Numerical Sensitivity Analysis of Diffusion
Coefficients under Optimized Lipschitz
Perturbations in Functional Spaces

Abstract

Diffusion processes play a fundamental role in chemical, biological, and physical systems, with
thermal diffusivity governing heat propagation under temperature variations. The Arrhenius re-
lation links activation energy to reaction rates, providing a quantitative framework for studying
temperature-dependent diffusion. This work investigates the Lipschitz stability of heat diffusion mod-
els with respect to both the diffusion coefficient and the activation energy. Using a one-dimensional
heat equation, an analytical solution via separation of variables is derived, with the diffusion coef-
ficient expressed in Arrhenius form. By applying the Mean Value Theorem, we establish bounds
on the solution differences corresponding to variations in diffusion parameters, proving that the so-
lution is Lipschitz continuous with respect to the diffusion coefficient. Extending this analysis to
the activation energy, we demonstrate that small perturbations in the activation energy, @ lead to
proportionally small changes in concentration, confirming the model’s robustness under parameter
uncertainties. Numerical simulations illustrate that diffusion coefficients and concentrations remain
bounded for realistic ranges of temperature and activation energy, supporting the theoretical findings.
The results highlight the reliability of Arrhenius-based diffusion models for practical and industrial
applications, including thermal transport, biomedical modelling, and corrosion studies. This work
provides a rigorous mathematical foundation for the sensitivity analysis and stable numerical simu-
lation of diffusion-driven processes under physically relevant parameter variations.
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1 Introduction

Diffusion is important in chemical and biological phenomena. The Arrhenius relation (Xiao et al., 2019)
[1] gives a quantitative connection between activation energy and reaction rate. Gadzhiev et al. (2021)
[2] showed that by thermal diffusion, diamondoids may be separated from protodiamondoids in crude
oil. Thermal diffusivity describes heat propagation during temperature change (Salazar, 2003) [3]. It is
the quantity that measures the change in temperature produced in unit volume of the material by the
amount of heat that flows in unit time through a unit area of a layer of unit thickness with tempera-
ture difference between its faces. Thermal diffusivity imaging (Gfroerer et al., 2015) [4] enables precise
monitoring. Mathematical modeling is the systematic process of translating real-world phenomena into
mathematical representations, enabling analysis, predictions, and insights, while interpreting mathemat-
ical results back to inform understanding and decision-making in reality.

In light of recurring global health emergencies such as COVID-19 [5], modelling the spread of infectious
agents in populations has become critically important. Analogous to the diffusion of heat or chemi-
cal concentrations in physical systems, infectious diseases can be conceptualized as diffusing through
susceptible populations. Okeke (2020) and Okeke and Akpan (2019) modelled transportation prob-
lem using harmonic mean and linear production process respectively ([6]; [7]). Mathematical modeling
translates real-world phenomena into mathematical structures, enabling analysis and prediction, while



synergistically informing medical practice, as highlighted by Okeke et al. (2024-2025) in solving real-
world problems ([8];[9];[10]). Okeke and Orji (2025) incorporated the Lipschitz conditions that ensured
well-posedness of the enhanced medical system [I1]. The mathematical modelling helps decision makers
increasingly in application to complex problems in healthcare resource allocation (Okeke, 2025) [12],
[13]. Okeke et al. (2020) studied models of the temperature-dependent behaviour of non-steady dif-
fusion in conductive materials [14], reinforcing the role of mathematical diffusion models in describing
complex physical and biomedical transport processes. Okeke and Nwagor (2019) studied the numerical
stability of Fick’s second law to heat flow using using Forward Time, Centered Space approximation [I5].

Corrosion remains a major degradative challenge across scientific and technological fields. In indus-
trial sectors including pulp and paper production, power plants, buried infrastructure, and the chemical
and petroleum industries metallic materials account for more than 90% of construction applications
[16]. Iron and steel, in particular, dominate the fabrication of oil-field operating platforms due to their
abundance, affordability, manufacturability, and mechanical strength.

Industrial media are generally rich in elemental sulfur, gases, inorganic salts, and acidic solutions
most of which influence the rates, and mechanisms (Amadi & Ukpaka, 2013) [17] are usually exposed to
the action of bases or acids in the industries. Corrosion inhibition effectively protects metals in acidic
environments, with increasing emphasis on non-toxic, environmentally friendly inhibitors for industrial
applications [I8]. Processes that involve acids to a large extent are acid pickling, industrial acid cleaning,
cleaning of oil refinery equipment, oil well acidizing, and acid descaling. Most industrial environments
contain elemental gases, inorganic salts, and acidic solutions that significantly affect corrosion rates and
mechanisms (Sunday, 2005) [19]. These exposures can be severe with regard to the properties of the
metals, and therefore result in sudden failure of materials in service. There is therefore the need for
an investigation of the corrosive behaviour of metals in exposing to various environments, as this is an
important factor in material selection that determines the service life of the material. Existing studies
inadequately integrate diffusion parameter sensitivity with explicit numerical validation of Lipschitz sta-
bility, leaving the robustness of heat diffusion models under activation energy perturbations insufficiently
demonstrated.

2 Mathematical Formulation

Let u(x,t) represent the concentration of the diffusant at position = and time ¢ along a one-dimensional
bar. Following Okeke et al. (2020), the governing heat equation is the one dimensional heat equation

(D).

Considering the one-dimensional heat equation

ou 0%y

5 =D 0<z<L,t>0. (1)

Arrhenius-type plot equation in Okeke et al. (2020) is estimated in (2).
D= Me . (2)
The analytical solution obtained via separation of variables is
u(z,t) = AeH Dt (cos ka + sin k). (3)
Substituting (2) into (3) gives
u(x,t) = Aexp(—kQMe_%t) (cos kz + sinkz). (4)

Definition 1 (Lipschitz Stability). The model is said to be Lipschitz stable with respect to the diffusion
coefficient D if there exists a constant L > 0 such that for any two diffusion coefficients D1 and Do,

|lur — ual| < L|D1 — Da,
where uy and ug are the corresponding solutions.

Bonito et al. (2016)[20] investigated conditions for uniquely and stably recovering of diffusion coeffi-
cient from known solutions of a diffusion equation.



3 Lipschitz Stability with Respect to the Diffusion Coefficient
Let

ui(x,t) = Ae Dt (coskx + sinkz),

ug(z,t) = Ae‘kzth(cos kx + sinkz).

Then,

|ur — ug| = Al cos kx + sin kx| e~K*Drt _ o=k Dot

: ()
Applying the Mean Value Theorem, there exists some & between D; and Dy such that
f(D1) = f(D2) = f'(§)(D1 — D2). (6)

Hence
’ —k2D1t —k?Dot 2, —k2¢t
e —e =—k%te (D1 — D5).

Taking the absolute values of the exponential difference to have:
e~k Dit _ o—kK*Dat| _ 24 o—ket |Dy — Ds)|. (7)

(The exponential is always positive, so its absolute value is unchanged.)
Substituting (7) into (5) to have:

|uy — ug| = A|cos kx + sin kx| - k>t e_k2£t\D1 — Ds|. (8)
Therefore,
lup — ug| < Ak*te %8| cos kx + sin kx|| Dy — Dy|.

Since
| cos kx + sin kx| < /2,
we obtain the estimate ,
|U1 — UQ| S \/iAk‘Zteik &t ‘Dl — D2|. (9)
—_——
L

Hence, the solution is Lipschitz continuous with respect to D, and the model is Lipschitz stable.

3.0.1 Lipschitz Stability with Respect to Activation Energy

Since o
D(Q) = Me™ 77, (10)
we have D u
_Q

For bounded @ and T > 0, this derivative is finite, implying that small perturbations in @ lead to
small changes in D. Combining this with inequality (9), the solution u(x,t) is also Lipschitz stable with
respect to the activation energy Q.

Theorem Statement
Let
D(Q) = Me~7r, T >0,

with @ belonging to a bounded interval. Then D is Lipschitz continuous with respect to ). The
corresponding solution u(z,t) depends Lipschitz continuously on the activation energy Q.
Proof
Let
Q

D(Q)=Me ®r, T >0.

Computing the derivative to have:

dD M _ o dD M _ o
RT

———e ET, 50

dQ ~ RT



Assuming that @ lies in a bounded interval [Qmin, Qmax|- Then

su Q <%e*QI§fTin = Lp <o
P dQ| = RT DS oo

QE [Qmiu ;Qmax]

Now, applying the Mean Value Theorem, for any @1, Q2 in this interval, there exists 7 between them
such that

D(@Q1) — D(Qy)| = ]flgm)\ Q1 - Qul.

Hence,
|ID(Q1) — D(Q2)| < Lp|Q1 — Q2]

Therefore, D(Q) is Lipschitz continuous with respect to Q.
From inequality (9), the solution satisfies

|U1(Z‘,t) _UQ(xvt” < C‘Dl - D2|7

where ,
C = Ak?te "¢ cos kx + sin kx|

is finite for fixed z, t.
Thus, u(z,t) is Lipschitz continuous with respect to the diffusion coefficient D.
Let

Dy = D(Q1), Dy = D(Q2).
Then
[u(Q1) —u(Q2)] < C[D(Q1) — D(Q2)| < CLp|Q1 — Q2.
Thus, there exists a constant
L=CLp>0
such that
[u(Q1) —u(Q2)| < L|Q1 — Q2]

for all admissible @1, Q5.
Hence, the solution u(z,t) is Lipschitz stable with respect to the activation energy Q.

4 Discussion of Numerical Results

Following Okeke et al. (2021) [2I], the numerical results show that for all considered activation energies
Q; and temperatures, the estimated diffusion coefficients satisfy

M; =~ Dj ~1.00 x 10~*. (12)
The small variation in D across different temperatures and activation energies implies that
|D; — Dj| <« 1, (13)

which, by the Lipschitz inequality (9), guarantees that the corresponding variations in concentration
u(zx,t) remain bounded and small.

Therefore, metals with larger diffusion coeflficients exhibit smaller effective numerical errors, while
metals with smaller diffusion coefficients show relatively higher sensitivity. This confirms that the model
is numerically stable, physically consistent, and robust under variations in activation energy and tem-
perature.

The Arrhenius-based heat diffusion model is Lipschitz stable with respect to the diffusion coefficient,
activation energy, and temperature. Consequently, small perturbations in physical parameters do not
lead to unbounded changes in concentration, validating the reliability of the model for practical and
experimental applications.
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Figure 1: Diffusion coefficient D verses activation energy Q at different temperatures
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Figure 2: Diffusion coefficient D verses temperature 7" for different activation energies

The Figure 1 shows how D decreases with increasing () and how higher temperatures increase D.
Figure 2 illustrates how D grows with temperature, with smaller () producing higher D.
The Figure 3 shows spatial distribution along the bar; small changes in Q produce small changes in
u(x,t), illustrating Lipschitz stability. The Figure 4 shows temporal evolution; again, small variations in
Q lead to small changes in u(x,t) at a fixed position = 0.5, confirming model stability.
These plots effectively visualize the impact of activation energy and temperature on diffusion and con-
centration, and demonstrate the Lipschitz stability for the heat diffusion model.



Concentration u(x,t) vs x at T=7000K
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Figure 3: Concentration profile u(z,t) verses = at fixed temperature for different Q and times

Time evolution of u at x=0.5, T=7000K
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Figure 4: Concentration u(x,t) at a fixed position z = 0.5 for different Q

5 Conclusion

This study has analyzed Arrhenius-based heat diffusion models, proving Lipschitz stability with respect
to diffusion coefficient and activation energy. Analytical solutions, theoretical bounds, and numerical
simulations showed that small parameter perturbations cause bounded concentration changes, confirming
robustness, numerical stability, and reliability for physical, biomedical, and industrial diffusion applica-
tions. The future research will extend the model to multidimensional and nonlinear diffusion systems,
incorporating stochastic parameter uncertainties, develoing inverse methods for parameter identification,
couple diffusion with reaction and transport processes with validated results using numerical data.



References

1]

J. Xia, S. Wang, X. Duan, S. Ye, J. Wen, & Z. Zhang (2022). Rheological models for temperature
and concentration dependencies of coal water slurry. International Journal of Coal Preparation and
Utilization, 42(4), 1185-1203. https://doi.org/10.1080/19392699.2019.1696780

G. A. Gadzhiev, C. M. Badmaev, G. N. Gordadze& M. V. Giruts (2021). Thermal diffusion separation
of petroleum diamondoids and protodimondoids. Petroleum Chemistry, 61(2), 166-171. http://
link.springer.com/article/10.1134/S0965544121020110

A. Salazar (2003). On thermal diffusivity. European Journal of Physics, 24, 351-358. https:
//iopscience.iop.org/article/10.1088/0143-0807/24/4/353/meta

T. Gfroerer, R. Philips & P. Rossi (2015). Thermal diffusivity imaging. American Association of
Physycs Teachers, 83(11), 923-927. https://pubs.aip.org/aapt/ajp/article-abstract/83/11/
923/1039501/Thermal-diffusivity-imaging?redirectedFrom=fulltext

S. I. Okeke, N. Peters and H. Yakubu & O. Ozioma (2019). Modelling HIV infection of CD4+ T
cells using Fractional Order Derivatives. Asian J. of Math. and Appl., 2019(2019), 1-6. https:
//scienceasia.asia/files/519.pdf

S.I. Okeke (2020). Modelling transportation problem using harmonic mean. International Journal
of Transformation in Applied Mathematics and Statistics, 3(2020), 7-13. http://www.science.
eurekajournals.com/index.php/ijtams/article/view/194

S. I. Okeke and N.P. Akpan (2019). Modelling optimal paint production using linear programming.
International Journal of Mathematics Trends and Technology- IJMTT, 65(2019), 47-53. https:
//doi.org/10.14445/22315373/1ijmtt-v65i6p508

S. I. Okeke (2025). Innovative mathematical application of game theory in solving healthcare al-
location problem. Proceedings of the Nigerian Society of Physical Sciences, 2(2025), 1-7. https:
//doi.org/10.61298/pnspsc.2025.2.16

S. I. Okeke and P. C. Nwokolo (2025). R—Solver for solving drugs medication production problem
designed for health patients administrations. Sch. J. Phys. Math. Stat., 12(2025), 6-10. https:
//doi.org/10.36347/sjpms.2025.v12i01.002

[10] S. 1. Okeke and C. G. Ifeoma (2024). Analyzing the sensitivity of coronavirus dispari-

ties in Nigeria using a mathematical model. International J. of Appl. Sci. and Math. The-
ory, 10(2024), 18-32. ITARD - International Institute of Academic Research and Develop-
ment. https://www.researchgate.net/publication/382298959_analyzing the_sensitivity_
of _coronavirus_disparities_in_nigeria_using_a_mathematical_model

[11] S.I. Okeke & Orji S. C. (2025). Modelling epidemic dynamics with government policy under numer-

ical Lipschitz-stable hybrid systems. Asian Journal of Pure and Applied Mathematics, 7(1), 785-797.
https://doi.org/10.56557/ajpam/2025/v711242

[12] S. I. Okeke (2025). Innovative mathematical application of game theory in solving healthcare

allocation problem. Proceedings of the Nigerian Society of Physical Sciences, 2(1), 1-7. https:
//doi.org/10.61298/pnspsc.2025.2.161

[13] S. I. Okeke (2025). A Mathematical Analysis of Centipede game theory in emergency room

interactions. Journal of Engineering and Technology (IKRJET). Published by IKR Publishers, 2025,
1 -15. https://www.researchgate.net/profile/Stephen-0keke-Phd/publication/393372901_
A_Mathematical_Analysis_of_Centipede_Game_Theory_in_Emergency_Room_Interactions/
1inks/6866cb3992697d42903cef00/A-Mathematical-Analysis—-of-Centipede-Game-\
Theory-in-Emergency-Room-Interactions.pdf

[14] S. I. Okeke, D. A. Nworah, & J. A. Tutuwa, (2020). Modelling the dependency of a non-steady

diffusion on temperature of a conductive material. International Journal of Advances in Scientific
Research and Engineering, 6(10), 2454-8006. https://doi.org/10.31695/1ijasre.2020.33896


https://doi.org/10.1080/19392699.2019.1696780
http://link.springer.com/article/10.1134/S0965544121020110
http://link.springer.com/article/10.1134/S0965544121020110
https://iopscience.iop.org/article/10.1088/0143-0807/24/4/353/meta
https://iopscience.iop.org/article/10.1088/0143-0807/24/4/353/meta
https://pubs.aip.org/aapt/ajp/article-abstract/83/11/923/1039501/Thermal-diffusivity-imaging?redirectedFrom=fulltext
https://pubs.aip.org/aapt/ajp/article-abstract/83/11/923/1039501/Thermal-diffusivity-imaging?redirectedFrom=fulltext
https://scienceasia.asia/files/519.pdf
https://scienceasia.asia/files/519.pdf
http://www.science.eurekajournals.com/index.php/ijtams/article/view/194
http://www.science.eurekajournals.com/index.php/ijtams/article/view/194
https://doi.org/10.14445/22315373/ijmtt-v65i6p508
https://doi.org/10.14445/22315373/ijmtt-v65i6p508
https://doi.org/10.61298/pnspsc.2025.2.16
https://doi.org/10.61298/pnspsc.2025.2.16
https://doi.org/10.36347/sjpms.2025.v12i01.002
https://doi.org/10.36347/sjpms.2025.v12i01.002
https://www.researchgate.net/publication/382298959_analyzing_the_sensitivity_of_coronavirus_disparities_in_nigeria_using_a_mathematical_model
https://www.researchgate.net/publication/382298959_analyzing_the_sensitivity_of_coronavirus_disparities_in_nigeria_using_a_mathematical_model
https://doi.org/10.56557/ajpam/2025/v7i1242
https://doi.org/10.61298/pnspsc.2025.2.161
https://doi.org/10.61298/pnspsc.2025.2.161
https://www.researchgate.net/profile/Stephen-Okeke-Phd/publication/393372901_A_Mathematical_Analysis_of_Centipede_Game_Theory_in_Emergency_Room_Interactions/links/6866cb3992697d42903cef00/A-Mathematical-Analysis-of-Centipede-Game- \Theory-in-Emergency-Room-Interactions.pdf
https://www.researchgate.net/profile/Stephen-Okeke-Phd/publication/393372901_A_Mathematical_Analysis_of_Centipede_Game_Theory_in_Emergency_Room_Interactions/links/6866cb3992697d42903cef00/A-Mathematical-Analysis-of-Centipede-Game- \Theory-in-Emergency-Room-Interactions.pdf
https://www.researchgate.net/profile/Stephen-Okeke-Phd/publication/393372901_A_Mathematical_Analysis_of_Centipede_Game_Theory_in_Emergency_Room_Interactions/links/6866cb3992697d42903cef00/A-Mathematical-Analysis-of-Centipede-Game- \Theory-in-Emergency-Room-Interactions.pdf
https://www.researchgate.net/profile/Stephen-Okeke-Phd/publication/393372901_A_Mathematical_Analysis_of_Centipede_Game_Theory_in_Emergency_Room_Interactions/links/6866cb3992697d42903cef00/A-Mathematical-Analysis-of-Centipede-Game- \Theory-in-Emergency-Room-Interactions.pdf
https://doi.org/10.31695/ijasre.2020.33896

[15] S. I. Okeke & P. Nwagor (2019). Numerical stability of Fick’s second law to heat flow. International
Journal of Transformation in Applied Mathematics and Statistics, 2(2), 21-30. https://doi.org/
10.31695/IJASRE.2020.33896

[16] E. Osarolube, 1.0. Owate & N.C. Oforka (2008). Corrosion behaviour of mild and high
carbon steels in various acidic media. Scientific Research and FEssay 3(6), 224-228 June
2008. http://www.academicjournals.org/SRE, retrieved from https://www.researchgate.
net/profile/Israel-Owate/publication/279711726_Corrosion_behaviour_of_mild_and_
high_carbon_steels_in_various_acidic_\media\/1inks/55c8850308aeb97567473065/
Corrosion-behaviour-of-mild-\and-high-carbon-steels-in-various-acidic-media.pdf?
origin=journalDetail&_tp=eyJwYWd1lIjoiam91cmbhbER1dGFpbCJ9 on 23rd December, 2025.

[17] S. A. Amadi, & C. P. Ukpaka (2013). Corrosion performance and application limits of materials in oil
field. International Journal of Applied Chemical Science Research, 1(10), 182-194. http://ijacsr.
com/IJACSR_Vol.%201, %20No. %2010, %,20November7202013/Corrosiony,20Performance . pdf

[18] A. Ashwe, K.K. Ikpambese, &P.M. Yaji (2016). Study of Hyptis Suaveolen L Poit leaves extract as
corrosion inhibitor on mild steel in h2so4 solution, 3(5), 1-9. International Journal of Engineering
Sciences & Management Research. https://doi.org/10.5281/zenodo.51032,

[19] O. S. Sunday (2005). Corrosion evaluation on mild steel in acidic media, 10(2), 19-22. International
Educational Scientific Research Journal. https://iesrj.com/upload/6.%20ADENIYI%20ADEKUNLEY
20-%200nline%20-%20IESRJ%20 (FEBY%202024) . pdf

[20] A. Bonito, A. Cohen, R. DeVore, G. Petrova, & G. Welper (2017). Diffusion coefficients estimation
for elliptic partial differential equations. STAM Journal on Mathematical Analysis, 49(2), 1570-1592.
https://arxiv.org/pdf/1609.05231

[21] S. L. Okeke, G. Isobeye & P. Nwagor (2021). Analytic and classical numerical methods for solving
heat equation through a conductive plate. A Doctoral Dissertation submitted to the Postgraduate
School, Ignatius Ajuru University of Education, Port Harcourt, Nigeria.


https://doi.org/10.31695/IJASRE.2020.33896
https://doi.org/10.31695/IJASRE.2020.33896
http://www.academicjournals.org/SRE
https://www.researchgate.net/profile/Israel-Owate/publication/279711726_Corrosion_behaviour_of_mild_and_high_carbon_steels_in_various_acidic_ \media\/links/55c8850308aeb97567473065/Corrosion-behaviour-of-mild-\and-high-carbon-steels-in-various-acidic-media.pdf?origin=journalDetail&_tp=eyJwYWdlIjoiam91cm5hbERldGFpbCJ9
https://www.researchgate.net/profile/Israel-Owate/publication/279711726_Corrosion_behaviour_of_mild_and_high_carbon_steels_in_various_acidic_ \media\/links/55c8850308aeb97567473065/Corrosion-behaviour-of-mild-\and-high-carbon-steels-in-various-acidic-media.pdf?origin=journalDetail&_tp=eyJwYWdlIjoiam91cm5hbERldGFpbCJ9
https://www.researchgate.net/profile/Israel-Owate/publication/279711726_Corrosion_behaviour_of_mild_and_high_carbon_steels_in_various_acidic_ \media\/links/55c8850308aeb97567473065/Corrosion-behaviour-of-mild-\and-high-carbon-steels-in-various-acidic-media.pdf?origin=journalDetail&_tp=eyJwYWdlIjoiam91cm5hbERldGFpbCJ9
https://www.researchgate.net/profile/Israel-Owate/publication/279711726_Corrosion_behaviour_of_mild_and_high_carbon_steels_in_various_acidic_ \media\/links/55c8850308aeb97567473065/Corrosion-behaviour-of-mild-\and-high-carbon-steels-in-various-acidic-media.pdf?origin=journalDetail&_tp=eyJwYWdlIjoiam91cm5hbERldGFpbCJ9
https://www.researchgate.net/profile/Israel-Owate/publication/279711726_Corrosion_behaviour_of_mild_and_high_carbon_steels_in_various_acidic_ \media\/links/55c8850308aeb97567473065/Corrosion-behaviour-of-mild-\and-high-carbon-steels-in-various-acidic-media.pdf?origin=journalDetail&_tp=eyJwYWdlIjoiam91cm5hbERldGFpbCJ9
http://ijacsr.com/IJACSR_Vol.%201,%20No.%2010,%20November%202013/Corrosion%20Performance.pdf
http://ijacsr.com/IJACSR_Vol.%201,%20No.%2010,%20November%202013/Corrosion%20Performance.pdf
https://doi.org/10.5281/zenodo.51032
https://iesrj.com/upload/6.%20ADENIYI%20ADEKUNLE%20-%20Online%20-%20IESRJ%20(FEB%202024).pdf
https://iesrj.com/upload/6.%20ADENIYI%20ADEKUNLE%20-%20Online%20-%20IESRJ%20(FEB%202024).pdf
https://arxiv.org/pdf/1609.05231

	Introduction
	Mathematical Formulation
	Lipschitz Stability with Respect to the Diffusion Coefficient
	Lipschitz Stability with Respect to Activation Energy Q

	Discussion of Numerical Results
	Conclusion

