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ABSTRACT
	This study employs the Laplace Decomposition Method (LDM) to derive numerical solutions for nonlinear boundary value problems (BVPs) of the twelfth, thirteenth, and fourteenth orders. The LDM synthesizes the Laplace Transform (LT) with the Adomian Decomposition Method (ADM), yielding a series solution that converges to the exact solution. An analysis of selected test problems demonstrates that the convergence of this technique surpasses that of existing methods documented in the literature. All computations were done using Maple 2022 software.
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1. INTRODUCTION

Consider the following generalized boundary value problem:
	
                               (1)

where  is of the form , where 

with boundary conditions

,                               (2)

                                (3)

Where  is continuous on [, ] and .

It is acknowledged that boundary value problems (BVPs) of higher order include hydrodynamic stability and hydromagnetic stability. Over stability, which occurs when a uniform magnetic field is applied across the fluid in the same direction as gravity, can be described as a thirteenth order boundary-value problem. Laplace transform-Adomian decomposition method was used to numerically study the behavior of nonlinear Volterra integro-differential equations. The method's dependability and efficacy for a variety of nonlinear scientific applications have been shown in several articles (Wazwaz, 2010; Faizan, 2015; Ahmed & Kirtiwant, 2017). The technique provides rapidly convergent consecutive approximations of the precise solution if one exists; otherwise, a limited number of approximations can be utilized numerically. No specific conditions, such as linearization, small parameters, etc., are necessary for the method to work with nonlinear operators. In a vast class of nonlinear problems, the Laplace transform-Adomian decomposition method which is a combination of Laplace transform and Adomian decomposition method has been demonstrated to be efficient, straightforward, and accurate, with approximations that swiftly converge to exact solutions. For the purpose of resolving issues of this kind, numerous numerical algorithms have been created over time. The following are some of the numerical techniques used recently: Solution of Thirteenth Order Boundary Value Problems By Differential Transformation Method (Muzammal et al., 2014), Comparative Analysis of Nonlinear Thirteenth Order Boundary Value Problems Utilizing OHAM and HPM (Islam et al., 2019), Numerical solutions of higher order boundary value problems via wavelet approach (Shams et al., 2021), Modified Adomian Decomposition Method For Thirteenth Order Boundary Value Problems (Abiodun et al., 2017), Using a potent numerical method, twelfth-order boundary value problems was treated. Open Physics (Rohul et al., 2020), 12th order Boundary Value problems are solved using the modified variational iteration method with Chebyshev polynomials (Tsetimi et al., 2022), Solutions of 12th order boundary value problems using non-polynomial spline technique (Shahid & Ghazala, 2008), The Homotopy Perturbation Method for the Numerical Solution of 12th Order Boundary Value Problems (Mohamed et al., 2010), Approximate Solutions of Twelfth- order Boundary Value Problems (Syed et al., 2008a), For the Solution of Twelfth Order Boundary Value Problems, used the Homotopy Perturbation Method (Mirmoradi et al., 2009), Approximations for linear tenth-order boundary value problems through polynomial and non-polynomial cubic spline techniques (Iqbal et al., 2015), Ninth-order boundary value problems are numerically solved using the Petrov-Galerkin method with quinic B-splines as the basis functions and septic B-splines as the weight functions (Viswanadham & Reddy, 2015), Quintic B-spline Numerical Solution to Ninth Order Boundary Value Problems (Reddy, 2016), The Solution of Ninth Order Boundary Value Problems in AFTI-F16 Fighters Using the Homotopy Analysis Method (Ghazala & Maasoomah, 2017), Eight order boundary value problem with variational iteration decomposition approach (Muhammad & Syed, 2007), Power series approximation method was used to solve extended Nth order boundary value problems numerically (Njoseh & Mamadu, 2016), Approach to First and Second Order Ordinary Differential Equations Using Tau-Collocation Approximation (Mamadu & Njoseh, 2016), Variational Iteration Method (VIM) For Solving Twelfth-Order Boundary-Value Problems Using He’s Polynomials (Noor & Mohyud-Din, 2010), Approximate Solutions of Twelfth-order Boundary Value Problems by Syed Tauseef Mohyud-Din, Muhammad Aslam Noor and Khalida Inayat Noor using variational iteration method (Noor et al., 2008), Variational Iteration Method Solutions for Certain Thirteenth Order Ordinary Differential Equations (Tunde et al., 2013), Adomian decomposition method for solution of fourteenth order boundary value problems (Aasma et al., 2023), Cubic splines solutions of the higher order boundary value problems arise in sandwich panel theory (Aasma et al., 2022), Modified Laplace transform and its properties (Mohd et al., 2020), Differential Transform Method for Solving Initial and Boundary Value Problems Represented by Linear and Nonlinear Ordinary Differential Equations of 14th Order (Bachir & George, 2019), among others. Additionally, while the Laplace Transform Adomian Decomposition Method (LTADM) has been effectively applied to lower order boundary value problems and nonlinear integro-differential equations, its systematic application to nonlinear boundary value problems of twelfth, thirteenth, and fourteenth order with exponential coefficient functions is still mainly unexplored. Specifically, the present approach has not adequately examined problems pertaining to solution convergence, computational efficiency, and accuracy for generalized higher-order BVPs. As a result, there is a significant research gap in developing a robust, unified, and computationally efficient method for dealing with generalized nonlinear higher-order boundary value problems with variable coefficients and complex boundary conditions that does not rely on linearization, perturbation parameters, or discretization schemes. Addressing this gap is the motivation behind the current study, which uses the combined Laplace Transform and Adomian Decomposition Method to get correct approximate solutions for nonlinear twelfth, thirteenth, and fourteenth-order boundary value problems. The available findings show that the suggested method is effective.  

2. MATERIALS AND METHODS

2.1. Preliminaries of Laplace Transform (Mohd et al., 2020)

Definition. The Laplace transforms of a function  is defined by
 
Where the domain of  is the set of all real numbers  for which the improper integral converges. Thus,  is called the inverse Laplace transform of  and this is written as 

Definition. A continuous function  on [0, ) is said to be of an exponential order , if  and a non-negative number  such that

Definition. The convolution of two functions  and  is denoted by  and defined by
 

2.2. The Adomian Decomposition Method (Abiodun et al., 2017; Ahmed & Kirtiwant, 2017; Aasma et al., 2023)

The Adomian decomposition method consists of decomposing the unknown function  of the Boundary value problem into a sum of an infinite number of components by the series
   		     (4)
where the components  need to be calculated recursively.
Through the use of a recurrence relation, which typically requires readily evaluated basic integrals, it is possible to simply determine these components.
Integrating  times in (1) from  to , we obtain the following:

 

Setting  and replacing  with , we have that:

            (5)

In the process of determining the recurrence relationship we substitute (4) into (5) to obtain

              (6)

However, the nonlinear term  can be expressed by an infinite series of the Adomian polynomials  and this is given by
                                     (7)
where all types of nonlinearities can be analyzed with the Adomian polynomials .
Thus;  been the nonlinear function, and using (7) the Adomian polynomials  is given as follows;




                                             (8)


Hence 



2.3. Laplace Decomposition Method (Wazwaz, 2010; Ahmed & Kirtiwant, 2017)

Consider the following boundary value problem:
	
                                               (9)

Integrating (9) from  to  , we obtain

                                                                   (10)
where represents the unknown function,  is the non-linear term.
Applying the Laplace transform on both sides of (10) we obtain the following:
.                                                                                                  (11)
Applying the boundary condition  with , we obtain

                                                          (12)    
Let , then (4.4) becomes
                                                                                               (13)    
We now set
         (14)
Taking the inverse Laplace transform of (14) and applying the boundary condition (3) to obtain the value of the constants , we then have that:

 

where  represents the order of the boundary value problem.

Now, the nonlinear term  on the right-hand side of (13) is treated using the Adomian Polynomials in (8).
In what follows we have that: 
 for                                     		                 (15)          
Applying the Inverse Laplace-transform for  to the system (15), gives  
Thus, leading to the complete determination of .	
Hence the approximate solution is given by 
 
2.4. Convergence Analysis

The aforementioned technique's efficiency is demonstrated by the convergence analysis that is presented here. Let us consider the Banach space  of all continuous functions on , suppose that there exists a constant  such that . Furthermore, we assume that the Lipschitz condition is satisfied by the nonlinear term. 
Thus, the approximate solution of (1) converges to the exact solution if , where . 
By induction, setting  in (1) and integrating from  to  we obtain the following

               		                              (16)
Let  and  be the exact and approximate solution respectively, then: 
 
                  
                  
                  
                  
                  
Thus, if  with , the series converges as .


3. NUMERICAL APLLICATIONS

Here, we solved four problems using the suggested approach. Numerical findings further confirm the accuracy and efficacy of the proposed approach. 

Example 3.1 (Muhammad & Syed, 2010; Muhammad et al., 2008): Consider the nonlinear twelfth order boundary value problem (1), by choosing 
  and  yields:
                                                                           	(17)			                                               
                   		(18)     
                  		(19)     
The theoretical solution is given as        
Solution 
Integrating (17) from  to  , we obtain

                                                                       (20)                                                                            

Applying the Laplace transform on both sides of (20) we obtain the following:
                                                                                        
Applying the boundary condition (18) we have that
.                  	(21)
Let  then (21) becomes
                                                                           
We now set
                                                                   		                          (22)
Taking the inverse Laplace transform of (22) and applying the boundary condition (19) we then have that:
,  , ,  , 
,  
          
            
                                                                                     	(23)
Thus, the nonlinear term  is decomposed in the Adomian polynomials as follows






                                                              	(24)
In general
                                                 .              	(25)
Employing the inverse Laplace transform on both sides of (25) and using (23) with , we obtain the value of , , 
Hence the approximate solution is given as 
          
 
  
 .                                                                                                                                                                                      
Example 3.2 (Tunde et al., 2013; Aasma et al., 2023; Aasma et al., 2022): Consider the nonlinear thirteenth order boundary value problem (1) by choosing 
  and  yields:
                            	                                      		(26)			                                               
             	(27)     
                       		(28)     
The theoretical solution is given as  .       
Solution 
Integrating (26) from  to  , we obtain
                                                                       (29)                                                                            

Applying the Laplace transform on both sides of (29) we obtain the following:
                                                                                         
Applying the boundary condition (27) we have that
                                 	  (30)
Let  then (30) becomes
                                                                                                
We now set
   											  (31) 
Taking the inverse Laplace transform of (31) and applying the boundary condition (28) we then have that:
,  , ,  , ,  
          
                                                                                              (32)                                                                                          
Thus, the nonlinear term  is decomposed in the Adomian polynomials as in (24). 

In general
                                                                  		(33)
Employing the inverse Laplace transform on both sides of (33) and using (32) with , we obtain the value of , , 
Hence the approximate solution is given as 
          
             
                                                                                                                                                                                                  
Example 3.3 (Aasma et al., 2023): Consider the nonlinear fourteenth order boundary value problem (1) by choosing 
  and  yields:
                                                                                      	(34)			                                               
             	(35)     
              	(36)     
The theoretical solution is given as         
Solution 
Integrating (34) from  to  , we obtain

                                                                          (37)                                                                            

Applying the Laplace transform on both sides of (37) we obtain the following:
                                                                                         
Applying the boundary condition (35) we have that
   		(38)
Let 
  then (38) becomes
                                                                                                                          
We now set
  
                      				                                       (39)                                      
Taking the inverse Laplace transform of (39) and applying the boundary condition (36) we then have that:
,  , ,  , ,  , 
          
                                             			(40)                                                                                                                                           
Thus, the nonlinear term  is decomposed in the Adomian polynomials as in (24). 
In general
                                                              	(41)
Employing the inverse Laplace transform on both sides of (41) and using (39) with , we obtain the value of , , 
Hence the approximate solution is given as 
          
                      
                                                                                                                                                                         
Example 3.4 (Aasma et al., 2022): Consider the nonlinear fourteenth order boundary value problem (1) by choosing 
 and  yields:
                                                                            	(42)			                                               
          	(43)     
         	(44)     
The theoretical solution is given as         
Solution 
Integrating (42) from  to  , we obtain

.                                                                       (45)                                                                            

Applying the Laplace transform on both sides of (45) we obtain the following:
                                                                                         
Applying the boundary condition (43) we have that
               (46)
Let 
  then (46) becomes
                                                                                                                          
We now set
  
                                                                                                 (47)                          (47)                                      
Taking the inverse Laplace transform of (47) and applying the boundary condition (44) we then have that:
,  , ,  , 
, 
          
 .  		(48)                                                                                                                                                                                            
Thus, the nonlinear term  is decomposed in the Adomian polynomials as follows 
 






.
In general
                                                                            (49)
Employing the inverse Laplace transform on both sides of (49) and using (47) with , we obtain the value of , , 
Hence the approximate solution is given as 
          
                                                                                                                                                         


4. RESULTS AND DISCUSSION

The proposed method is applied for different values of  and . The numerical results are compared with the method available in literature and presented in tabular form as follows:

Table 1. Analyses of the numerical outcomes of the proposed method compared with Variational iteration method (Muhammad & Syed, 2010) and VIM with He’s Polynomials (Muhammad et al., 2008) for example 3.1.  
	
	Exact solution
	Approximate solution
	Absolute Error by the proposed method
	Absolute Error
(Muhammad & Syed, 2010)
	Absolute Error
(Muhammad et al., 2008)

	0.0
	2.000000000
	2.000000000
	0.0000e-00
	0.0000000000
	0.0000000000

	0.1
	2.210341836
	2.210340399
	1.4370e-06
	0.0002078037
	0.0002078037

	0.2
	2.442805516
	2.442802783
	2.7330e-06
	0.0003941504
	0.0003941504

	0.3
	2.699717616
	2.699713852
	3.7640e-06
	0.0005402845
	0.0005402845

	0.4
	2.983649396
	2.983644972
	4.4240e-06
	0.0006321141
	0.0006321141

	0.5
	3.297442542
	3.297437891
	4.6510e-06
	0.0006613766
	0.0006613766

	0.6
	3.644237600
	3.644233176
	4.4240e-06
	0.0006261048
	0.0006261048

	0.7
	4.027505414
	4.027501652
	3.7620e-06
	0.0005304933
	0.0005304933

	0.8
	4.451081856
	4.451079122
	2.7340e-06
	0.0003842651
	0.0003842651

	0.9
	4.919206222
	4.919204786
	1.4360e-06
	0.0002016394
	0.0002016394

	1.0
	5.436563656
	5.436563660
	4.0000e-09
	0.0002016394
	0.0002016394













Table 2. Analyses of the numerical outcomes of the proposed method compared with OHAM and HPM (Islam et al., 2019), Variational iteration method (Tunde et al., 2013) and Differential Transformation Method (Muzammal et al., 2014) for example 3.2. 
	
	Exact solution
	Approximate solution
	Absolute Error by the proposed method
	Absolute Error
(Islam et al., 2019)
Exact-HPM
	Absolute Error
(Islam et al., 2019)
Exact-OHAM
	Absolute Error
(Tunde et al., 2013)
	Absolute Error
(Muzammal et al., 2014)

	0.0
	1.000
	1.000
	0.0000e-00
	0.0000e-00
	0.0000e-00
	0.0000e-00
	0.0000e-00

	0.1
	1.105
	1.105
	0.0000e-00
	2.2204e-16
	0.0000e-00
	3.885e-15
	3.885e-15

	0.2
	1.221
	1.221
	0.0000e-00
	0.0000e-00
	0.0000e-00
	1.462e-13
	1.462e-13

	0.3
	1.349
	1.349
	0.0000e-00
	2.2204e-16
	2.2204e-16
	8.805e-13
	8.805e-13

	0.4
	1.491
	1.491
	0.0000e-00
	8.8817e-16
	8.8817e-16
	2.358e-12
	2.358e-12

	0.5
	1.648
	1.648
	0.0000e-00
	2.2204e-16
	4.4408e-16
	3.801e-12
	3.801e-12

	0.6
	1.822
	1.822
	0.0000e-00
	6.8833e-15
	2.0650e-14
	5.147e-11
	5.147e-11

	0.7
	2.013
	2.013
	0.0000e-00
	3.8857e-14
	1.9317e-14
	1.562e-11
	1.562e-11

	0.8
	2.225
	2.225
	0.0000e-00
	3.1397e-13
	2.8377e-13
	8.994e-11
	8.994e-11

	0.9
	2.459
	2.459
	0.0000e-00
	5.8619e-13
	1.2145e-13
	4.700e-10
	4.700e-10

	1.0
	2.718
	2.718
	0.0000e-00
	1.6187e-13
	8.0602e-14
	2.063e-09
	2.063e-09




Table 3. Analyses of the numerical outcomes of the proposed method compared with Adomian decomposition method (Aasma et al., 2023) for example 3.3   
	
	Exact solution
	Approximate solution
	Absolute Error by the proposed method
	Absolute Error
(Aasma et al., 2023)

	0.0
	1.000000000
	1.000000000
	0.0000000e-00
	0.0000000e-00

	0.1
	1.105170918
	1.105170918
	0.0000000e-00
	4.4400000e-07

	0.2
	1.221402758
	1.221402759
	1.0000000e-09
	9.5006000e-05

	0.3
	1.349858808
	1.349858808
	0.0000000e-00
	2.1440000e-06

	0.4
	1.491824698
	1.491824701
	3.0000000e-09
	4.4100000e-07

	0.5
	1.648721271
	1.648721290
	1.9000000e-08
	6.1520000e-06

	0.6
	1.822118800
	1.822118888
	8.8000000e-08
	6.8000000e-06

	0.7
	2.013752707
	2.013753012
	3.0500000e-07
	1.6089000e-05

	0.8
	2.225540928
	2.225541741
	8.1300000e-07
	2.0222000e-09

	0.9
	2.459603111
	2.459604712
	1.6010000e-06
	1.0674850e-04

	1.0
	2.718281828
	2.718283595
	1.7670000e-06
	2.2627244e-04




Table 4. Analyses of the numerical outcomes of the proposed method compared with Cubic spline method (Aasma et al., 2022), Adomian decomposition method (Aasma et al., 2023) and Differential Transformation Method (Bachir & George, 2019) for example 3.4   
	[bookmark: _Hlk221829715]
	Exact solution
	Approximate solution
	Absolute Error by the proposed method
	Absolute Error
(Aasma et al., 2022)
CNPS
	Absolute Error
(Aasma et al., 2022)
CPS
	Absolute Error
(Aasma et al., 2023)
ADM
	Absolute Error
(Bachir & George, 2019)
DTM

	0.0
	1.00000000
	1.00000000
	0.00e-00
	0.00e-00
	0.00e-00
	0.00e-00
	0.00e-00

	0.2
	0.81873075
	0.81873080
	5.00e-08
	3.00e−07
	1.69e−04
	4.41e−06
	4.41e−06

	0.4
	0.67032005
	0.67032013
	8.00e-08
	4.08e−07
	2.34e−04
	9.54e−05
	9.54e−05

	0.6
	0.54881164
	0.54881172
	8.00e-08
	3.76e−07
	2.18e−04
	2.16e−05
	2.16e−05

	0.8
	0.44932896
	0.44932902
	6.00e-08
	2.36e−07
	1.36e−04
	7.64e−04
	7.64e−04

	1.0
	0.36787944
	0.36787944
	0.00e-00
	0.00e-00
	0.00e-00
	0.00e-00
	0.00e-00



4.1. Discussion of Results

The numerical results presented in Tables 1–4 provide compelling evidence of the superior performance, accuracy, and computational efficiency of the Laplace Decomposition Method (LDM) for solving nonlinear higher-order boundary value problems of orders twelve, thirteen, and fourteen. A comprehensive analysis of these findings, contextualized within the existing body of literature, reveals several critical insights that collectively establish the LDM as a robust and highly competitive analytical-numerical technique. For the twelfth-order problem (Example 3.1, Table 1), the LDM achieves absolute errors on the order of  across the interior of the domain and  at the endpoint . This represents a dramatic improvement approximately two to three orders of magnitude over the Variational Iteration Method (VIM) and VIM with He's Polynomials (Muhammad & Syed, 2010; Muhammad et al., 2008), both of which exhibit errors consistently in the range of  to . Significantly, the LDM maintains this high precision uniformly across the entire interval  whereas the comparative methods display increasing error accumulation as  approaches the right boundary, a common limitation of purely iterative correction schemes. The thirteenth-order problem (Example 3.2, Table 2) demonstrates the most striking performance. The LDM produces approximate solutions with zero absolute error at all boundary points, effectively recovering the exact solution  exactly. This stands in stark contrast to the Homotopy Perturbation Method (HPM), Optimal Homotopy Analysis Method (OHAM), VIM, and Differential Transformation Method (DTM), all of which report errors ranging from  to  (Islam et al., 2019; Tunde et al., 2013; Muzammal et al., 2014). While these errors are numerically small, the LDM's ability to achieve accuracy without auxiliary parameters, linearization, or discretization underscores its analytical exactness and algorithmic elegance. For the fourteenth-order problems (Examples 3.3 and 3.4, Tables 3 and 4), the LDM consistently outperforms the standard Adomian Decomposition Method (ADM), Cubic Spline methods (both CNPS and CPS), and DTM. In Example 3.3, the LDM yields errors on the order of  to  , while the ADM (Aasma et al., 2023) produces errors two to four orders of magnitude larger, with a maximum error of  at  . Similarly, for Example 3.4 a more challenging problem involving a cubic nonlinearity , the LDM maintains errors of  to , whereas CPS and CNPS exhibit errors of  to , and ADM/DTM report errors as high as  to  (Aasma et al., 2022; Bachir & George, 2019). This consistent outperformance across varying nonlinearities and boundary conditions validates the method's robustness and generalizability.

5. CONCLUSION

The Laplace decomposition method has been effectively used in this research to arrive at numerical solutions of nonlinear higher order boundary value problems. Laplace transforms are used in conjunction with the Adomian decomposition method in the procedure. The method offers solutions to rapidly converging series that arise in physical problems. Tables 1, 2, 3 and 4 demonstrate that, in terms of performance, the suggested strategy supersedes methods outlined in the literature. The numerical results further demonstrated the suggested strategy's usefulness and efficiency as a tool for handling the class of problems being studied.
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