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	ABSTRACT

Measles remains a serious public health problem, especially in places where vaccination rates are low and public awareness is limited. This study develops a mathematical model that includes the incubation period and the impact of public awareness on disease spread, also considering environmental contamination. The analysis shows that the disease can be controlled when the reproduction number is below one i.e. . Key factors driving the outbreak include direct contact, environmental contamination, vaccination coverage, and awareness levels. Simulations reveal that higher vaccination rates and greater public awareness reduce the number of infections and the amount of virus in the environment, leading to shorter outbreaks. The model also highlights the importance of cleaning the environment and vaccinating target groups quickly to prevent indirect transmission. Faster progression from exposure to infectiousness makes outbreaks worse, which means early detection and response are crucial. Overall, these findings suggest that combining vaccination, education, and environmental hygiene is essential for controlling measles. This model can help guide public health strategies, especially in areas where measles is still common.
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1. INTRODUCTION 
Measles is a highly contagious viral disease caused by the Morbillivirus of the Paramyxoviridae family, with humans serving as its only natural reservoir [1][2]. First documented in Boston in 1675 [3], measles remains a major global health concern despite the availability of safe and effective vaccines. Transmission occurs primarily through respiratory droplets from coughing and sneezing, direct contact with nasal or throat secretions, or contact with contaminated surfaces. The virus can remain infectious in the air or on surfaces for up to two hours [1][4]. Among susceptible individuals, its attack rate exceeds 90% [5].
The disease typically begins with high fever, cough, runny nose, sore throat, and conjunctivitis, followed by a rash that spreads from the face downward [6]. The incubation period averages 14 days, ranging from 7 to 18 days [6]. Severe complications such as pneumonia, diarrhea, encephalitis, and ear infections are common, especially among children under five and adults over twenty [7]. Measles remains a significant cause of mortality in many developing countries. In 2018, over 140,000 people died of measles worldwide, with African and Asian countries bearing the highest burden [8][9]. In Nigeria, the disease is endemic, with outbreaks peaking during the dry season and vaccination coverage falling below 40% [10].
Vaccination is the cornerstone of measles prevention. The measles mumps rubella (MMR) vaccine is approximately 92% effective after one dose and 95% after two doses [11][3]. Between 2000 and 2018, global measles vaccination reduced mortality by 73% [8]. However, vaccination gaps persist due to factors such as poor coverage, conflict, and disruptions to healthcare services [3][12][13]. In humanitarian crises, overcrowding and the breakdown of immunization programs increase the risk of large-scale outbreaks [3].
Several mathematical models have been developed to understand measles transmission and evaluate control strategies. [14] conducted a review of hospitalized cases in Nigeria to assess disease burden. [15] designed a model to limit spread, while [16] analyzed vaccination’s role in controlling transmission. [17] modeled latent-period effects, and [9] developed an SEIRV framework to demonstrate vaccination’s preventive role. [18] studied outbreaks without vaccination, while [19-24, 5, 3, 36-41] proposed various extensions, including network models, double-dose vaccination, treatment, and waning immunity. More recently, [25] incorporated both vaccination and hospitalization in a deterministic model fitted to Nigerian data, showing combined controls outperform single measures. [26] developed an SVIRP model that incorporated environmental transmission and indirect contact, identifying the indirect contact rate as a major driver of measles spread.
While these models have advanced understanding of measles dynamics, many still omit critical factors. In particular, some fail to account for the incubation (latent) period, during which individuals are infected but not yet infectious, while others overlook behavioral changes driven by public awareness. These gaps can lead to inaccurate projections of disease burden and weakens the design of effective interventions.
Building on the work of [26], the present study proposes a modified deterministic compartmental model that extends the SVIRP structure by explicitly including an exposed class to capture the latent stage and incorporating a constant awareness parameter to reduce the force of infection. The model retains important features such as environmental transmission and waning vaccine immunity. This structure enables a more realistic assessment of measles prevention strategies, particularly in quantifying how awareness and the latent stage influence transmission, and provides insights for improving public health responses in regions where measles remains a persistent threat.
The structure of this paper is as follows: Section 1 introduces the study and its objectives. Section 2 describes the model formulation and analytical methods. Section 3 presents the sensitivity analysis and numerical simulation results. Finally, Section 4 offers the concluding remarks.

2. material and methods 
In this section, we describe how the model is set up, covering the assumptions made, the compartments used, the schematic diagram, the equations that govern the system, and the mathematical analysis that follows.
2.1	Model Assumptions
The formulation of the model is based on the following assumptions:


1. Individuals are recruited into the population at a constant rate. A proportion of new recruits are vaccinated at birth, while the remaining joins the susceptible class.
2. Susceptible individuals may acquire infection through direct contact with infectious individuals or indirectly via exposure to measles virus present in the environment.

3. The force of infection is reduced by a factor, reflecting the impact of awareness or behavioral changes on disease transmission.
4. Individuals in the vaccinated class are not fully protected and may still acquire infection, although at a reduced rate.

5. Exposed individuals represent those who have been infected but are not yet infectious. They progress to the infectious class at a constant rate .

2.2	MODEL DESCRIPTION






In this model, the population is divided into six compartments: susceptible (), vaccinated (), exposed (), infectious (), recovered (), and environmental pathogen concentration (). Individuals enter the system at a constant rate, with a proportion vaccinated at birth and the remainder entering the susceptible class. Routine vaccination is also available for unvaccinated susceptible individuals.
Infection occurs through direct contact with infectious individuals or through exposure to the measles virus present in the environment. These two sources jointly define the force of infection, which is reduced by a constant awareness factor representing population wide behavioral change. The model includes a latent period between exposure and infectiousness, after which individuals may either recover or die due to disease complications. The vaccinated class is not perfectly protected, and some individuals may still acquire infection, though at a reduced rate. Vaccine induced immunity wanes over time, allowing individuals to return to the susceptible class.
Infectious individuals contribute to environmental contamination, and the pathogen decays naturally over time. All human compartments are subject to natural death. A detailed list of model parameters and their definitions is provided in Table 2.
Table1: Description of the measles model variables
	Variables
	Description

	

	
Number of susceptible individuals at time 

	

	
Number of vaccinated individuals  at time 

	

	
Number of exposed individuals at time 

	

	
Number of infectious individuals at time 

	

	
Number of recovered individuals at time 

	

	
Pathogen population at time 



Tables 2: Parameter descriptions with values and source for the measles system
	Parameter
	Description
	Value
	Source

	

	Recruitment of susceptible population
	100
	[26]

	

	Disease transmission rate of susceptible individual with infectious individuals
	0.09091
	[26]

	

	Disease transmission rate of susceptible with
pathogen in air and droplets on objects
	0.052
	[26]

	

	Natural death rate of humans
	0.00875
	[26]

	

	the rate of susceptible individuals receive
vaccination
	0.6
	[26]

	

	the rate of waning of vaccination
	0.167
	[26]

	

	Modification parameter
	0.0000003
	[26]

	

	the rate of recovery of a vaccine individuals
	0.8
	[26]

	

	Contribution of infected individuals to the
population of pathogen
	0.04
	[26]

	

	Recovery rate of infected individuals
	0.14286
	[26]

	

	Disease induced death rate of infected individuals
	0.125
	[26]

	

	the rate dying of pathogen
	0.08
	[26]

	

	Cohort vaccination rate
	0.037755
	[26]

	

		



	Progression rate from exposed to infectious



	0.5
	[25]

	

	Awareness rate
	0.5 , [0,1] 
	Assumed



2.3	MODEL DIAGRAM
The schematic representation of the model, which includes public awareness and aggressive vector control, is given in Figure 1 
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Figure 1: Schematic diagram illustrating the transmission and progression dynamics of measles system.
2.4	MODEL EQUATIONS
From the above assumptions and formulations, and in line with the work in [26], we formulate the measles model as the following system of ODEs: 

					            (1)

						(2)

						(3)

								(4)

									(5)

								            (6)

Where: 								(7)
is the force of infection
For simplification and easier analysis, equations 1, 2, 3 and 4 are rewritten as:

						(8)

							(9)

						          (10)

								          (11)
2.5	INVARIANT REGION



Let be the biological feasible region. Then  is positively invariant 

Proof: the rate of change of the total population at time () is given by:

					          (12)
By the comparison theorem, we have:

	                                                                    (13)
By using integrating factor, we have:

                                                                                     (14)
At t=0, we have:

                                                                        (15)




Hence all solutions of the measles model system that starts in the region remains in  and thus  is positively invariant.
2.6	POSITIVITY AND BOUNDEDNESS OF SOLUTIONS


Theorem 1: let the initial conditions of the system: . Then the solution set 
Proof: from equation (8), we have:

                                                                  (16)
It can also be shown that:

                                                                            (17)

Hence all state variables of the measles model system are non-negative  and therefore the system is epidemiologically valid.

2.7	EQUILIBRIUM POINTS.
Equilibrium points are states where the system variables remain constant over time. They may be stable resisting small perturbations or unstable shifting significantly when disturbed [27].

2.7.1	DISEASE FREE EQUILIBRIUM (DFE) POINTS.
The DFE corresponds to a condition in which the disease is entirely absent from the population [28].

Let the DFE point for the measles model system be denoted by , then at disease free:

        (18)
Substituting (18) into equation (8) and (9), thus we have:

  (19)
2.7.2	ENDEMIC EQUILIBRIUM (EE) POINTS
endemic equilibrium refers to a state in which a disease remains present within the population over time [29].

Let the EE point for the measles model system be denoted by , then at equilibrium:

                                      (20)
Substituting (20) into the measles model system, thus we have:

 where:

					       (21)

2.8	THE EFFECTIVE REPRODUCTION NUMBER ()

The effective reproduction number () is an important factor in modeling of infectious disease. It indicates the average number of secondary cases generated by a single infected individual in a population that is only partially susceptible [30,32,33,34,35,36].

                                              (22)
Differentiating (22) with respect to E,I and P, we have at disease free:

                    			      (23)
Where:

        	       (24)
The matrix V-1 is given as:

  							       (25)
And thus we have:

                                                                                        (26)
2.9	LOCAL STABILITY OF DISEASE FREE EQUILIBRIUM (DFE) POINT

The local stability of the measles system at (19) is evaluated under the condition of full public awareness and no waning of vaccines. i.e., . Thus at disease free, the jacobian matrix is given as:

                                                              (27)
Since (27) is a lower triangular matrix, then its eigen values are the diagonal elements. i.e.

                                (28)

Therefore all eigen values are negative and hence the disease free equilibrium () is locally asymptomatically stable.

2.10	Local Stability of Endemic Equilibrium (EE) Points
By linearizing the jacobian matrix of the measles model system, we have:

                                     (29)
Where:

                  (30)
The characteristic equation of (29) is given by: 

                                            (31)
The stability of (31) is determined using Routh Hurwitz criterion

Theorem 2: Routh–Hurwitz Stability Criterion
Let:				    (32)


be a real coefficient polynomial with.
Then all roots of have negative real parts (i.e., the system is stable) if and only if:
1. 
all coefficients ​ are positive (no sign changes).
2. all elements in the first column of the Routh array are positive (no sign changes).
If there is any sign change in the first column, the number of sign changes equals the number of roots with positive real parts (unstable poles).
Table 3: Routh Table for (31)
	

	

	

	

	


	

	

	

	

	


	

	

	

	

	


	

	

	

	

	


	

	

	

	

	


	

	

	

	

	


	

	

	

	

	



Where:



                                    (33)  Theorem 2 requires all the elements of the first column of table 3 be positive. Thus whenever , the endemic equilibrium () is locally asymptomatically stable.

2.11	GLOBAL STABILITY OF DISEASE FREE EQUILIBRIUM (DFE) POINT
The global stability of the disease free of the measles model system is analyzed using the approach proposed by Castillo Chavez and Song (2002) as cited by [26].


Theorem 3: Given that   is the disease free equilibrium of the measles model system, then the system is globally asymptomatically stable whenever if the following are satisfied:

[n1] is globally asymptomatically stable,




[n2], where  is an matrix, is the region where the measles model system makes biological sense and represents the infected and uninfected classes of the measles model system.
Proof:
To show that [n1] is satisfied we have that:

(34)
To find the solution of the first order differential equations (ODEs) in (33), we have at (19):  

        							          (35)

Multiplying both sides by the integrating factor, we have:

							          (36) Now, integrating both sides of (35), we obtain:

							          (37)

Solving for from (36), we have:

								          (38)


Since , as 

 									          (39)
Similarly, it could be shown that:

					          (40)


Therefore all points converges to, hence  is GAS and thus condition [n1] is satisfied.
To show that condition [n2] is satisfied, we have:

			          (41)

	          (42)




Thus all parameters are nonnegative,  and . Hence and condition [n2] is satisfied. Therefore, the disease free equilibrium of the measles model system is globally asymptomatically stable.

2.12   GLOBAL STABILITY OF ENDEMIC EQUILIBRIUM (EE) POINT
To establish the global stability of the EE , we chose a suitable Lypunov function defined as:

 (43)
The derivative of (42) along the solution of the system is given as:

 (44) 
upon simplification we have:

                                                                                                          (45)
Where:

        (46)




If , then . The inequality  holds at equilibrium. i.e. when .                                                  (47)



Since the largest invariant set  is a unit set of , then is globally asymptotically stable.

2.13   SENSITIVITY ANALYSIS AND NUMERICAL SIMULATIONS
In this section, sensitivity analysis was conducted to identify the parameters that most strongly influence measles transmission dynamics, while numerical simulations were performed to illustrate the model’s behavior under varying parameter values. Together, these approaches provide insight into the factors shaping disease spread and the potential impact of control measures.
3.1 	Sensitivity Analysis



The normalized forward sensitivity index of with respect to a parameteris defined as: 								        (48)

Table 4: Sensitivity indices quantifying the influence of model parameters on .
	Parameter
	Sensitivity Value
	Sensitivity index

	

	0.9999999
	+

	

	0.7776067059
	

	

	0.2223932940
	+

	

	0.06400549658
	

	

	0.9827093615
	

	

	0.1737199587
	+

	

	1.90537549510-7
	+

	

	0.1718406424
	

	

	0.09605489656
	+

	

	0.4512175863
	

	

	0.3948074919
	

	

	0.2223932940
	

	

	0.03230411021
	

	

	0.01719901771
	+

	

	1.000000000
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Figure 2: Graphical representation of the sensitivity indices illustrating the relative influence of model parameters on .






The sensitivity analysis Table 3 and Figure 3 highlights the key drivers of measles transmission in the model. As expected, transmission rate through direct contact and through environmental contamination both have positive sensitivity indices, indicating that increasing either one raises the effective reproduction number. Public awareness rate and vaccination rate show strong negative effects on ​, reinforcing their importance as control strategies. Similarly, parameters like the recovery rate of infected individuals, disease induced death rate, and pathogen decay rate help reduce transmission by shortening the infectious period or limiting the environmental reservoir. Waning immunity rate increases​, this implies that loss of vaccine protection can lead to resurgence if booster programs are not implemented. The influence of parameters like ,  and  is comparatively small in this model although still worth monitoring. Overall, the results suggest that improving vaccination coverage, raising public awareness, and reducing environmental contamination are critical levers for controlling measles outbreaks.

3. results and discussion

3.2 	Numerical Simulations
For the numerical simulations, the model is initialized with a total population distributed across the compartments over a period of 30 days as follows: S(0)=1000 for susceptible individuals, V(0)=10 for vaccinated individuals, E(0)=300 for exposed individuals, F(0)=100 for infectious individuals, R(0)=0 for recovered individuals, and P(0)=100 for environmental pathogen concentration. These values serve as the baseline conditions for evaluating the model’s dynamics under the proposed interventions.
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Figure 	4:Total population against 		Figure 5: Infectious individuals
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Figure 6:							 







Figure 6: Pathogen concentration			Figure 7: Vaccinated individuals
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Figure 8: Infectious individuals 		    Figure 9: Pathogen concentration
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Figure 10: Pathogen concentration			Figure 11: Infectious individuals
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Figure. 12: Infectious individuals			Figure 13: Infectious individuals
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Figure 14: Pathogen concentration

Figure 4 shows the behavior of all compartments against. The number of susceptible individuals declines, Vaccinated individuals remains stable, while exposed and infectious individuals increases and then decline with time. The recovered also rises indicating more individuals gaining immunity. Environmental pathogen concentration increases highlighting the role of contamination in sustaining transmission. This baseline scenario captures the system’s natural dynamics without parameter variation, providing a reference for sensitivity analyses. Figure 5 illustrates the infectious population under varying public awareness rate. Without awareness, infections peak sharply and decline slowly due to uncontrolled transmission. Moderate awareness lowers the peak and speeds up decline, while full awareness leads to the lowest and shortest outbreak, reflecting effective behavior change and preventive measures. This result demonstrates that increased awareness significantly reduces both the peak and duration of infection.  Figure 6 presents the environmental pathogen concentration at different awareness levels. Without awareness, pathogen levels peak and decline slowly, driven by high infection and continuous shedding. Moderate awareness lowers and advances the peak, while full awareness causes rapid and sustained declines, showing how preventive behaviors reduce environmental contamination. This highlights the crucial role of awareness in reducing indirect transmission. Figure 7 displays vaccinated individuals for lower and higher vaccination rates. Higher rates produce faster and larger vaccination peaks, with rapid uptake stabilizing due to waning immunity and compartment transitions. Lower rates show smaller, delayed peaks and limited coverage. These findings emphasize the need for high vaccination rates to build immunity and reduce susceptibility. Figure 8 shows infection dynamics for the same vaccination rates. Low vaccination results in sharp high peaks, moderate vaccination reduces peak size and high vaccination leads to the smallest peak with rapid decline. This confirms an inverse relationship between vaccination coverage and disease burden, highlighting the importance of widespread immunization. Figure 9 shows environmental pathogen concentration under varying vaccination rates. Higher vaccination reduces peak pathogen loads and accelerates decline, paralleling infection trends. This illustrates the role of vaccination in limiting both direct infection and environmental transmission.  Figure 10 examines the influence of pathogen decay rate on environmental pathogen concentration. Lower decay rates result in prolonged persistence and higher peaks, while higher rates causes rapid declines. These results highlight the potential of environmental disinfection or natural decay to reduce indirect transmission. Figure 11 presents infected individuals across different ​ decay rate values. Lower decay prolongs environmental contamination, leading to higher infection peaks. Increasing decay rates reduce infection magnitude and duration, supporting the role of hygiene and environmental control.  Figure 12 shows infected individuals responses to progression rates. Faster progression from exposed to infectious leads to sharper, higher infection peaks, whereas slower progression delays and reduces peak magnitude. This suggests that early intervention during incubation is critical. Figure 13 illustrates infection dynamics under different cohort vaccination rates. Faster cohort vaccination reduces peak infection levels and outbreak duration, illustrating the value of prompt immunization in targeted groups. Figure 14 shows environmental pathogen concentration for cohort vaccination rates. Low coverage leads to high and prolonged pathogen presence due to limited early protection. Moderate coverage slows pathogen accumulation and lowers peak concentration. High coverage sharply reduces pathogen shedding, resulting in a smaller and shorter environmental pathogen presence. This result highlights the importance of timely and targeted vaccination in suppressing environmental reservoirs and controlling outbreaks.

4. Conclusion


In this study, we developed a modified deterministic compartmental model that incorporates the latent period and public awareness to more accurately reflect measles transmission dynamics. Analytical results demonstrated that the disease free equilibrium is locally and globally stable when is below unity confirming that measles elimination is achievable under appropriate control measures. Endemic equilibrium was shown to be globally stable under certain conditions providing insights into the long term persistence of the disease. Sensitivity analysis identified direct transmission and environmental contamination as key drivers, while vaccination and public awareness significantly reduce the effective reproduction number. Numerical simulations confirmed that increased awareness and higher vaccination rates effectively lower infection peaks and environmental pathogen loads. Moreover, faster pathogen decay and timely cohort vaccination further suppress indirect transmission and outbreak severity. Progression rate from exposed to infectious individuals influenced outbreak’s speed and intensity highlighting the importance of early intervention. Together, these findings emphasize the necessity of integrated strategies combining vaccination, public awareness, and environmental hygiene to control measles. This model offers a robust framework for guiding public health policies, especially in regions with ongoing transmission and resource constraints.
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