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ABSTRACT
	In this work, shifted Vieta-Lucas polynomials and the variational iteration approach (VIA) with collocation are used to numerically solve Volterra integro-differential equations. The suggested method is then applied, and the trial functions for the approximation are the shifted Vieta-Lucas polynomials produced for the specified Volterra integro-differential equation. The importance of the proposed approach therefore most likely extends beyond a specific equation or application since it advances the broader domain of mathematical modeling and numerical analysis. The goal of research methodologies that combine a basis function and variational iteration approach (VIA) is to offer universal procedures that may be used to solve a variety of problems. To further demonstrate the reliability and applicability of the suggested methodology, two numerical examples were presented. The Maple 18 software was used to perform the mathematical calculations.
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1. INTRODUCTION

Fluid dynamics is one of the scientific and engineering domains that have shown interest in the Volterra integro-differential equation. Volterra integro-differential equations, on the other hand, are characterized by difficulties with ordinary differential equations or partial differential equations with boundary and initial conditions. Numerical methods have been employed thus far to study the Volterra integro-differential equation solution. In order to solve the Volterra integro-differential equation using the collocation method, Olayiwola et al. (2020) utilized the Legendre polynomial basis function and the results were obtained for N=2,3,4,5,7,10. Wazwaz in his text titled” Linear and Non Linear Equation” investigated these problems using Adomian Decomposition Method, Variational Iteration Method, Power Series method, Homotopy Perturbation Method and the Modified Adomian Decomposition Method respectively (Wazwaz, 2011), Various Collocation techniques was used by (Adesanya et al., 2019; Gegele et al., 2014; Nemati et al., 2015; Ajileye & Amoo, 2023) to seek the numerical solution of volterra integro differential equation, linear multistep method was not also left out in seeking the solution of the problem under study (Mehdiyeva et al., 2019; Mehdiyera et al., 2015), Chebyshev-Galerkin approach (Ajileye et al., 2022b), Bernoulli matrix technique (Bhraway et al., 2012), Differential transform process (Ercan & Kharerah, 2013), Pseudo spectral Method (El-kady & Biomy, 2010), Bernstein Polynomials technique (Fadugba, 2019; Issa & Saleh, 2017). Ajileye and Amoo (2023) presented a productive numerical technique for resolving volterra integro-differential equations utilizing power series as a basis function, and they were successful in obtaining a result for N=4,5 and 7. He solved the problem by using the power series approximation, which was then incorporated into the class of integro-differential equations that were being studied. For a few examples, the numerical results show that the suggested approach is effective and reliable.  

2. VARIATIONAL ITERATION APPROACH WITH VOLTERRA INTEGRO DIFFERENTIAL EQUATIONS

Consider the following Volterra Integro-differential equation
								(1)

Subject to initial condition


 , is the unknown function,  is the volterra integral kernel function and  the known function.

According to variational iteration algorithm, we can construct a correction functional as follows

                               (2) 

Where  is a Lagrange multiplier that can be best determined using a variational iteration approach. The  approximation is indicated by the subscripts m, and is regarded as a restricted variation. i.e= 0. The relation (2) is called a correction functional. Due to the precise identification of the Lagrange multiplier, both linear and nonlinear problems can be solved in a single iteration step. In this method, we must select the langrange multiplier  ideally, thus it will be simple to construct each subsequent estimate of solution  by applying both the Langrange multiplier and our , and the solution is given by


The lagrange multiplier, which can be described as follows, is also crucial in determining how the problem will be solved, and this is given by


3. COLLOCATION METHOD (CM)

This technique, which is defined as follows, is used to locate the appropriate collocation points within the range .                                           
                                                                                             (3) 

                        




4. VIETA-LUCAS POLYNOMIALS

The Vieta-Lucas polynomials are orthogonal polynomials with , defined as:
  where .
 is also generated via the explicit power series formula shown below:
 
Where  is called the ceiling function.
The polynomial  can be generated by the following iterative formula:
 with  and 
Hence, the first few Vieta-Lucas polynomials are given below:
2,,  ,…,                                                                         (4)


5. SHIFTED VIETA-LUCAS POLYNOMIALS

The Shifted Vieta-Lucas polynomials of degree n on  can be derived from  as follows:

 is also generated via the explicit power series formula shown below:
 
The polynomial can be generated by the following iterative formula:
 with  and 
.
Hence, the first few Shifted Vieta-Lucas polynomials are given below:
,  ,  ,…,                                             (5)

6. VARIATIONAL ITERATION APPROACH FOR VOLTERRA INTEGRO-DIFFERENTIAL 
    EQUATION MIXED WITH SHIFTED VIETA-LUCAS POLYNOMIALS      

 We presume a roughly correct solution of the type using (1) and (2)

 

Where  are Shifted Vieta-Lucas Polynomials,  are constants to be determined, and  the degree of approximant. Hence we obtain the following iterative method
                                                        (6)

7. CONVERGENCE OF THE METHOD
In this part, the convergence of the variational iteration approach employing Shifted Vieta-Lucas Polynomials will be discussed in respect to Banach's theorem. The method creates a set of function recurrences from the provided differential equation. It is assumed that the supplied differential equation has a solution at the limit of this series.

7.1. Theorem 
Given that : is a linear mapping and  be a Banach space, suppose
,  :                                                                       (7)
Then  has a unique fixed point. Hence, the sequence
                                                                                     (8)
with an arbitrary choice of  converges to the fixed point of  and we have that



                                                        (9)
Where , with the assumption that  This gives   as  and hence the sequence  is Cauchy. The sequence converges to a fixed point since  is a Banach space and therefore convergent. According to Theorem 1, linear mapping, we obtain that
                                        (10)
                 (11)
and this is a necessary condition for the variational iteration approach, which is strictly a contraction on  and uses Shifted Vieta-Lucas Polynomials, to converge. In the sequel, the sequence (8) converges to a fixed point of  which is also a solution of (1).

8. NUMERICAL APPLICATIONS
In this section, we tackle two problems using the methodology that is offered. Furthermore, measurable results show how accurate and successful the recommended approach is.

Example 1: (Olayiwola et al., 2020) Reference considers the second order volterra integro-differential equation
	                                                              (12)	
With initial conditions
		                                                                                      (13)
The exact solution for the problem is .
Solution. 
We solve example 1 above, for  
Here, we will use  as a case study.
The initial value problem in (12) and (13) are corrected with the following functional:
 
Where  is the Lagrange multiplier.
With the help of the Shifted Vieta-Lucas Polynomials and the variational iteration approach, we assume an approximate solution of this type.

 

Consequently, we obtain the iterative formula as follows:

 
 

It is therefore possible to ascertain the values of the unknown constants by utilizing (5), iterating, collocating, and applying the initial conditions (13).

,    


Therefore, the series solution is provided as

           O

Applying the same procedure for  gives the following:


           O


           O
           

             O

  Table 1: Example 1's exact and approximate value
	
	Exact solution
	
	
	
	

	0.0
	0.00000
	-1.0e-10
	0.00000
	2.0e-11
	-1.9e-10

	0.1
	0.19983
	0.19983
	0.19983
	0.19983
	0.19983

	0.2
	0.39867
	0.39867
	0.39867
	0.39866
	0.39866

	0.3
	0.59500
	0.59549
	0.59548
	0.59548
	0.59548

	0.4
	0.78940
	0.78926
	0.78925
	0.78925
	0.78925

	0.5
	0.97940
	0.97888
	0.97890
	0.97891
	0.97891

	0.6
	1.16460
	1.16330
	1.16336
	1.16335
	1.16335

	0.7
	1.34420
	1.34147
	1.34145
	1.34144
	1.34143

	0.8
	1.51735
	1.51218
	1.51185
	1.51194
	1.51193

	0.9
	1.68330
	1.67341
	1.67353
	1.67352
	1.67359

	1.0
	1.84147
	1.82103
	1.82746
	1.82619
	1.82446








  Table 2: Absolute Error for Example 1
	
	Proposed method for 

	(Olayiwola et al., 2020)

	Proposed method for 

	(Olayiwola et al., 2020)

	Proposed method for 

	(Olayiwola et al., 2020)

	Proposed method for 

	(Olayiwola et al., 2020)


	0.0
	1.0000e-10
	4.2000e-11 
	0.0000e-00
	0.0000e-00
	2.0000e-11
	0.0000e-00
	1.9000e-10
	0.0000e-00

	0.1
	0.0000e-00
	1.1305e-02 
	0.0000e-00
	5.7641e-03
	 0.0000e-00
	1.5841e-07
	 0.0000e-00
	3.3315e-07

	0.2
	0.0000e-00
	4.4645e-02 
	0.0000e-00
	2.2430e-02
	1.0000e-05
	1.0211e-05
	1.0000e-05
	1.0644e-05

	0.3
	3.0000e-05
	9.9220e-02 
	4.0000e-05
	4.9149e-02
	4.0000e-05
	7.9922e-05
	4.0000e-05
	8.0615e-05

	0.4
	1.6000e-04
	1.7431e-01 
	1.7000e-04
	8.5189e-02
	1.7000e-04
	3.3753e-04
	1.7000e-04
	3.3848e-04

	0.5
	5.5000e-04
	2.6931e-01 
	5.3000e-04
	1.2993e-01
	5.2000e-04
	1.0270e-03
	5.2000e-04
	1.0283e-03

	0.6
	1.3400e-03
	3.8369e-01 
	1.2800e-03
	1.8286e-01
	1.2900e-03
	2.5434e-03
	1.2900e-03
	2.5449e-03

	0.7
	2.7500e-03
	5.1708e-01 
	2.7700e-03
	2.4356e-01
	2.7800e-03
	5.4654e-03
	2.7900e-03
	5.4667e-03

	0.8
	5.1800e-03
	6.6918e-01 
	5.5100e-03
	3.1171e-01
	5.4200e-03
	1.0586e-02
	5.4300e-03
	1.0586e-02

	0.9
	9.9200e-03
	8.3987e-01 
	9.8000e-03
	3.8708e-01
	9.8100e-03
	1.8943e-02
	9.7400e-03
	1.8937e-02

	1.0
	2.0440e-02
	1.0291e+00 
	1.4010e-02
	4.6949e-01
	1.5280e-02
	3.1841e-02
	1.7010e-02
	3.1826e-02
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Fig. 1. Shows the graphical behaviour of the approximatesolutions and the exact solution for example 1

Example 2: (Olayiwola et al., 2020) Reference considers the third order volterra integro-differential equation
	                                                             (14)
With initial conditions
		                                                                          (15)
The exact solution for the problem is .
Solution. 
We solve example 2 above, for  
Here, we will use  as a case study.
The initial value problem in (14) and (15) are corrected with the following functional:
 
Where  is the Lagrange multiplier.
With the help of the Shifted Vieta-Lucas Polynomials and the variational iteration approach, we assume an approximate solution of this type.

  

Consequently, we obtain the iterative formula as follows:
 
 

It is therefore possible to ascertain the values of the unknown constants by utilizing (5), iterating, collocating, and applying the initial conditions (15).

,    


Therefore, the series solution is provided as


           O

Applying the same procedure for  gives the following:


            (The case  does not require collocation).


           O


            O

  Table 3: Example 2's exact and approximate value
	
	Exact solution
	
	
	
	
	

	0.0
	1.00000
	1.00000
	1.00000
	1.00000
	
	1.00000

	0.1
	1.00517
	1.00517
	1.00517
	1.00517
	
	1.00517

	0.2
	1.02140
	1.02140
	1.02140
	1.02140
	
	1.02140

	0.3
	1.04985
	1.04986
	1.04986
	1.04985
	
	1.04985

	0.4
	1.09182
	1.09183
	1.09180
	1.09177
	
	1.09174

	0.5
	1.14872
	1.14873
	1.14856
	1.14846
	
	1.14844

	0.6
	1.22211
	1.22215
	1.22143
	1.22135
	
	1.22148

	0.7
	1.31375
	1.31383
	1.31139
	1.31241
	
	1.31250

	0.8
	1.42554
	1.42574
	1.41863
	1.42539
	
	1.42178

	0.9
	1.55960
	1.56007
	1.54181
	1.56891
	
	1.54227

	1.0
	1.71828
	1.71925
	1.67684
	1.76240
	
	1.64296




  


  Table 4: Absolute Error for Example 2
	
	Proposed method for 

	(Olayiwola et al., 2020)

	Proposed method for 

	(Olayiwola et al., 2020)

	Proposed method for 

	(Olayiwola et al., 2020)

	Proposed method for 

	(Olayiwola et al., 2020)


	0.0
	0.0000e-00
	0.0000e-00
	0.0000e-00
	5.0000e-10 
	0.0000e-00
	2.0000e-10 
	0.0000e-00
	1.0000e-10

	0.1
	0.0000e-00
	1.7092e-04
	0.0000e-00
	3.5938e-04 
	0.0000e-00
	1.0532e-04 
	0.0000e-00
	3.2687e-05

	0.2
	0.0000e-00
	1.4028e-03 
	0.0000e-00
	2.8397e-03 
	0.0000e-00
	7.8887e-04 
	0.0000e-00
	2.3002e-04

	0.3
	0.0000e-00
	4.8588e-03 
	0.0000e-00
	9.4594e-03 
	1.0000e-05
	2.4862e-03 
	1.0000e-05
	6.8239e-04

	0.4
	1.0000e-05
	1.1825e-02 
	2.0000e-05
	2.2115e-02 
	5.0000e-05
	5.4881e-03 
	8.0000e-05
	1.4235e-03

	0.5
	1.0000e-05
	2.3721e-02 
	1.6000e-04
	4.2567e-02 
	2.6000e-04
	9.9530e-03 
	2.8000e-04
	2.4559e-03

	0.6
	3.0000e-05
	4.2119e-02 
	6.9000e-04
	7.2427e-02 
	7.7000e-04
	1.5922e-02 
	6.4000e-04
	3.7752e-03

	0.7
	8.0000e-05
	6.8753e-02 
	2.3600e-03
	1.1314e-01 
	1.3400e-03
	2.3333e-02 
	1.2500e-03
	5.3929e-03

	0.8
	2.0000e-04
	1.0554e-01 
	6.9100e-03
	1.6597e-01 
	1.5000e-04
	3.2040e-02 
	3.7600e-03
	7.3753e-03

	0.9
	4.7000e-04
	1.5460e-01 
	1.7790e-02
	2.3199e-01 
	9.3100e-03
	4.1832e-02 
	1.7330e-02
	9.7731e-03

	1.0
	9.7000e-04
	2.1828e-01 
	4.1440e-02
	3.1202e-01 
	4.4120e-02
	5.2452e-02 
	7.5320e-02
	1.2818e-02




[image: ]
Fig. 2. Shows the graphical behaviour of the approximate solutions and the exact solution for example 2.


9. CONCLUSION

In order to produce numerical solutions for volterra integro-differential equations, this study has examined and effectively applied the variational iteration approach (VIA) with collocation using shifted vieta-lucas polynomials. The solution's method is a VIA that combines shifted vieta-lucas polynomials with collocation. The convergence of series solutions for physical problems is accelerated and made more feasible by this method. The recommended strategy performs better than approaches offered in the literature, as indicated in Tables 2 and 4. Additionally, the graphical behavior of the precise and approximate solutions for various values of  is shown in figures 1 and 2. The numerical outcomes additionally indicated that the existing methodology is a mathematically sound approach to the class of problems under investigation.  
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1. Shows the graphical behaviour of the approximate
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2. Shows the graphical behaviour of the approximate
solutions and the exact solution for example 2
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