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Abstract. This paper considers fractional semigroup theory and fractional evolution equations. First 

and foremost, we present some fractional semigroups and prove the semigroup property associated 

with Riemann-Liouville fractional integral operator which is not necessarily true for the fractional 

differential operator. Consequently, we utilize the fractional 𝛽-semigroup of operators to solve the 

fractional abstract Cauchy problem. 
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1.   INTRODUCTION  

Fractional differential equations have recently received an increasing attention in research, see for 

example [9], [10], [12], [13], [17], [18], [19], [20] and [21]. Indeed, fractional differential equation is 

that aspect of mathematics, precisely mathematical analysis that considers the application of 

derivatives and integrals in the fractional order sense [4]. With this in mind, it is worthy to understand 

the fundamental properties of fractional integral and differential operators, especially the classical 

order differential operators. 

Numerous definitions apply to fractional differential equations, categorized into two types; local 

(singular) kernels and non-singular kernels. The Riemann-Liouville and Caputo fractional derivatives, 

falling under the singular kernel, utilize power law kernels [6]. In contrast, the Atangana-Baleanu and 

Caputo-Fabrizio fractional derivatives, belonging to the non-singular kernel category, employ the 

Mittag-Leffler function and exponential decay function as their kernels. 

The importance of semigroup theory cannot be over emphasized, see for example [5], [8], [14] etc. 

Semigroup theory can be used as a tool to solve a class of problems referred to as evolution equations. 

These are the types of equations which are evident in engineering, finance, biology, physics etc. These 

classes of problems are usually described for a differential equation by an initial value problem which 

can be ordinary or partial. One classic example of a vector-valued differential equation is the abstract 

Cauchy problem, typically represented as  
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                      {

𝑑
𝑑𝑡 ⁄ 𝑢(𝑡) = 𝐴𝑢(𝑡),      𝑡 ≥ 0

  
𝑢(0) = 𝑣 𝜖 ℂ𝑛                         

                                       (1.1) 

and  𝐴 = (𝑎𝑖𝑗)  is a square matrix such that  𝑎𝑖𝑗  𝜖 ℂ  for  𝑖, 𝑗 = 1,2, … , 𝑛.  The solution to (1.1) is  

𝑢(𝑡) = 𝑒𝑡𝐴𝑣,    𝑡 ≥ 0,  

where  𝑒𝑡𝐴 is referred to as the fundamental matrix of (1.1) and it is equal to 1 whenever  𝑡 = 0. 

More so,  𝑒𝑡𝐴 = ∑
𝑡𝑙

𝑙!
𝐴𝑙 ,   𝑡 𝜖 ℝ ∞

𝑙=0 . 

It is important to note that  𝐴 and  𝑒𝑡𝐴 are regarded as linear operators,  𝐴 𝜖 ℒ(𝑋),  𝑒𝑡𝐴 𝜖 ℒ(𝑋), where  

𝑋 = ℂ, utilizing any of their equivalent norms. 

In addition, for each 𝑥 𝜖 𝑋,  𝐴 ∶ 𝐷(𝐴) ⊆ 𝑋 → 𝑋 is a linear operator while the unknown function is 𝑢 ∶

[0, ∞) → 𝑋. 

Recent research trends in existing literature demonstrate that fractional- order calculus captures non-

localities and the memory effects in physical processes, yielding more reliable results for 

mathematical systems. For the sake of these merits, the initial value problem or abstract Cauchy 

problem can be represented as  

                                                  {
𝐷0 

𝑐
 𝑡
𝛽

 

  
 𝑢(𝑡) = 𝐴𝑢(𝑡),      𝑡 > 0,     𝛽 𝜖 (0, 1]

  
   𝑢(0) = 𝑢0                                                     

                       (1.2) 

where   𝐷0 
𝑐

 𝑡
𝛽

  denotes the Caputo fractional derivative operator which has lower limit of zero and 

upper limit of  𝑡 .  Using Laplace transform or Homotopy perturbation method, the Caputo fractional 

order  𝛽 > 0  has the following exact solution  

                                           𝑢(𝑡) = 𝐸𝛽,   1(𝐴𝑡𝛽), 

where the quality 𝐸𝛽,   1(. )  represents the Mittag-Leffler function of parameter defined as 

𝐸𝛽,   1(𝐴𝑡𝛽) = ∑
(𝐴𝑡)𝑙

Γ(𝛽𝑙 + 1)

∞

𝑙=0

   , 𝑅𝑒(𝛽) > 0. 

It is important to note that  𝐸𝛽,   1(𝐴𝑡𝛽) can be seen as linear operators and 𝐸𝛽,   1(𝐴𝑡𝛽)  𝜖 ℒ(𝑋) where  

𝑋 𝜖 ℂ . 

To explore further details about semigroups of operators and abstract Cauchy problems, refer to [5] 

and [14]. For information on the inverse form of the abstract Cauchy problem, refer to [7] and [15]. 

The investigation of fractional semigroups parallels that of fractional powers initially explored by 

Bochner in [2]. In [3], the analysis centered on the problem of fractional powers of closed operators 

and the semigroups they produce. Additionally, Popescu in [16] explored the fractional Cauchy 

problem linked with a Feller semigroup. 

The physical motivation behind studying fractional semigroup theory lies in its ability to describe 

dynamical processes with memory effects and long-range interactions more accurately. Traditional 
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semigroup theory deals with linear operators that generate evolution equations with time. However, 

when dealing with systems exhibiting fractional dynamics, traditional semigroup theory may not 

suffice. 

Fractional semigroup theory extends the classical theory to handle fractional-order operators, allowing 

for the study of systems with non-local and non-Markovian dynamics. This is crucial in understanding 

complex physical phenomena where memory effects play a significant role, such as in the behavior of 

complex fluids, diffusion in porous media, or the dynamics of biological systems. By incorporating 

fractional operators, fractional semigroup theory provides a more comprehensive framework for 

modeling and analyzing these systems, leading to deeper insights and more accurate predictions. 

This paper aims to provide a foundational characterization of fractional semigroup theory and 

fractional evolution equations. 

This paper has four sections. In section 1, we gave a brief overview of the topic under study while 

some known definitions and results were presented in section 2. In section 3, we characterized some 

fractional semigroup theory as well as their properties. Finally in section 4, we presented the concept 

of fractional evolution equations. 

 

2.   PRELIMINARIES 

In this section, we review essential definitions and established results crucial for this paper. For any 

notation and terminologies not explicitly covered, readers are encouraged to consult references [1], 

[5], [6], [11] and [14]. 

Definition 2.1. Let  𝑆 be a set and  ∗ be a binary operation on 𝑆. The pair  (𝑆,∗) is a semigroup if  

 ∀ 𝑎, 𝑏, 𝑐 𝜖 𝑆,    𝑎 ∗ (𝑏 ∗ 𝑐) = (𝑎 ∗ 𝑏) ∗ 𝑐  

Example 2.2.   (ℤ, +), (ℝ, +), (ℤ, ∗), (ℝ,∗) etc. 

Definition 2.3. Let  𝑋 be a Banach space over  ℂ with norm  ‖ . ‖ and let  ℒ(𝑋) be the set of all linear 

bounded (continuous) operators   𝑇 ∶ 𝐷(𝑇) = 𝑋 → 𝑋.  ℒ(𝑋) is also a Banach space with respect to the 

operator norm,  

‖ 𝑇‖ = sup{‖ 𝑇𝑥‖  ∶  𝑥 𝜖 𝑋,   ‖ 𝑥‖ ≤ 1}. 

Definition 2.4. We call a semigroup a one parameter family {𝑇(𝑡) ; 𝑡 ≥ 0} ⊂  ℒ(𝑋) if: 

i)  𝑇(𝑡 + 𝑠) = 𝑇(𝑡)𝑇(𝑠),     𝑡, 𝑠 > 0  

ii) 𝑇(0) = 𝐼 

where 𝐼 is the identity operator acting on 𝑋. 

Definition 2.5. We call a semigroup of class  𝐶0 (otherwise known as strongly continuous semigroup) 

a one parameter  semigroup family {𝑇(𝑡) ; 𝑡 ≥ 0} of linear bounded operators if 

i)  𝑇(𝑡 + 𝑠) = 𝑇(𝑡)𝑇(𝑠),     𝑡, 𝑠 > 0 
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ii) 𝑇(0) = 𝐼 

iii)  lim
𝑡→0+

‖ 𝑇(𝑡)𝑥 − 𝑥‖ = 0,   ∀ 𝑥 𝜖 𝑋. 

Definition 2.6.  A uniformly continuous semigroup is referred to as a one parameter family 

{𝑇(𝑡) ; 𝑡 ≥ 0} of bounded linear operators from  𝑋  to 𝑋 if 

i)  𝑇(𝑡 + 𝑠) = 𝑇(𝑡)𝑇(𝑠),     𝑡, 𝑠 > 0 

ii) 𝑇(0) = 𝐼 

iii)  lim
𝑡→0+

‖ 𝑇(𝑡)𝑥 − 𝐼‖ = 0  

Remark 2.7.  It is worth noting that uniformly continuous semigroups are contained within the set of 

strongly continuous semigroups. 

Definition 2.8.  We say that  𝐴 ∶ 𝐷(𝐴) ⊂ 𝑋 → 𝑋 is the infinitesimal generator of the semigroup  

{𝑇(𝑡) ∶ 𝑡 ≥ 0} if it satisfies 

𝐴𝑥 = lim
ℎ→0+

1

ℎ
(𝑇(ℎ)𝑥 − 𝑥),   ∀ 𝑥 𝜖 𝑋, 

where 𝐷(𝐴) is the set of all  𝑥 𝜖 𝑋 such that the above limit exists. 

Definition 2.9. [6]. The Riemann-Liouville fractional integral of the function  ℎ 𝜖 𝐶′ ([0, 𝑇], ℝ+) of 

order   𝛽 > 0  is given by 

𝐽 𝑡
𝛽

0  
  ℎ(𝑡) =

1

Γ(𝛽)
∫ (𝑡 − 𝑠)𝛽−1𝑡

0
ℎ(𝑠) 𝑑𝑠, 𝑡 > 0, 𝛽 𝜖 ℕ. 

Definition 2.10. [4]. The Riemann-Liouville fractional derivative of the function  ℎ 𝜖 𝐶′ ([0, 𝑇], ℝ+) 

and  𝑝 − 1 < 𝛽 ≤ 𝑝, 𝑝 𝜖 ℝ+  is given by 

          𝐷0 
𝑅𝑙

 𝑡
𝛽

 

 
 ℎ(𝑡) = 𝐷𝑝 𝐽 𝑡

𝑝−𝛽
0  

  ℎ(𝑡) = 𝐷𝑝 [
1

Γ(𝑝−𝛽)
∫   

ℎ(𝑠)

(𝑡−𝑠)𝛽+1−𝑝

𝑡

0
 𝑑𝑠],   

Here  𝐷𝑝 ≡
𝑑𝑝

𝑑𝑡𝑝  and if  ℎ(𝑡) = 𝑡𝛼 , then  𝐷0 
𝑅𝑙

 𝑡
𝛽

 

 
 𝑡𝛼 =

Γ(𝛼+1)

Γ(𝛼−𝛽+1)
𝑡𝛼−𝛽 , 𝛽 > 0, 𝛼 > −1, 𝑡 > 0 

which is the fractional derivative of power function. 

Definition 2.11. [4]. The Caputo fractional derivative of the function ℎ 𝜖 𝐶′ ([0, 𝑇], ℝ+) and  𝑝 −

1 < 𝛽 < 𝑝, where  𝑝 𝜖 ℝ+   is given by 

𝐷0 
𝑐

 𝑡
𝛽

 

                          
 ℎ(𝑡) = 𝐽 𝑡

𝑝−𝛽
0  

 
  

 
 𝐷𝑝ℎ(𝑡) =

1

Γ(𝑝 − 𝛽)
∫

ℎ(𝑝)(𝑠)

(𝑡 − 𝑠)𝛽+1−𝑝

𝑡

0

 𝑑𝑠 

For the purpose of clarity, the Riemann-Liouville and Caputo fractional derivatives are not equal  i.e. 

𝐷𝑝 𝐽 𝑡
𝑝−𝛽

0  
  ℎ(𝑡) ≠ 𝐽 𝑡

𝑝−𝛽
0  

 
  

 
 𝐷𝑝ℎ(𝑡). 

In fact with the aid of Definition 2.10 we have that 

UNDER P
EER R

EVIE
W



5 
 

𝐷0 
𝑐

 𝑡
𝛽

 

                   
 ℎ(𝑡) = 𝐷0 

𝑅
 𝑡
𝛽

 

  
 ℎ(𝑡) − ∑

𝑡𝑙−𝛽

Γ(𝑙 − 𝛽 + 1)
ℎ(𝑘)(0)

𝑝−1

𝑙=0

 

                                                                 = 𝐷0 
𝑅

 𝑡
𝛽

(ℎ(𝑡) − ∑
𝑡𝑙

𝑙!
ℎ(𝑘)(0)

𝑝−1
𝑙=0 )  

where   𝑝 − 1 < 𝛽 < 𝑝, 𝑝 𝜖 ℕ .   

Definition 2.12. Let  𝑋  be a Banach space and  𝛽 𝜖 (0, 𝑎] for any  𝑎 > 0.  A family {𝑇(𝑡) ; 𝑡 ≥ 0} ⊂

 ℒ(𝑋) is called a fractional  𝛽-semigroup of operators if:  

i)  𝑇(𝑡 + 𝑠)
1

𝛽 = 𝑇(𝑡)
1

𝛽𝑇(𝑠)
1

𝛽    for all  𝑡, 𝑠 𝜖 [0, ∞) 

ii)  𝑇(0) = 𝐼, where 𝐼 is the same with Definition 2.4 

Obviously, if  𝛽 = 1, then we return to Definition 2.4 

Example 2.13. [1]. Suppose we let 𝑋 = 𝐶[0, ∞) to be the space of real valued function that is 

continuous  on [0, ∞). Now define 𝑇(𝑡) on  𝑋 by the rule that  𝑇(𝑡)𝑥 = 𝑒2√𝑥𝑥. Then  {𝑇(𝑡) ; 𝑡 ≥ 0} is 

a  
1

2
 - semigroup since for  𝑡, 𝑠 ≥ 𝑜, 𝑥 𝜖 𝑋, we have that   

𝑇(𝑡 + 𝑠)2𝑥 = 𝑒2√(𝑡+𝑠)2
𝑥 = 𝑒2(𝑡+𝑠)𝑥 

                                                                        = 𝑒2𝑡(𝑒2𝑠𝑥) 

                                                                        = 𝑇(𝑠2)(𝑒2𝑡𝑥) 

                                                                        = 𝑇(𝑠2)𝑇(𝑡2)𝑥. 

It can be easily shown that  𝑇(0) = 𝐼. 

Definition 2.14. A fractional  𝛽-semigroup 𝑇(𝑡) is called a 𝐶0-semigroup if  lim
𝑡→0+

‖ 𝑇(𝑡)𝑥 − 𝑥‖ =

0,   ∀ 𝑥 𝜖 𝑋. 

Definition 2.15.  The linear operator  𝐴 ∶ 𝐷(𝐴) ⊂ 𝑋 → 𝑋 is referred to as the 𝛽 −infinitesimal 

generator of the semigroup  {𝑇(𝑡) ∶ 𝑡 ≥ 0} if the condition that 

𝐴𝑥 = lim
ℎ→0+

1

ℎ
(𝑇𝛽(ℎ)𝑥 − 𝑥),   ∀ 𝑥 𝜖 𝑋   is satisfied. 

Theorem 2.16. [1] Suppose a  𝛽-semigroup  𝑇(𝑡) is a strongly continuous semigroup having 

infinitesimal generator  𝐴, 0 < 𝛽 ≤ 1. If  𝑇(𝑡) is continuously  𝛽-differentiable and  𝑥 𝜖 𝐷(𝐴), then it 

follows  that 

𝑇𝛽(𝑡)𝑥 = 𝐴𝑇(𝑡)𝑥 = 𝑇(𝑡)𝐴𝑥 . 
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3.   FRACTIONAL SEMIGROUP THEORY 

In this section, we characterize some fractional semigroups and present some semigroup properties 

embedded in Riemann-Liouville fractional integral and derivative operator. 

We start with the fractional translation semigroups. 

 

3.1.   Fractional translation semigroups 

Fractional translation semigroups are class of translation semigroups that satisfy the fractional 𝛽 - 

semigroup of operators presented in Definition 2.14. 

 Let  𝑓 ∶  ℝ → ℂ and  𝑡 ≥ 0, we call  

(𝑇𝑙(𝑡)𝑓)(𝑥) ≔ 𝑓(𝑥 + 𝑡),    𝑥 𝜖 ℝ         the left translation and 

(𝑇𝑟(𝑡)𝑓)(𝑥) ≔ 𝑓(𝑥 − 𝑡),    𝑥 𝜖 ℝ      the right translation. 

Suppose we let  𝑋 = 𝐶0([0, ∞)) to be the Banach space of real-valued continuous functions on  [0, ∞) 

and for which  𝑓(𝑥) → 𝑀 < ∞ as 𝑥 → ∞ with respect to the sup norm. Define the operator 𝑇(𝑡) on 𝑋 

by: 

(𝑇(𝑡)𝑓)(𝑥) = 𝑓(𝑥 +
1

𝛽
𝑡𝛽). 

Obviously, the operator 𝑇(𝑡) translates the function  𝑓 𝜖 𝐶0 to the left by  𝑡 units. To show that 

 {𝑇(𝑡) ; 𝑡 ≥ 0} is a fractional  𝛽-semigroup of operators, we have that 

(𝑇(𝑡 + 𝑠)
1

𝛽𝑓) (𝑥) = 𝑓 (𝑥 +
1

𝛽
[(𝑡 + 𝑠)

1

𝛽]
𝛽

)  

                                                                              = 𝑓 (𝑥 +
1

𝛽
𝑡 +

1

𝛽
𝑠) 

                                                                              = (𝑇 (𝑡
1

𝛽) 𝑇 (𝑠
1

𝛽)) (𝑥)  . 

It can be easily shown that  𝑇(0) = 𝐼. 

Furthermore, since  lim
𝑡→0+

𝑠𝑢𝑝𝑥 𝜖 ℝ ‖𝑓 (𝑥 +
1

𝛽
𝑡𝛽) − 𝑓(𝑥)‖ = 0,  we have that   lim

𝑡→0+
 𝑇(𝑡)𝑓 = 𝑓. 

Consequently, that  {𝑇(𝑡) ; 𝑡 ≥ 0} is a fractional translation semigroup on  ℝ which is continuous. 

It is important to note that since  ‖𝑇(𝑡)𝑓‖ = ‖𝑓‖, or fractional translation semigroup forms a 

contraction semigroup. 

We have that  

                                                  ‖𝑇(𝑡) − 𝐼‖ ≤ 𝑠𝑢𝑝‖𝑓‖≤1 ‖𝑇(𝑡)𝑓 − 𝑓‖ 

                                             = 𝑠𝑢𝑝‖𝑓‖≤1𝑠𝑢𝑝𝑠 𝜖 ℝ |𝑓(𝑡 + 𝑠) − 𝑓(𝑠)| 
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does not converge to 0, and from Definition 2.6, the fractional translation semigroup is not uniformly 

continuous. 

3.2.  Fractional matrix semigroup 

Our aim in this section is to show that matrix semigroups satisfy the properties of fractional 𝛽 -

semigroup of operators. 

Let  𝑋 = ℂ𝑛 be a finite-dmensional vector space and 𝑀𝑛(ℂ) be the space of all complex 𝑛 × 𝑛  

matrices such that  𝑇(. ) ∶  ℝ+ → 𝑀𝑛(ℂ) satisfies Definition 2.4 (i) and (ii). We know from section 1 

that for any  𝐴 𝜖 𝑀𝑛(ℂ)  we have that  

𝑒𝑡𝐴 = ∑
𝑡𝑙

𝑙!
𝐴𝑙 ,      𝑡 𝜖 ℝ ∞

𝑙=0  . 

Obviously, the series above converge and satisfies  

‖𝑒𝑡𝐴‖ ≤ 𝑒𝑡‖𝐴‖   for all  𝑡 ≥ 0. 

In fact the partial sums of the series forms a Cauchy sequence. 

Lemma 3.2.1. Let  𝑀𝑛(ℂ) be the space of all complex 𝑛 × 𝑛  matrices and  𝐴 𝜖 𝑀𝑛(ℂ). Then the map  

ℝ+ ∋ 𝑡 ↦ 𝑒𝑡𝐴 𝜖 𝑀𝑛(ℂ) is continuous and satisfies; 

i)   𝑒(𝑡+𝑠)
1
𝛽 𝐴 = 𝑒(𝑡)

1
𝛽 𝐴𝑒(𝑠)

1
𝛽 𝐴,   𝑡, 𝑠 > 0 

ii)   𝑒0𝐴 = 𝐼 

Proof.  i) We have that  

                                   ∑

([(𝑡)
1
𝛽]

𝛽

)𝐴𝑙

𝑙!

∞
𝑙=0   .  ∑

([(𝑠)
1
𝛽]

𝛽

)𝐴𝑙

𝑙!

∞
𝑙=0  

                              =  ∑ ∑

([(𝑡)
1
𝛽]

𝛽

)

𝑘−𝑙

𝐴𝑘−𝑙

(𝑘−𝑙)!

∞
𝑙=0

∞
𝑘=0   .  

([(𝑠)
1
𝛽]

𝛽

)

𝑙

𝐴𝑙

𝑙!
  

                              = ∑

([(𝑡+𝑠)
1
𝛽]

𝛽

)

𝑘

𝐴𝑘

𝑘!

∞
𝑘=0  . 

ii) The proof is a routine check. 

Next is to show that  𝑡 ↦ 𝑒𝑡𝐴 is continuous. So we have that  

𝑒(𝑡+ℎ)𝐴 − 𝑒𝑡𝐴 = 𝑒𝑡𝐴(𝑒ℎ𝐴 − 𝐼),   for all  𝑡, ℎ 𝜖 ℝ. 

Hence, it suffices to show that  lim
ℎ→0

𝑒ℎ𝐴 = 𝐼. It follows from the fact that 

‖𝑒ℎ𝐴 − 𝐼‖ = ‖∑
ℎ𝑙𝐴𝑙

𝑙!

∞

𝑙=1

‖ ≤ ∑
|ℎ|𝑙  .  ‖𝐴‖𝑙

𝑙!

∞

𝑙=1

 

                                                                          = 𝑒|ℎ|  .  ‖𝐴‖ − 1. 
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With Lemma 3.2.1 above, we say that the one parameter family {𝑒𝑡𝐴;   𝑡 ≥ 0} generated by the matrix  

 𝐴 𝜖 𝑀𝑛(ℂ) such that (i) 𝑒(𝑡+𝑠)
1
𝛽 𝐴 = 𝑒(𝑡)

1
𝛽 𝐴𝑒(𝑠)

1
𝛽 𝐴,   𝑡, 𝑠 > 0 and (ii) 𝑒0𝐴 = 𝐼 is known as the 

fractional matrix semigroups. 

Remark 3.2.2.  We call that in [5] and [14], the following was shown 

i. It is possible to find the operator 𝐴 𝜖 𝑒𝑡𝐴 once the semigroup 𝑇(𝑡) is given 

ii. The operator 𝐴 that gives rise to respective semigroups can be determined 

iii. A method of constructing the semigroup 𝑇(𝑡) if 𝐴 is given. 

Analogously, Lemma 3.2.1 have shown us a method of constructing the fractional matrix semigroups 

if  𝐴 is given. For the fractional matrix semigroups, it is not an easy task to determine the operator 𝐴 

that give rise to respective semigroups, this is because one does not know the nature of 𝐴, i.e, the kind 

of operator 𝐴 is (whether it is bounded or not) especially if it is unbounded. Therefore, the answer to 

that question is left for future work. 

More so, the range of the function 𝑡 ↦ 𝑇(𝑡) ∶= 𝑒𝑡𝐴 𝜖 𝑀𝑛(ℂ) is a matrix semigroup that is 

commutative and depends continuously on the parameter 𝑡 𝜖 ℝ+.  Furthermore, the mapping 𝑇(. ) ∶

 ℝ+ → 𝑀𝑛(ℂ) is a morphism, precisely a homomorphism. 

3.3  Some semigroup properties of fractional operators 

Here we consider the semigroup properties of Riemann-Liouville fractional integral operator and 

derivative operator of Definition 2.9 and Definition 2.10 respectively. 

Now let (ℂ′, ⊛) be the Duhamel convolution algebra defined by 

(ℎ ⊛ 𝑘)(𝑡) = ∫  (
𝑡

0

𝑡 + 0 − 𝑠) ℎ(𝑠) 𝑑𝑠,    for all  ℎ, 𝑘 𝜖 ℂ′ . 

Obviously, the bilinear operation of the above algebra is a semigroup so that the Riemann-Liouville 

fractional integral in Definition 2.9 can now be rewritten as a convolution operator 

𝐽 𝑡
𝛽

0  
  𝑔(𝑡) =

(𝑡 − 0)𝛽−1

Γ(𝛽)
 ⊛ ℎ(𝑡) 

where the operator 𝐽 𝑡
𝛽

0  
   is a multiplier of the Duhamel convolution algebra. 

Let (ℂ′, ⊛) be the Duhamel convolution algebra, a mapping  𝜎 ∶  ℂ′ → ℂ′ is a multiplier of  (ℂ′, ⊛) 

if   (𝜎ℎ) ⊛ 𝑘 = ℎ ⊛ 𝜎𝑘,    for  all ℎ, 𝑘 𝜖 ℂ′. 

It can be easily shown that if  𝛾 denote the set of all multipliers of (ℂ′, ⊛), then  𝛾 form a sub algebra 

which is commutative of the algebra of all continuous linear operators  𝜌 ∶  ℂ′ → ℂ′. 

More so, it is important to note that it contains the identity operator which is not necessarily a 

convolution operator. 
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Furthermore, for  𝜎 ∶  ℂ′ → ℂ′, we have that 

𝜎(ℎ ⊛ 𝑘) = (𝜎ℎ) ⊛ 𝑘,    for  all ℎ, 𝑘 𝜖 ℂ′. 

Suppose  ℎ ⊛  represent the multiplier operator  (ℎ ⊛)𝑘 = ℎ ⊛ 𝑘, then we have that  𝜎(ℎ ⊛) =

(ℎ ⊛)𝜎. 

Consequently, we have that 

[𝜎(ℎ ⊛)]𝑘 = [(ℎ ⊛)𝜎]𝑘 

                                                             ⟹  𝜎(ℎ ⊛ 𝑘) = ℎ ⊛ 𝜎𝑘, for  𝑘 𝜖 ℂ′. 

Lemma 3.3.1.  Suppose 𝜎 ∶  ℂ′ → ℂ′ is a continuous linear operation such that  𝜎 𝐽 𝑡
𝛽

0  
 = 𝐽 𝑡

𝛽
0  

  𝜎 . 

Then the convolution algebra (ℂ′,⊛) has a multiplier 𝜎. 

Proof.  Let  𝐼 be the identity operator. Then we have that 

𝜎 𝐼 ⊛ 𝐼 = 𝐼 ⊛ 𝜎𝐼. 

For any arbitrary non-negative integers  𝑢 and 𝑣, we have that  

( 𝐽 𝑡
𝛽

0  
 )

𝑢+𝑣
= 𝐽 𝑡

𝑢𝛽
0  

 𝐽 𝑡
𝑣𝛽

 0  
  . 

Hence,  ( 𝐽 𝑡
𝑢𝛽

 𝜎𝐼)0  
 ⊛ 𝐽 𝑡

𝑣𝛽
 0  

 𝐼 = 𝐽 𝑡
𝑢𝛽

 0  
 𝐼 ⊛  ( 𝐽 𝑡

𝑣𝛽
 𝜎𝐼)0  

  

                          ⟹  𝜎( 𝐽 𝑡
𝑢𝛽

 𝐼)0  
 ⊛ 𝐽 𝑡

𝑣𝛽
 0  

  𝐼 = 𝐽 𝑡
𝑢𝛽

 0  
  𝐼 ⊛ 𝜎( 𝐽 𝑡

𝑣𝛽
 𝜎𝐼)0  

 . 

Since   𝐽 𝑡
𝛽

 0  
  𝐼 =   

(𝑡−0)𝛽

Γ(𝛽+1)
 , for   𝛽 > 0. 

Consequently, we have that 

                                                      𝜎 [(𝑡 − 0)𝑢𝛽] ⊛ [(𝑡 − 0)𝑣𝛽] 

= [(𝑡 − 0)𝑢𝛽] ⊛ 𝜎[(𝑡 − 0)𝑣𝛽] , 

for  𝑢, 𝑣 𝜖 ℕ. Thus  𝜎 is a multiplier of (ℂ′, ⊛) . 

Remark 3.3.2. Unlike the fractional integral operator, Riemann-Liouville fractional derivatives of 

Definition 2.10 do not necessarily satisfy the semigroup property or the commutative law. 

For example, let  ℎ(𝑡) = 𝑡
1

2 ,   𝛽 =
1

2
, 𝛾 =

3

2
 . Then we have that 

𝐷0 
𝑅𝑙

 𝑡
𝛽

 

 
 ℎ = Γ (

3

2
) =

1

2
√π  ,     𝐷0 

𝑅𝑙
 𝑡
𝛾

 

 
 ℎ = 0  . 

Now,   𝐷0 
𝑅𝑙

 𝑡
𝛽

 

 
( 𝐷0 

𝑅𝑙
 𝑡
𝛾

 

 
 ℎ) = 0  and  𝐷0 

𝑅𝑙
 𝑡
𝛾

 

 
 ( 𝐷0 

𝑅𝑙
 𝑡
𝛽

 

 
 ℎ) = −

1

4
𝑡−

3

2 . 

Also, we have that  𝐷0 
𝑅𝑙

 𝑡
𝛽 + 𝛾

 

 
 ℎ = − 1

4
𝑡−

3
2 . 

Consequently, we have that  

𝐷0 
𝑅𝑙

 𝑡
𝛽

 

 
( 𝐷0 

𝑅𝑙
 𝑡
𝛾

 

 
 ℎ) ≠ 𝐷0 

𝑅𝑙
 𝑡
𝛾

 

 
 ( 𝐷0 

𝑅𝑙
 𝑡
𝛽

 

 
 ℎ)         (commutativity fails). 

𝐷0 
𝑅𝑙

 𝑡
𝛽

 

 
( 𝐷0 

𝑅𝑙
 𝑡
𝛾

 

 
 ℎ) ≠ 𝐷0 

𝑅𝑙
 𝑡
𝛽 + 𝛾

 

 
 ℎ                        (semigroup property fails) 

It is worthy to note Cong in [11] established partial semigroup property of Riemann-Liouville and 

Caputo fractional differential operators. 
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In comparison, it was proved in Theorem 3 and Theorem 4 of [11] that there is a partial semigroup 

property of Riemann-Liouville and Caputo Fractional differential operators. 

Generally, our results have shown that the semigroup property or commutative law do not hold for 

Riemann-Liouville fractional derivatives. 

More so, it is essential to understand that the semigroup property enables the reduction of high-order 

ordinary differential equations. This approach benefits from a well-established theory already 

developed for such systems. 

To conclude this section, we note that for the Riemann-Liouville fractional integral operator, the 

following properties are valid; 

i)  Suppose 𝛽 = 𝑛 𝜖 ℕ, then we have that  

𝐽 𝑡
𝛽

                                                            0  
  ℎ(𝑡) =

1

(𝑛 − 1)!
∫ (𝑡 − 𝑠)𝑛−1ℎ(𝑠) 𝑑𝑠

𝑡

0

 

 = ∫ ∫ … ∫ ℎ(𝑠)𝑑𝑠1

𝑡1

0

𝑡𝑛−1

0

𝑡𝑛

0

… 𝑑𝑠𝑛, 

this means that  𝐽 𝑡
𝑛

0  
  ℎ  is an  𝑛-fold integral of  ℎ. 

ii) the semigroup property and commutativity hold i.e. 

   𝐽 𝑡
𝛽

0  
    𝐽 𝑡

𝛽
0  

  𝑔 = 𝐽 𝑡
𝛽 + 𝛾

0  
  ℎ  and   𝐽 𝑡

𝛾
0  

   𝐽 𝑡
𝛽

0  
 = 𝐽 𝑡

𝛽
0  

   𝐽 𝑡
𝛾

0  
   . 

 

 4.   FRACTIONAL EVOLUTION EQUATIONS 

In this section, we consider the fractional evolution equation, precisely, fractional abstract Cauchy 

problem. In particular, we will employ our knowledge of fractional  𝛽-semigroups to solve the 

fractional Cauchy problem. 

Suppose  𝑋 be a Banach space and let  ℒ(𝑋) the set of all bounded (continuous) operators  𝐴 ∶ 𝐷(𝐴) =

𝑋 → 𝑋   with  𝑥 𝜖 𝑋. The abstract Cauchy problem  

{
𝑢𝛽(𝑡) = 𝐴𝑢(𝑡),      𝑡 ≥ 𝑜

  
𝑢(0) = 𝑥                         

   

is said to have a solution  𝑢 ∶ [0, ∞) → 𝑋 whenever the following conditions are satisfied; 

i)  𝑢 is continuous in  [0, ∞) 

ii) if  𝑢 is continuously 𝛽-differentiable in the interval  (0, ∞) 

iii) 𝑢(𝑡) 𝜖 𝐷(𝐴) for  𝑡 > 0. 

With the above, we now state the following theorem; 
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Theorem 4.1. Suppose  𝑋 is a Banach space and  𝐴 is the infinitesimal generator as in Definition 2.17 

of a  𝐶0 - semigroup  {𝑇(𝑡) ∶ 𝑡 ≥ 0} ⊆  ℒ(𝑋) . If  𝑥 𝜖 𝐷(𝐴), then  𝑢(𝑡) = 𝑇(𝑡)𝑥 is the unique solution 

of the fractional abstract Cauchy problem. 

Proof.  Obviously, 𝑢(𝑡) = 𝑇(𝑡)𝑥 is the solution of the abstract Cauchy problem. Next is to show that 

the solution is unique. Let  𝑢 be the solution of the abstract Cauchy problem, then we have that  

[𝑇(𝑡 − 𝑠) 𝑢(𝑠)]𝛽 = 𝑇(𝑡 − 𝑠)𝑢𝛽(𝑠) − 𝐴𝑇(𝑡 − 𝑠)𝑢(𝑠) 

                                                                             =  𝑇(𝑡 − 𝑠)𝑢𝛽(𝑠) − 𝑇(𝑡 − 𝑠)𝐴 𝑢(𝑠) 

                                                                             = 𝑇(𝑡 − 𝑠)[𝑢𝛽(𝑠) − 𝐴𝑢(𝑠)] 

                                                                             = 0 . 

Consequently, we have that 

𝑇(𝑡 − 𝑡)𝑢(𝑡) − 𝑇(𝑡)𝑥 = 0 

                                                                    = 𝑇(0)𝑢(𝑡) − 𝑇(𝑡)𝑥 = 0     (𝑇(0) = 𝐼 from Definition 2.4 ii)) 

                                                                    = 𝑢(𝑡) − 𝑇(𝑡)𝑥 = 0 

which implies that  𝑢(𝑡) = 𝑇(𝑡)𝑥 and the proof is completed. 

 

5.   CONCLUSION 

The primary objective of this paper was to provide a foundational understanding of fractional 

semigroup theory and fractional evolution equations. The objective was accomplished by establishing 

various fractional semigroups and exploring associated properties of fractional operators. 

Our focus was directed towards strongly continuous semigroups of bounded linear operators, leading 

to the development of techniques for deriving the fractional 𝛽-semigroup within an appropriate 

Banach space framework. 

We investigated the behavior of Riemann-Liouville fractional integral and derivative operators in 

relation to the semigroup property, contrasting our findings with previous studies utilizing Caputo 

fractional differential operators (see [11]). 

In conclusion, our work demonstrates the utility of the fractional 𝛽-semigroup as an effective tool for 

solving fractional evolution equations. 
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