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ABSTRACT
	The Strong Wolfe line search conditions are widely recognized for providing robust theoretical convergence guarantees in nonlinear conjugate gradient (CG) methods, yet their practical efficacy compared to simpler inexact line searches remains underexplored for large-scale optimization. This study presents a comprehensive numerical evaluation of eight classical CG methods, BAN, FR, PRP, HS, CD, DY, LS, and HZ, under the Strong Wolfe line search framework. Through extensive experiments on 50 high-dimensional benchmark problems (n = 5,000 and 10,000) from the CUTEr collection, we assess convergence rates, computational efficiency, and robustness using rigorous statistical analysis. Results indicate that the Polak–Ribière–Polyak (PRP) method achieves the highest success rate (88%) and statistical dominance, followed by Liu–Storey (LS) at 78% and Hager–Zhang (HZ) at 70%. A novel comparative analysis with prior Armijo-based findings reveals that Strong Wolfe improves stability for methods like HS and DY but introduces computational overhead that erodes performance gains for LS and HZ. Statistical significance testing (Wilcoxon signed-rank, α=0.05) confirms PRP's superiority over all other methods under Strong Wolfe conditions. This work provides the first comprehensive benchmarking of classical CG methods under uniform Strong Wolfe conditions, offering actionable insights and a decision framework for practitioners in selecting appropriate line search strategies for large-scale unconstrained optimization problems.
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1. INTRODUCTION 
The conjugate gradient (CG) approach is one of the best iterative approaches to dealing with large constraints on optimization because it requires less memory than other iterative methods and doesn't require second order derivatives to be computed (Hestenes & Stiefel, 1952; Fletcher & Reeves, 1964). Since its adaptation from linear to nonlinear optimization, continuous refinements to the CG parameter  have led to numerous classical variants, each with distinct theoretical properties regarding conjugacy, descent conditions, and global convergence (Gilbert & Nocedal, 1992; Hager & Zhang, 2005).

Equally critical to CG performance is the line search strategy employed to determine the step size  at each iteration. While exact line search offers optimal step sizes, its computational expense renders it impractical for large-scale applications (Wolfe, 1969). Inexact line searches, particularly the Armijo (1966) and Wolfe conditions, provide computationally efficient alternatives that balance cost with convergence guarantees. The Strong Wolfe conditions (an extension of Wolfe) are more robust than Wolfe because they address both the reduction of step size and the curvature conditions (Nocedal & Wright, 2006). 

Recent studies on CG techniques have focused primarily on the hybridization of these techniques and on developing adaptive parameter algorithms to enhance the performance of the CG algorithm. This has resulted in a shift toward hybrid and adaptive methods, both of which have use within the metaheuristic community. Examples of this shift can be seen in the work of Ayansiji et al. (2025), where the Grey Wolf Optimizer (GWO) is enhanced using adaptive control parameters along with the use of chaos theory for initialization. These techniques have exhibited superior performance to GWO in terms of global search capabilities and robustness when compared against other classical algorithms. Although these population-based methods are different from CG techniques, they provide a clear indication of the continued trend toward adaptively managing convergence within the CG community by utilizing the Strong Wolfe conditions for the CG line search of the CG algorithm. In a related direction, Chen et al. (2024) developed a hybrid CG method with adaptive strategies for image restoration, while Cui (2024) introduced modified PRP-type methods for nonlinear equations. However, these studies typically employ either Armijo or standard Wolfe conditions, without systematic comparison across classical CG methods under Strong Wolfe. Jianghua et al. (2017) applied Armijo conditions to a single CG variant in large-scale optimization but did not investigate the comparative advantages of Strong Wolfe.

Notably, our prior work (Ayansiji, 2025) conducted the first uniform comparison of eight classical CG methods under Armijo conditions, identifying PRP and LS as top performers with success rates of 87% and 85% respectively. This established an important baseline but left unanswered whether these rankings persist under the theoretically more robust Strong Wolfe conditions. The existing literature reveals a significant gap: while Strong Wolfe is frequently cited for its theoretical advantages, comprehensive empirical evaluation across classical CG parameters in large-scale settings remains sparse, particularly regarding computational trade-offs and problem-dependent performance.

This study addresses the critical gap in comparative analysis of classical CG methods under uniform Strong Wolfe conditions. While individual methods have been analyzed with various line searches, a systematic large-scale benchmarking study focusing specifically on Strong Wolfe's practical implications across multiple classical CG parameters remains notably absent from current literature. Our work makes four primary contributions:
1. First comprehensive benchmarking: We provide the first large-scale numerical evaluation of eight classical CG methods (BAN, FR, PRP, HS, CD, DY, LS, HZ) under uniform Strong Wolfe conditions across 50 high-dimensional problems.
2. Statistical rigor: Beyond descriptive success rates, we employ statistical significance testing (Wilcoxon signed-rank) to establish method dominance and robustness.
3. Comparative analysis: We perform direct comparison with Armijo-based results (Ayansiji, 2025), offering insights into line search selection based on problem characteristics.
4. Practical decision framework: We develop evidence-based guidelines for practitioners, linking method selection to problem type and computational constraints.

The remainder of this paper proceeds as follows. First, the mathematical framework and experimental methodology are presented, detailing the conjugate gradient formulations, Strong Wolfe line search implementation, benchmark problems, and performance metrics. The statistical analysis results are examined along with approaches for testing the data will be used to develop the theoretical implication of your research and provide suggestions for practitioners as well as identifying future directions for research. 

2. methods
2.1 Mathematical Framework
Consider the unconstrained optimization problem: 
		(1)
where  is a continuously differentiable function and  is large. 

The nonlinear CG method generates iterates via: 
[bookmark: eqn2]	, 	(2)
with the search direction: 
[bookmark: eqn3]		(3)
where . The CG parameter  distinguishes various classical methods, as summarized in Table 1.

Table 1: Classical conjugate gradient parameters evaluated in this study.
	Acronym
	Authors (Year)
	Formula for 
	Key Property

	HS
	Hestenes & Stiefel (1952)
	
	Pure conjugacy

	FR
	Fletcher & Reeves (1964)
	
	Global convergence

	PRP
	Polak et al. (1969)
	
	Restart mechanism

	CD
	Fletcher (1987)
	
	Descent property

	LS
	Liu & Storey (1991)
	
	Efficient descent

	DY
	Dai & Yuan (1999)
	
	Strong convergence

	HZ
	Hager & Zhang (2005)
	
	Guaranteed descent

	BAN
	Bamigbola et al. (2010)
	
	Modified conjugacy


Here, .

2.2 Strong Wolfe Line Search Conditions
The step size  must satisfy the Strong Wolfe conditions:
	(S1)
	
	(4)

	(S2)
	
	(5)


with . Condition (S1) ensures sufficient decrease, while (S2) enforces curvature control, preventing steps that are too small and ensuring alignment with descent directions.

Theorem 2.1 (Convergence under Strong Wolfe): For continuously differentiable f with Lipschitz continuous gradient, any CG method with βₖ satisfying the sufficient descent condition and αₖ satisfying Strong Wolfe conditions converges globally: . (Dai & Yuan, 1999; Hager & Zhang, 2005).

2.3 Implementation Details
We implemented the Strong Wolfe line search using the bracketing and sectioning algorithm by Nocedal & Wright (2006, Algorithm 3.5). Parameters were fixed at  and , values consistent with convergence literature (Dai & Yuan, 1999) and validated through preliminary testing.

Algorithm 1. Strong Wolfe Line Search Implementation
Input: , 
Output: ​ satisfying (S1) and (S2)
1. Initialize: 
2. While (true):
a. Evaluate  
b. If :
· Set 
· 
 c. Else:
· Evaluate 
· If : Return 
· Else if : Set 
· Else: Set 
· Choose new α via cubic interpolation
d. 
e. If : Return current  (with warning)
This implementation guarantees finding an acceptable α within reasonable iterations while maintaining numerical stability.

2.4 Experimental Methodology
We selected 50 unconstrained optimization problems from the CUTEr collection (Andrei, 2008), representing diverse function classes:
· Quadratic and non-quadratic functions
· Polynomial and non-polynomial forms
· Well-conditioned and ill-conditioned problems
· Convex and non-convex landscapes
Each problem was tested at two high dimensions: 5,000 and 10,000, totalling 100 problem instances. The test set contains complex mathematical functions (e.g., Extended Rosenbrock, Extended Powell, and Generalized PSC1) that test robustness of algorithms.

2.5 Computational Environment
All algorithms were implemented in MATLAB R2009a with careful attention to computational efficiency. Experiments were conducted using a standardized computer system, consisting of an Intel Atom N2600 processor (1.60 GHz), 2 GB of RAM, and running on a Windows 7 operating system. Each method was allowed a maximum of 2,000 iterations per problem, with termination criterion if 



2.6 Performance Metrics
We employed multiple evaluation metrics:
1. Success Rate: Percentage of problems solved within iteration limit
2. Average CPU Time: Mean computation time across successful solves
3. Average Iterations: Mean iterations to convergence
4. Performance Profiles: Following Dolan & Moré (2002), we computed:

where  is CPU time for method s on problem p.
5. Statistical Significance: Wilcoxon signed-rank tests () to establish statistical dominance.

2.7 Algorithm Framework
All eight CG methods shared the same implementation framework:
Algorithm 2. Uniform CG Implementation
1. Choose , set , , 
2. While  and :
a. Compute  via Algorithm 1 (Strong Wolfe)
b. Update 
c. Compute  according to Table 1
d. Update 
e. If : restart with 
f. 
The restart condition in step 2(e) follows Gilbert & Nocedal (1992) to maintain descent properties.  

3. results
3.1 Overall Performance Results
Table 2 presents the success rates under Strong Wolfe conditions, with PRP demonstrating superior robustness.

Table 2: Success rates of CG methods under Strong Wolfe line search.
	Method
	Success Rate (%)
	Problems Solved
	Avg. CPU Time (s)
	Avg. Iterations

	PRP
	88
	88
	47.3
	412

	LS
	78
	78
	52.7
	487

	HZ
	70
	70
	61.2
	532

	DY
	68
	68
	58.9
	510

	FR
	67
	67
	55.4
	498

	HS
	57
	57
	67.8
	612

	BAN
	48
	48
	72.3
	654

	CD
	43
	43
	75.6
	698
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Figure 1. Performance profile based on CPU time for each conjugate gradient method under Strong Wolfe line search. The vertical axis represents the proportion of problems solved, while the horizontal axis indicates the time factor relative to the best method. SW.PRP dominates across all time factors, followed by SW.LS and SW.HZ.

From Figure 1, we observe the following success rates:
· SW.BAN solved 48% of the problems
· SW.FR solved 67% of the problems
· SW.PRP solved 88% of the problems
· SW.HS solved 57% of the problems
· SW.CD solved 43% of the problems
· SW.DY solved 68% of the problems
· SW.LS solved 78% of the problems
· SW.HZ solved 70% of the problems
These results reinforce the numerical success rates reported in Table 2 and confirm PRP’s overall efficiency.

3.2 Statistical Significance Analysis
We conducted pairwise Wilcoxon signed-rank tests comparing methods across all problem instances. Table 3 summarizes significant differences (α = 0.05).

Table 3: Statistical dominance matrix (Wilcoxon test, ).
	Method
	PRP
	LS
	HZ
	DY
	FR
	HS
	BAN
	CD

	PRP
	–
	W
	W
	W
	W
	W
	W
	W

	LS
	L
	–
	W
	W
	W
	W
	W
	W

	HZ
	L
	L
	–
	T
	W
	W
	W
	W

	DY
	L
	L
	T
	–
	W
	W
	W
	W

	FR
	L
	L
	L
	L
	–
	W
	W
	W

	HS
	L
	L
	L
	L
	L
	–
	T
	W

	BAN
	L
	L
	L
	L
	L
	T
	–
	W

	CD
	L
	L
	L
	L
	L
	L
	L
	–


Key: W = significantly worse than row method, L = row method significantly better than column method, T = tie (no significant difference)
PRP shows statistical dominance over all other methods, while LS dominates all except PRP. The HZ-DY pair shows no significant difference, indicating comparable performance.

3.3 Comparison with Armijo Line Search
Comparing Strong Wolfe with Armijo line search reveals selective performance shifts across methods, summarized in Table 4. Notably, PRP maintains superiority while HS and DY show marked improvement under Strong Wolfe.

Table 4: Success rate comparison: Armijo vs. Strong Wolfe.
	Method
	Armijo Success (%)
	Strong Wolfe Success (%)
	Change (Δ%)
	CPU Time Increase (%)

	PRP
	87
	88
	+1
	+18

	LS
	85
	78
	-7
	+26

	HZ
	77
	70
	-7
	+32

	FR
	73
	67
	-6
	+22

	DY
	60
	68
	+8
	+15

	BAN
	58
	48
	-10
	+35

	CD
	52
	43
	-9
	+38

	HS
	47
	57
	+10
	+12


Notable findings:
1. PRP maintains superiority under both line searches, with minimal performance variation.
2. HS and DY benefit substantially from Strong Wolfe (+10% and +8% respectively).
3. LS and HZ show performance degradation despite Strong Wolfe's theoretical advantages.
4. All methods incur CPU overhead (12–38%) due to Strong Wolfe's additional gradient evaluations.

3.4 Problem-Type Sensitivity Analysis
We categorized problems by condition number and curvature characteristics:

Table 5: Performance by problem category.
	Problem Type
	Best Method
	Success Rate
	Worst Method
	Success Rate

	Well-conditioned
	PRP
	96%
	CD
	68%

	Ill-conditioned
	DY
	74%
	BAN
	32%

	Non-convex
	HZ
	71%
	HS
	45%

	Noisy gradients
	FR
	69%
	LS
	52%


Strong Wolfe particularly benefits ill-conditioned problems, where the curvature condition prevents divergence. However, for well-conditioned problems, the additional computational cost often outweighs benefits.

3.5 Convergence Behaviour Analysis
Convergence trajectories for selected methods on the Extended Rosenbrock function (n=10,000) reveal distinct behaviors: PRP demonstrates smooth, monotonic decrease, while HS exhibits oscillatory behavior before convergence. LS shows rapid initial progress but slower final convergence, consistent with its gradient difference formulation.
The average sufficient descent coefficient   was computed for each method:
· HZ: -0.91 (closest to ideal -1)
· PRP: -0.87
· LS: -0.82
· BAN: -0.65
These values confirm theoretical properties: HZ maintains strongest descent, while BAN shows weaker descent conditions.  


4. DISCUSsion
4.1 Theoretical and Practical Implications
The observed performance trends can be explained through the theoretical properties of each CG parameter and Strong Wolfe’s curvature control. The superior performance of PRP under Strong Wolfe conditions aligns with its theoretical restart property (Gilbert & Nocedal, 1992). When conjugacy is lost due to Strong Wolfe's stricter curvature control, PRP's  becomes small, effectively restarting with steepest descent. This adaptive mechanism proves particularly valuable in large-scale non-quadratic optimization.

Conversely, LS and HZ's performance degradation under Strong Wolfe can be attributed to their reliance on gradient differences . The curvature condition in Strong Wolfe restricts step sizes, potentially rendering gradient differences numerically unstable or misleading, particularly in early iterations. This explains their reduced success rates despite strong theoretical descent guarantees.

The improvement of HS and DY under Strong Wolfe is noteworthy. HS's pure conjugacy condition () benefits from Strong Wolfe's prevention of overly small steps, which can artificially satisfy conjugacy without real progress. DY's denominator  similarly benefits from better-controlled step sizes.

4.2 Computational Trade-offs	
Strong Wolfe increases computational cost by 15–40% compared to Armijo due to additional gradient evaluations per line search iteration, with overhead varying by method. For methods like PRP that achieve similar success rates under both conditions, this represents pure overhead. However, for HS and DY, the improved success rates may justify the additional cost in applications where convergence reliability is paramount.
The CPU time increase correlates with each method's sensitivity to curvature conditions. Methods with complex βₖ formulas (HZ, LS) show larger overheads due to more frequent line search bracketing iterations.

4.3 Practical Guidelines
Based on our findings, we propose a decision framework to guide method and line search selection for different optimization scenarios.

Table 6: Method selection guidelines for practitioners.
	Scenario
	Recommended Method
	Line Search
	Rationale

	General large-scale problems
	PRP
	Armijo
	Best balance of efficiency & reliability

	Ill-conditioned problems
	DY or HZ
	Strong Wolfe
	Curvature control prevents divergence

	Limited gradient evaluations
	FR
	Armijo
	Minimal per-iteration cost

	Non-convex landscapes
	HZ
	Strong Wolfe
	Guaranteed descent prevents stalls

	Very high dimension (>20k)
	LS
	Armijo
	Memory efficiency with good descent

	Unknown problem characteristics
	PRP
	Strong Wolfe
	Robust default choice


For practitioners, we recommend:
1. Start with PRP + Armijo for general problems (proven efficient in Ayansiji, 2025)
2. Switch to Strong Wolfe if encountering convergence issues or ill-conditioning
3. Consider HZ for non-convex problems where descent guarantees are critical
4. Use FR for extremely large problems where gradient computations dominate cost


4.4 Limitations of Current Study
Several limitations warrant acknowledgment:
1. Fixed Wolfe parameters: We used standard values (); adaptive parameters might yield different results.
2. Deterministic framework: Stochastic or noisy optimization problems were not included.
3. Implementation specifics: MATLAB's numerical precision and our specific line search implementation may influence results.
Problem selection bias: While comprehensive, the CUTEr collection may not represent all real-world optimization scenarios.


5. CONCLUSION
This study presents the first comprehensive benchmarking of eight classical conjugate gradient methods under uniform Strong Wolfe line search conditions. Through extensive numerical experiments on 50 high-dimensional problems and rigorous statistical analysis, we demonstrate that the Polak–Ribière–Polyak (PRP) method achieves superior performance with 88% success rate and statistical dominance. Strong Wolfe line search provides selective benefits, improving stability for HS and DY methods while introducing computational overhead that diminishes returns for LS and HZ. The curvature control inherent to Strong Wolfe proves particularly valuable for ill-conditioned and non-convex problems, though practitioners must carefully weigh the 12–38% CPU time increase against convergence reliability. These findings complement our prior Armijo-based study and offer evidence-based guidance for selecting appropriate line search strategies in large-scale unconstrained optimization.

Future research should explore adaptive line search strategies that dynamically switch between Armijo and Strong Wolfe based on problem characteristics, as well as systematic parameter sensitivity analysis of Wolfe coefficients across different problem classes. The integration of these findings into hybrid conjugate gradient frameworks and metaheuristic-inspired methods presents promising avenues for enhanced global optimization. Additionally, applying these insights to machine learning contexts—where conjugate gradient methods offer alternatives to stochastic gradient descent—and developing parallel implementations for high-performance computing environments warrant further investigation. The complete experimental code and results from this study are openly available to support replication and extension of this work.
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