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	PART  1: Comments



	
	Reviewer’s comment


	Author’s Feedback (It is mandatory that authors should write his/her feedback here)


	Please write a few sentences regarding the importance of this manuscript for the scientific community. A minimum of 3-4 sentences may be required for this part.


	This manuscript presents a valuable contribution to the theory of fractional semigroups and fractional evolution equations. The work provides a foundational characterization of fractional semigroup theory, which is crucial for understanding dynamical processes with memory effects and long-range interactions. The authors successfully establish important distinctions between the semigroup properties of Riemann-Liouville fractional integral operators versus derivative operators, clarifying fundamental aspects that are essential for applications in physics, biology, and engineering. The theoretical framework developed here offers researchers a comprehensive tool for modeling and analyzing complex systems exhibiting fractional dynamics.
	

	Is the title of the article suitable?

(If not please suggest an alternative title)


	Yes, the title is appropriate and accurately reflects the content of the manuscript. It clearly indicates that the paper deals with fractional semigroup theory and fractional evolution equations.
	

	Is the abstract of the article comprehensive? Do you suggest the addition (or deletion) of some points in this section? Please write your suggestions here.


	The abstract is well-written and provides a clear overview of the paper's content. It appropriately summarizes the main objectives: presenting fractional semigroups, proving semigroup properties of the Riemann-Liouville fractional integral operator, and utilizing fractional β-semigroups to solve the fractional abstract Cauchy problem. No major modifications are needed.
	

	Is the manuscript scientifically, correct? Please write here.
	Yes, the manuscript is scientifically correct. The mathematical derivations are rigorous, and the proofs are well-structured. The characterization of fractional semigroups (translation, matrix) is properly developed. The distinction made in Remark 3.3.2 regarding the failure of semigroup property for Riemann-Liouville fractional derivatives is particularly valuable and correctly demonstrated with a concrete example. However, minor corrections are needed:

1. Page 2: 'finite-dmensional' should be 'finite-dimensional'

2. Theorem 4.1 references 'Definition 2.17' but the paper only has definitions up to 2.15. This should be corrected to 'Definition 2.15'

3. Page 2, Remark 3.2.2: 'We call that in' should be 'We recall that in'
	

	Are the references sufficient and recent? If you have suggestions of additional references, please mention them in the review form.
	Yes, the references are adequate and include both classical works (Bochner 1949, Balakrishman 1960, Pazy 1983) and recent publications (2021-2023). The bibliography covers the essential topics: fractional calculus, semigroup theory, and fractional differential equations. The references appropriately support the theoretical development presented in the paper.
	

	Is the language/English quality of the article suitable for scholarly communications?


	The English quality is generally good and suitable for scholarly publication. The mathematical terminology is used correctly. Minor improvement suggestion: the phrase 'More so' is used repeatedly throughout the text. It would be better to vary with synonyms such as 'Moreover', 'Furthermore', or 'Additionally' for better stylistic flow.
	

	Optional/General comments


	Additional suggestions:

1. The example in Remark 3.3.2 demonstrating the failure of commutativity is excellent and could benefit from a brief discussion of the practical implications of this non-commutativity.

2. Remark 3.2.2 mentions that determining the operator A for fractional matrix semigroups remains open. A brief discussion of why this problem is important would be valuable.

3. In Lemma 3.2.1, you might comment on whether the continuity is uniform.
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	Reviewer’s comment
	Author’s Feedback (It is mandatory that authors should write his/her feedback here)


	Are there ethical issues in this manuscript? 


	(If yes, Kindly please write down the ethical issues here in detail)
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