Interconnections Among Radio Number, Clique Number and Chromatic Number

ABSTRACT
	Let  be a simple, connected and undirected graph. A radio labeling of ,  is a function satisfying the condition for any two distinct vertices  and  that: , where  denotes the distance between the vertices  and  and  denotes the diameter of the graph . The  of a radio labeling is the maximum integer that assigns to a vertex and,  is the minimum span taken overall radio labelings of G. This paper presents some bounds connecting radio number with clique number and the chromatic number. In addition, the possible constructions of simple connected graphs with radio number as the algebraic sum of clique number and a non-negative integer. Also, graph with radio number equal to the algebraic sum of chromatic number and a non-negative integer.
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1. Introduction
	In this paper, we only consider a simple, connected, finite and undirected graph. For a vertex v in a connected graph G, the eccentricity, e(v), of v is the distance between v and a vertex farthest from v in G. The minimum eccentricity among the vertices of G is called the radius of G and is denoted by rad(G) or r(G) or r. The maximum eccentricity among the vertices of G is called the diameter of G and is denoted by diam(G) or d(G) or d.  
The centre is the subgraph of G, induced by the set of vertices of minimum eccentricity. Any graph which is isomorphic to its centre is called a self-centered graph. Note that, in a self-centered graph G, rad(G)=diam(G). 
	Clique is a maximal subset C, of the vertex set V such that the induced subgraph induced by C is isomorphic to the complete graph. The clique number of a graph G, denoted by , is the number of vertices in a clique of maximum order in G. 
	The chromatic number of a graph G, denoted by , is the minimum number of colors or labels needed to color all its vertices such that no two adjacent vertices share the same color.
Graph labeling [7] is an assignment of nonnegative integers, sometimes called colors, to the vertices or edges or both. Motivated by the Frequency Assignment Problem [6], many mathematicians introduced various graph labeling concepts.
The concept radio labeling was first introduced by Chartrand et al. [1], A function  is said to be a radio labeling, if it satisfies the following condition:
                                                                                                  (*)
for any two distinct vertices u and v in G. The condition (*) is called radio condition. The span of a radio labeling is the largest integer in the range of f and is denoted by . The radio number, , is defined as the minimum span taken overall radio labelings of G.
	Articles [4] and [5] provided results interconnecting radial radio number with some other graph theoretical parameters such as radio number [8], R-number [11], chromatic number, clique number. These results serve as a basis for this article. 
	The following concepts are established in this paper:
i. Some bounds connecting radio number and clique number.
ii. Existence or construction of graphs with radio number equal to the algebraic sum of clique number and a given non-negative integer,
iii. Relations connecting radio number and the chromatic number
iv. Existence or construction of graphs with radio number equal to the algebraic sum of chromatic number and a given non-negative integer,

	
	Important theorems used to develop this research paper are listed below:

Theorem A[3]
	For any simple connected graph G, either  or .
Theorem B[3]
	 if and only if G is isomorphic to the complete graph , .
Theorem C[2]
	For any simple connected graph G, the radio number is always greater than or equal to the number of vertices of G. That is, .
Theorem D[2]
	For , .
Proposition E [2]
	For any connected graph G of order n, having diameter d and for positive integers k and l, with. Then .                                                       

2. Radio Number and Clique Number
	This section provides the existence of simple connected graphs for which the radio number is the sum of clique number and any given positive non negative integer.
Theorem 2.1
	For any simple connected graph G, , where  is the diameter of G.
Proof
	Let be the clique of G. Then to label the vertices of , with respect to the definition of radio labeling, at least, we need any set of  integers which are in arithmetic progression with common difference , diameter of G. Let it be . 
This forces that, under any radio labeling, the maximum label is less than or equal to  . That is,  and hence .                                                    
Remark
	The bound in Theorem 2.1 is sharp for complete graph.
Theorem 2.2	
	There exists a graph G, such that , where .
Proof
	For , the radio number for the complete graph , the radio number is , which is same as the clique number.                                                                                                                             
Theorem 2.3             
	There is no graph G such that .
Proof
	Suppose there is a graph G such that . Then by Theorem 2.1, 


                                                                          -------------                         (1)
When , , inequality (1) becomes, , which is impossible.
Hence our assumption is wrong.                                                                                                                 
Theorem 2.4
	For any , there exists a graph G, such that , where  is the clique number of G.
Proof
	Consider the graph G with vertex set  and edge set . For , the graph is illustrated in Figure 1.
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Here, . Any labeling function  is said to be radio labeling of G, if it satisfies the condition that: 
                                                                ,                                ----------------(2)
for any two distinct vertices  and  of G.
Define  such that ;  ; . Now, we have to show that  satisfies (2) for every pairs of vertices of G.
Case 1: Consider the pair .
Since  and , the pair  satisfies (2).
Case 2: Consider the pair .
Since  and , the pair  satisfies (2).
Thus, every pair of vertices of G satisfies (2). Hence  is a radio labeling of G. This forces that, , which implies that, , . By Theorem 2.1, . This completes the proof.                                                              
	For example, the radio labeling defined in this theorem is illustrated in Figure 2.
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Figure 2- G with radio labeling










3. Radio Number and Chromatic Number
	In this section, we provide relationship between the radio number and chromatic number.
Theorem 3.1 
For a simple connected graph G on n vertices, , where  is the chromatic number of G.
Proof 
Let g be a radio labeling of G, such that, . Then from the radio condition of G, we have, for any two distinct vertices u and v of G,

This forces that, g is a proper vertex coloring of G and so. Since,. In proposition E, put and, then we get  . This completes the proof.                                                                                                                       
	The bounds attained in the above theorem are sharp for the complete graphs.
Corollary 3.2
	For any graph G, .
Proof
Since , (by Theorems A and C), it is proved that .                               
	The inequality in Theorem 3.1 holds only for the complete graph and is proved in next Theorem.
Theorem 3.3
	 if and only if G is isomorphic to the complete graph .
Proof
	Suppose , then from Theorems B and D, we have  and  and hence . The inequalities,  and  jointly imply that,  only when both parameters are equal to n, the number of vertices in G. This happens only if G is isomorphic to . This completes the proof.                                                                                                                       
Theorem 3.4
	If , there exists a graph such that .
Proof
	Theorem 3.2 assures that, for each , the complete graph  existed with the property that, .                                                                                                                               
Theorem 3.5
	There exist a graph G, such that , where .
Proof
	Let us take . We know that,  and . Thus for , .                                                                                                                         
Theorem 3.6
	There is no graph G such that .
Proof
	By Theorem 3.1, we have 
                                                         ---------------------------------------(3)
Also, Theorem 3.3 characterizes that the complete graph is the only graph for which the radio number and the chromatic number are the same. So, if we take , then inequality (3) becomes, . For , we must have . But  is the only connected graph on 2 vertices and , which contradicts the fact that . Thus, there is no connected graph for which .                                                                     
Conclusion
	This paper discussed the various relations connecting the chromatic number and the clique number with the radial radio number. In addition, we provided the existence of graphs whose radio number is the algebraic sum of chromatic number and a non-negative integer and clique number and a non-negative integer. Moreover, we proved that, why graphs do not exist for certain relationships.
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