


FREDHOLM INTEGRO-DIFFERENTIAL EQUATIONS: NUMERICAL SOLUTION USING COLLOCATION APPROXIMATION

Abstract
This research study discusses the numerical method for solving Fredholm Integro-Differential Equations (FIDEs) using collocation approximation. We derive the integral form of the problem, which is then converted into a system of algebraic equations using the standard collocation points. We used the matrix inversion approach to solve the algebraic equation and then inserted the result into the approximate solution to get the numerical result. Numerical problems were used to assess the method's efficiency, and the results reveal that it competes favorably with existing methods.
1. Introduction
Integrals and derivatives are combined in mathematical equations called "Integro-Differential Equations" (IDEs). Systems that exhibit memory- or history-dependent behavior can be found in a wide range of scientific and engineering fields, including physics, biology, economics, and finance. Unlike Ordinary Differential Equations (ODEs), which only use derivatives, Integro-Differential Equations (IDEs) include the impact of past values of the unknown function through the integration term. Integral-differential equations are commonly used in problems pertaining to diffusion, wave propagation, population dynamics, control theory, and other subjects. Events that exhibit memory effects or spatial interactions are better explained by them. Research has focused on developing numerical methods to obtain approximations of solutions because most IDEs cannot be solved analytically (Volterra, 2005).
The various methods for obtaining the numerical solution of IDEs include: the Collocation method (Ajileye & Aminu, 2022; Agbolade & Anake, 2017), the Adomian decomposition method (Mittal & Nigam, 2008), the Laguerre ( Elahi, Akram & Siddiqi, 2018) the Finite Difference-Simpson method (Garba & Bichi, 2021), Hybrid linear multistep method (Mehdiyera, Ibrahim & Imanova, 2019), Chebyshev-Galerkin method (Issa & Saleh, 2017), Differential transform method (Ercan & Kharerah, 2013), Haar collocation method (Amin, Shah, Mlaiki, Yuzbasi, Abdeljawad & Hussain, 2022), Differential Transformation (Darania & Ebadian,2007), Chebyshev polynomials (Maadadi & Rahmoune, 2018), Optimal Auxiliary Function Method (OAFM) (Zada, Al-Hamami, Nawaz, Jehanzeb, Morsy, Abdei-Aty & Nisar, 2021),
This study presents a numerical approach for solving Fredholm Integro-Differential Equations (FIDEs) of the form:
                                                                       (1)
with the initial condition,
	   								       (2)
where  is the Fredholm integral kernel functions,  is the known function, and  is the unknown function to be determined.
2. Definitions and Basic Terms 
In order to formulate problems, we provide certain definitions and basic concepts in this section.
Definition 1: (Ajileye et al., 2017) Laguerre polynomials consist of a polynomial sequence of binomial type defined on the interval [0, ∞) and of the following form:
        							       (3) 
 where  and  are the polynomial index and degree, respectively.
Definition 2: (Agbolade, & Anake, 2017) The desired collocation points within an interval are determined using this method. i.e., [a, b], and is provided by
                                   						       (4)
3. Method of Solution
Let the solution of equation (1) and equation (2) be approximated by
        								      (5)
where  	
Substituting equation (5) into equation (1) gives
                                                   			      (6)
Collocating at  in equation (6) gives 
 			              			       (7)                                     
Factorizing the value of A from equation (7) gives
                                               			       (8)
Equation (8) can be in the form 
    										       (9)
where

3.2 Consideration of Initial Condition
 Using the initial condition in equation (2)
   								                 (10)
 hence, equation (10) becomes
										     (11)
 Adding equation (11) to equation (9) gives
    										     (12)
We solve the algebraic equation (12) to determine the values of the a's, which we then input into the approximate solution to produce the numerical solution.
4. Numerical Examples
In this section, we present numerical examples to evaluate the accuracy and usefulness of the approach. Let  and  be the approximate and exact solutions, respectively..
Example 1: (Darania et al., 2007) Considering second order FIDEs
                                                                                              (13)
 subject to initial condition
	, 
 Exact solution: 
  Solution 1
  The approximate solution of equation (13) at N=5 gives
.
Table 1: Exact, approximate and absolute error values for example 1
	X
	Exact
	Our methodN=5
	Error5
	(Darania et al., 2007)Error10

	0.2
	1.221402758000
	1.221410280000
	7.522000e-6
	4.63105000e-4

	0.4
	1.491824698000
	1.491857128000
	3.243000e-5
	2.94384300e-3

	0.6
	1.822118800000
	1.822165427000
	4.662700e-5
	7.80640100e-3

	0.8
	2.225540928000
	2.225590109000
	4.918100e-5
	1.54740510e-2

	1.0
	2.718281828000
	2.718352312000
	7.048400e-5
	2.64366750e-2



Example 2: (Darania et al., 2007) Considering third order FIDEs 
                                                                                        (14)
subject to initial condition
	, , 
Exact solution: 
Solution 2
The approximate solution of equation (21) at N=5 gives
.
Table 2: Exact, approximate and absolute error values for example 2
	X
	Exact
	Our methodn=5
	Error5
	 (Darania et al., 2007)Error10

	0.2
	0.980066577800
	0.980066187600
	3.9020e-7
	2.00095694e-2

	0.4
	0.921060994000
	0.921076414700
	1.54207e-5
	8.05195987e-2

	0.6
	0.825335614900
	0.825411245200
	7.56303e-5
	1.83296917e-1

	0.8
	0.696706709300
	0.696882019700
	1.753104e-4
	3.31453382e-1

	1.0
	0.540302305900
	0.540580879400
	2.785735e-4
	5.29377859e-1



5. Results and Discussion
 This section examines the numerical findings obtained from the solved examples via the developed numerical method.
In numerical Example 1, as shown in Table 1, the approximate solution at  gives . The numerical results give a better result compared to the result obtained by (Darania et al., 2007) at.
The approximate solution obtained in Example 2 at  gives  The numerical result converges to an accurate solution as  rises, confirming that our method outperformed the method presented by (Darania et al. 2007), as shown in Table 2.
6. Conclusions
Finally, this paper analyzes the collocation method for numerically solving FIDEs using Laguerre polynomials as the basis function subject to initial conditions. Our method has been proved to be both efficient and effective when compared to other solutions. In some of the examples, the result provided the exact solution, while in others, as we increase the value of N, the result approaches the precise solution rapidly after a few iterations. The comparison of outcomes demonstrates that our strategy performed well. All of the computations in this work were done with MAPLE 18.

[bookmark: _GoBack]



REFERENCES
Agbolade, A. O. & Anake, T. A. (2017). Solution of first order Volterra linear integro- differential equations by collocation method. Journal of Applied. Mathematics., article ID. 1510267.doi:10.1155/2017/ 15267.
Ajileye, G. & Aminu, F. A. (2022). A numerical method using collocation approach for the solution of Volterra-Fredholm integro-differential equations. African Scientific Reports, 1, 205–211.
Ajileye, G. & Okedayo G. T. (2027). One step hybrid block methods for general second order ordinary differential equations using laguerre polynomial. FUW Trends in Science & Technology Journal, 2 (1B) , 637 – 640
Amin, R., Shah, K., Mlaiki, N. Yuzabis, S, Abdeljawad T. & Hussain, A. (2022). Existence and numerical analysis using haar wavelet for fourth-order multi-term fractional differential equations. Computational and Applied Mathematics, 41, 329. https://doi.org/10.1007/s40314-022-02041-8.
Darania, P. & Ebadian, A. (2007). A method for the numerical solution of the integro-differential equations. Applied Mathematics and Computation, 188, 657–668.
Elahi, Z., Akram, G. & Siddiqi, S. S. (2018) Laguerre Approach for Solving System of Linear Fredholm integro-differential equations. Math. Sci., 12 (3), 185-195.

Ercan, C. & Kharerah, T. (2013), Solving a class of Volterra integral system by the differential transform method. International Journal Nonlinear Science, 16, 87-91.
Garba, B. H. & Bichi, S. L. (2021). A hybrid method for solution of linear Volterra integro-differential equations via finite difference and Simpsons' numerical methods. Open Journal Mathematics Analysis, 5(1), 69-75.
Issa, K. & Saleh, F. (2017). Approximate solution of perturbed Volterra Fredholm integro differential equation by Chebyshev-galerkin method. .Journal of Mathematics, doi:10,1155/2017/8213932.
Maadadi, A. & Rahmoune, A. (2018), Numerical solution of nonlinear Fredholm integro-differential equations using Chebyshev polynomials. International Journal of Advanced Scientific and Technical Research, 8(4), 85- 91. https://dx.doi.org/10.26808/rs.st.i8v4.09.

Mehdiyeva, G., Ibrahimov, V. & Imanova, M. (2019). On the construction of the multistep methods to solving the initial-value problem for ODE and the Volterra integro-differential equations. IAPE, Oxford, United Kingdom, ISBN: 978-1-912532-05-6.
Mittal, R. C. & Nigam, R. (2008). Solution of fractional integro-differential equations by Adomian decomposition method. the International Journal of Applied Mathematics and Mechanics, 2, 87-94.
Volterra, V. (2005). Theory of Functional and of Integral and Integro-differential Equations.
Dover Publications. Inc., New York. 

Zada, L. Al-Hamami, M., Nawaz, R., Jehanzeb, S., Morsy, A., Abdel-Aty, A. & Nisar, K. S. (2021). A new approach for solving Fredholm integro-differential equations. Information Sciences Letters, 10 (3), 3-1.







