  . If the space curve    is a 1-type  slant helix, it is also a 3-type slant helix
Theorem 4.8: Let   be an unit-speed regular  curve on  and   Modified orthogonal  Saban frame of .  If the regular curve   is a 2-type  slant helix and , it is also a 1-type slant helix and 3-type slant helix
Theorem 4.9: : Let   be an unit-speed regular  curve on  and   Modified orthogonal  Saban frame of . If the spacelike curve  is a 3-type  slant helix and , it is also a 2-type slant helix 
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