Quasi S-Menger Spaces and Fixed-Point Theorems via Rational Inequalities
with Applications

Abstract: S-metric space is a comparatively new concept in the novel and presently there is much
attention being given to the abstraction of S-metric and fixed-point theory in these spaces. The
concept of S-Menger spaces was popularized in the novel as an abstraction of both S-metric space
and Menger spaces. In the present paper, we define quasi-S-Menger space and prove fixed-point
theorems for rational inequality in S-Menger space. Some applications are also given is support of
our results. Our results extend the results of Gupta.V et.al [1] in the setting of S-Menger space.
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1.Introduction

The foundation for probabilistic approaches to metric spaces was laid much earlier by Karl
Menger in 1942, who introduced the concept of Menger spaces by replacing the traditional
distance function with a probabilistic distribution function. This idea marked a significant shift
in the study of metric structures and improved the way for further generalizations in both
deterministic and probabilistic settings. Fixed point theory is an essential topic in nonlinear analysis
with broad applications in mathematics and enforced information. Classical contraction principles in
metric spaces are often insufficient to describe concern, which led to the improvement of probabilistic
metric spaces [1]. Statistical metric spaces imported by Schweizer and Sklar [4] provided the basis for
probabilistic distance theory and were later continued to Menger spaces using triangular norms [5]. Sedghi
et al. imported S-metric spaces, conclude metric spaces by exacting three variables [6]. By assimilation
the probabilistic structure of Menger spaces with S-metric algebra, S-Menger spaces arise as an effective
structure for fixed point study [3]. Several fixed-point results of Banach and Kannan form have been
established in S-Menger spaces [3]. Rational inequalities offer a significant development of classical
contraction conditions and permit the analysis of nonlinear mappings [7]. Therefore, fixed point theorems
based on rational inequalities in S-Menger spaces merge and enhance results in probabilistic and S-metric

settings [1,3,6].

In the present paper, we define Quasi-S-Menger space
and establish a fixed-point theorem in the setting of S-Menger spaces using a rational inequality.

We present integral analogue of our results.



2.Preliminaries

In this section, we have provided some preliminaries definitions and lemmas along with some

examples.

Definition 2.1. [4] Amap *: [0,1] X [0,1] X [0,1] = [0, 1] is called a continuous t — norm

if it satisfies the following conditions:
1:+(g1,1)= *(000)=0

2% (¢ m, v) = *(Gu,n) =+ (n,0,9

3:% ((1; Ny, U1) = * ((2: N2, Uz) Jory =3, My = Mz, V1= v,
examples of t —norm are

(1): ¢+ n* v=2C_mn.vand

(2):¢x nx v = min{{,n,v} (H — type)

Definition 2.2.[2] Let X be a nonempty set. A function S: X3 - [0, 0] is said to be quasi-S-
metric space iff for all {, n, v, a € X the following conditions are satisfied:

(Sql) S(Z,T],U ) = 0;

(Sq2) S(¢n,v) =S(P{gn,v}) =0iff {=n= v, where P is permutation,

(Sg3) S(Emu) < [S(@GGa)+S(t,n,a) +S(v,v,a)]
The pair (X, S) is called a quasi S —metric space.
Example 2.3.[2] Let X = R* U {0}. Define S: X — [0, ) by

0 if¢=mn=v,
S(¢gnv) = |<_;| +|n_;|, otherwise.

Then (X, S) is a quasi S —metric space.

Definition 2.4.[3] The 3-tuple ((X, S,*) ) is said to be S-Menger space if X is a non-empty set,
S is a function defined on X3 to the set of distribution function and * is a continuous third order
t-norm such that the following conditions are satisfied:

(1) Sgnuv)(0) =0 forall {n,veEX

(ii) S (@) < 1fort > 0 with # n,

(i)  Sinu)(t) =1forallt > 0,ifand only if { = 1 = v,

(iV) S(Z,n,v) (t) = T(S(Z,Z,a) (tl)f S mmn.a) (tz): S (vv,a) (t3))’



Wheret =t; +t, +tzand t,ty,t,,t3 > 0 forall{n,v,a € X

Example 2.5.[3] Let X = R, S({,n,v) be defined as

t
—— t>0
S(Z,n.U)={ rn—vio-g’ £ 0,
0 t=0

For all {n,uveX ,t>0 and *bea 3 order minimum t-norm. Then (X,S,%) is an
S —Menger space.

Definition 2.6.[3] Let (X, S,*) be an S-Menger space then a sequence {n,,} € X is said to be
convergent to a pointn € X if lim S, o (@) =1— 1.
n—->oo

Definition 2.7.[3] Let (X, S,*) be an S-Menger space then a sequence {n,,} € X is called a
Cauchy sequence if € X if lim S (Mamnn +p)(t) =1 for p =1,2,3..foreach t > 0.
n—oo nNntn

Lemma 2.8. [3] Let (X, S,*) be an S-Menger space with continuous third order ¢ —norm *.

Then S(zzy (t) is non-decreasing with respect to ¢,for all ,n € X.

Lemma 2.9.[3] In every S-Menger space (X, S,*),where * 1s a continuous third order
t —norm we have Sz 7y (t) = Sy (@) forall{n € Xand t > 0.

3. Main Results

In this section, we will define quasi S —Menger space with example and prove lemma and fixed-point
theorems for rational inequality.

Quasi S —Menger space

Definition 3.1 A quasi —S —Menger space is a triplet (X, S4,*) where X is a nonempty set, *
is continuous t —norm and S is a distribution function on X 3 satisfying the following
conditions:

(Sq1) Sq( gnw(t) =0, forall {,n,v € X

(Sq2) Sggn)(®) < 1fort > 0 with ¢ # 0,

(Sq3) Sq(znm(®) =Sqp(gnw(t) =1 iff = n = v where P is permutation,
(Sq4) Sqgnuw(r+s+1) = Sqg0a) () * Sq(nna)(t) * Sq(v,v,0) (1),

Example 3.2. Let (X, S) be a quasi-S-metric as defined in example 2.3. we define a
distribution function §; on X 3 such that

t

Sa(znw) (O =1t +S(Ln,v)’
0 t=0.

t>0

For all {n,v € X ,t >0 and *bea 3™ order minimum t-norm. Then (X, Sq,*) is a quasi-
S —Menger space.



Lemma 3.3. Let (X, S,*) be an S-Menger space. If there exists k € (0,1) such that
S(('Z'n)(kt) = S(('('n) (t) for all C,T] € X, t> 0 and

gl_{gj S(ZJLU )(t) = 1.
then ¢ = 1.

Proof. Suppose that there exist k € (0,1) such that Sz ¢y (kt) = Sggm(t) forall {n €
X,t>0.

Then

t
Saam () 2 Segm ()

and also

t
Saem () = Sigm ()

For positive integer n. Taking limitas n — 00, S¢;..y(t) = 1 and hence { = 1.

Theorem 3.4. Let (X, S,*) be a complete S-Menger space and f: X — X be a mapping
satisfying

7111_1)130 Sgqu® =1 3.4.1)
and
Ser@r@.rn(kt) 2 Az (L) (3.4.2)
Where
_ e (San s OH+Se @]
A((,Z,T])( t) - mln{ ; E]1+S((‘<'n)(t)] 4 S(Z’('T])(t) (3’43)

Forall (1 € Xand k € (O, %) then f has a fixed point.

Proof: Let us consider { € X be any arbitrary point in X. Now construct a sequence {{,} € X
such that

f(@,) = 4, foralln € N.

Claim. {C,,} is a Cauchy sequence.
Let us take { = (,,_4 and n = (;, in (3.4.2), we get
S@ntnn-1) K = S @n-1).f G20 @) (KE) 2 Aty gnortn) (D) (3.4.4)

Now

S@ntnf @ OU+S @101, G-I )] S@n-1in-18 )(t)}
) n—-1%n-1,5n

Anrna g () = mm{ [1+S@n_1.2n-1.30) (D]

IR 1 o SR (O] LSS Py Sy S (2]
R S T errermi e CAREREC




A inesin) ) = MIn{S@ 200100 ) S tn1.0 (O}

Now if S o = () < S, 10,12, (t) then form equation (3.4.4)

S@nininen) KE) 2 S0 0000 (1)

Hence form lemma (3.3), our claim follows immediately. Now suppose

S@ntntnen) (8 Z S@nostn-12w) ()
Then again from equation (3.4.4)

S@uinine) k) = S,y 1100 ()

Now by simple induction, for all n and t > 0, we get

t
S@nntnen) KE) 2 (202020 () (3.4.5)

By using equation (3.4.5), for any positive integer ‘p’ we get

S((n T (n+p) (t) = S((n TnCn+1) ( ) S((n TnCn+1) ( ) (<n+p Cn+ps <n+1) ( ) [by lemma.3. 3]
t t t

S((n,(n,(n+p) (t) = S((n:(n'<n+1) (E) * S((n'Zn;<n+1) (5) * S(<n+1'<n+1'cn+p) (E)

t
S Gntntnip) O = S@ntn, <n+1)( )* S@nn, <n+1)( ) S@nratnsrini2) (G2 *

S((n+1:§n+1'(n+2) (@) * (<n+p'<n+p'<n+2)(@)

S (Cnininsp) (O = S(znznzn+1>() S(znznzn+1)() 5<<n+1<n+1<n+2)((3)2)

5(<n+1,zn+1,cn+z)(@) * ((n+2,<n+2,(n+p)(@) [by lemma. 3.3]

t
S((nr(n'<n+p) () = ((o G0,81) (kn3 S(Zo G0,31) (kn3 S(Zololﬁ) (kn+1 (3)2)

t
*SGototo) Gri(zy2) *
By the definition of S-Menger k-contraction (i.e., k<l) together with condition (3.4.1) and

letting n—o0, we get

lim S(Zn(ninw)(t) =1x* Ix1x1...x1x1=1

n—-oo

Hence, { {,,} is Cauchy sequence. Since (X, S, *) is a complete S—MS, there exists u €X
such that

lim {, = u (3.4.6)

n—-oo
Claim. u is a fixed point of f.

Consider

S(umrw)® =S #.#.f(Zn))( )* S(uuf(cn))( )* St f s G (34.7)



t t t
= S(uiin, )P * S(wmtn, )3 * S r@r(w)G)

t t t
= S(itn) @ *S(uintn,) R * Antni) )

Now

St () G+ gm0 3 12
72 (8n,Gn, ) (Sk)

t .
A(Zn,in,u)(ﬁ) - mm{ [1+5(zn.<n,u)(ﬁ)]

t t
SCnnf(w) GRS Cntntne) Gl
t
[1+S(<nrznr#) (ﬁ)]

t . t
Augni) G = mln{ »S G ntt) (g)}

Taking lim. In above inequality and using (3.4.1), we get

n—oo

t , t
At GO = Min{Scurcun G 1)

t

. t
Now if Scpppuy 3) 2 1 then A¢y ) (G

) =1.

Therefore from (3.4.7) and using definition we get u is a fixed point of f.

Now if Sy M))(i) < 1then A¢y (i) = SCuuf(w) (ﬁ)-

Hence from equation (3.4.7), we get

S( u.u.f(u))(t) 2 S f(w) (i) (3.4.8)
Since k € (O, %) therefor by lemma (3.3), we get f (1) = u.

This completes the proof of theorem 3.4.

Let us define 8 = {¢: [0,1] — [0,1]} is a continuous function such that (1) = 1,¢(0) =
0,¢(a) >aforeach0 <a < 1.

Theorem 3.5. Let (X, S,*) is a S-Menger space with
limS((,n,U)(t) =1 3.5.1)

and f: X — X be a mapping satisfying

Sr@.r@.ra) kD = {Aggm (O} (3.5.2)

Where

s ®)[1+s )]
1 £) = min 4 -OnsM) (29i¢9)) S ¢
@gn () = min { 15z ©] @gm ()

Forall {,n € Xand k € (0,1/3),¢ € 6.

Then f has a fixed point.



Proof: Since ¢ € 6. This implies that ¢(a) > a for each 0 < a < 1. Thus from (3.5.2)

Str.r@.rm) kD) = ¢{Agzn) (0} = Aggn (©)

Now, applying theorem 3.5, we obtain the desired result.
4. Applications

In this section, we give some applications related to our results. Let us define ¥: [0, 0] —
[0,0),as P(t) = [ Ot @(t)dt t > 0, be anon- decreasing and continuous function.

Moreover, for each € > 0, ¢(€) > 0. Also implies that ¢ (t) = 0 iff t = 0. In the following,
we prove integral analogue of theorem 3.4 in S-Menger Space.

Theorem 4.1. Let (X, S,*) be a complete S-Menger space with
limSy0)(t) =1 and f: X — X be a mapping satisfying

SU@.£@.fm)) (KD Aggm(®)
Jy p(t)dt = [, @(t)dt

Where

S ®[1+S )]
— : (mnf) @Lr@»
A(Z,(,q) (t) = min { 1S im O] , S(Z,(.n) (t)}

Forall {(n€X, o € Yandk € (0,%).

This f has a fixed point.

Proof: By taking ¢ (t) = 1 and applying theorem 3.4, we obtain the result.
Theorem 4.2. Let (X, S,*) be a complete S -Menger space with

rllg?o Signu)(t) = land f: X - X be a mapping satisfying

S (kt) A ®
fo G@s@sED (1Y dt > pf fO CEPY p(t)dt}

Where

s (t)[1+S (t)]
s (nn.f(m) (2.f(n)
Aggm(t) = min { 1502 ©] »S@gn) (t)}

Forall {n€X, ¢ € Yandk € (0,%).

This f has a fixed point.

Proof: Since ¢p(a) > a for each 0 < a < 1, therefore result follows immediately from
theorem 4.1.

5. Conclusion



In this paper, we introduced Quasi S- Menger space and proved fixed point theorems using
rational expression. In the last section we have also given integral analogue of fixed-point
theorems. Our results extend and generalize the results of Gupta V et al [1] in the structure of
S-Menger space
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