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ABSTRACT 
	[bookmark: _Hlk215334503]The Conjugate Gradient (CG) method is widely used for solving large-scale unconstrained optimization problems due to its efficiency and low memory requirements. However, its performance depends significantly on the choice of update parameters and line search strategies. This study evaluates eight classical CG methods using the Armijo line search framework, assessing their convergence rates, accuracy, and computational performance through extensive numerical experiments on benchmark optimization problems. The results indicate that the PRP, LS, HZ, and FR methods exhibit superior efficiency in solving large-scale nonlinear problems. These findings contribute to the understanding of CG method behavior and offer insights into selecting appropriate update parameters for practical applications.
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1. INTRODUCTION
Optimization is a fundamental tool for addressing large-scale challenges across a wide range of scientific and engineering fields. Solving these problems often demands numerical methods that can effectively balance computational efficiency with solution accuracy. The Conjugate Gradient Method (CGM) stands out as a popular iterative technique for large-scale unconstrained optimization, prized for its minimal memory requirements and reliable convergence behavior [14]. In contrast to Newton-based methods that rely on computing the Hessian matrix, CGM leverages only gradient information to identify minimizers, making it particularly well-suited for tackling high-dimensional optimization problems [12].

Since its inception, CGM has undergone significant refinements to improve stability, convergence speed, and robustness. The Fletcher-Reeves (FR) method [11] provided one of the earliest parameter updates, while Fletcher's later work on conjugate directions [10] further expanded the theory. The Polak-Ribière-Polyak (PRP) method [19] introduced a modification that improved performance on non-quadratic functions, with later enhancements by Yuan and Lu [23] improving its global convergence properties. Later, the Liu-Storey (LS) method [18] incorporated a mechanism that maintained the descent property without requiring exact line search. More recent methods, such as Dai-Yuan (DY) [7] and Hager-Zhang (HZ) [13], have focused on improving convergence behavior in large-scale applications by introducing stronger update conditions. Recent research has continued to develop hybrid and adaptive approaches [4, 5, 6, 15, 23], further expanding the CG methodology. Despite these advancements, the choice of an appropriate CG update formula remains a crucial factor in algorithmic efficiency.  

Another critical aspect influencing CGM performance is the line search strategy. While exact line search ensures the best step size selection at each iteration, it is computationally expensive and impractical for large-scale problems [22]. In contrast, inexact line search methods provide a more efficient alternative, balancing computational cost and accuracy. Among these, the Armijo line search [2] is a widely used inexact method that guarantees sufficient function decrease without requiring complex second-order derivative evaluations.  

While extensive research exists on CGMs under various line search conditions, a comprehensive and systematic comparative analysis of classical CG update parameters specifically within the Armijo framework remains limited. Previous studies, such as those by Gilbert and Nocedal [12], highlighted the advantages of inexact line searches but did not focus specifically on Armijo's role across a wide range of CG parameters. Similarly, while the performance profiling technique of Dolan and Moré [9] is a standard benchmarking tool, its application to a uniform comparison of multiple classical CGM formulations under Armijo conditions is scarce. While recent research has focused on developing new hybrid and adaptive CG methods [4, 5, 6, 15], a clear understanding of the foundational classical parameters remains crucial. This study aims to fill this gap by providing a large-scale, numerical evaluation of eight classical CG methods using a consistent Armijo line search implementation. Our work offers clear guidance on parameter selection for practitioners and establishes a benchmark for the performance of these classical methods against which newer hybrids can be measured.

2. Mathematical Framework
For solving optimization problems, the nonlinear conjugate gradient method (CGM) considers an unconstrained minimization problem of the form: 
		(1)
where  is a continuously differentiable function and is an n-dimensional Euclidean space. When  is large (say, ), the related problem results in a large-scale unconstrained minimization problem.
 A nonlinear CGM generates a sequence of points  with , by guessing an initial point , and making use of the recurrence relation 
[bookmark: eqn2]		(2)
 where 
 is a stepsize obtained by a line search
 is the CG parameter, 
 is the gradient at the point  and 
 is called the search direction. 

The search direction of the CG method is 
[bookmark: eqn3]		(3)

The CGM is a very suitable approach for solving large-scale minimization problems. To solve such problems, an algorithm that avoids large array storage and reduces computation costs must always be designed. Some strengths of the conjugate gradient method are that it has a low memory requirement, it does not require the construction and storage of  Hessian matrix, hence, it can be used in large-scale and high-dimensioned problems and it requires no Hessian matrix evaluations and inversion.

Different parameters for conjugate gradient methods are presented chronologically in Table 1















Table 1: Different Update Parameters for Classical CGM
	S/N 
	    AUTHOR(S) 
	 CG PARAMETER 

	1
	Hestenes & Stiefel (1952) [HS] [14]
	

	2
	Fletcher & Reeves (1964) [FR] [11]
	

	3
	Polak et al. (1969) [PRP] [19]
	

	4
	Fletcher (1987) [CD] [10]
	

	5
	Liu & Storey (1991) [LS] [18]
	

	6
	Dai & Yuan (1999) [DY] [7]
	

	7
	Hager & Zhang (2005) [HZ] [13]
	

	8
	Wei et al. (2006) [WYL] [21]
	

	9
	Bamigbola et al. (2010) [BAN] [3]
	



2.1 Conjugacy
The key task in line search methods is selecting a search direction  and figuring out a stepsize  along the direction at each iteration. In most cases, the search direction  must satisfy  which ensures that  is a descent direction of  at .

To be globally convergent, an iterative procedure needs to have the descent property. If the stepsize  is established via exact line search, the conjugacy property  which is obtained.

[bookmark: LEMMA21]Lemma 2.1
If the stepsize  is determined by an exact line search, then the gradient  and the previous search direction  satisfy the conjugacy property  for all .

Proof
Consider the recurrence relation,
, with.
To get optimal steplength , using exact line search, we have 
		

	

	 for all . 

[bookmark: GrindEQpgref6310f5fb4]2.2 Sufficient Descent Property
The sufficient descent property is a crucial factor in the convergence analysis of CG methods. It is particularly important in establishing the global convergence of nonlinear CGMs. A search direction  is said to satisfy the sufficient descent condition if there exists a constant  such that: 
	.	(4)

This condition is stronger than the simple descent condition  and is vital for proving global convergence. For the classical CG methods discussed in this paper, the sufficient descent property has been established in the literature under various line search conditions. For instance:
· The Hager-Zhang (HZ) method [13] is specifically designed to guarantee sufficient descent.
· The Fletcher-Reeves (FR) and Polak-Ribière-Polyak (PRP) methods are known to satisfy this property when combined with certain line searches (e.g., [12, 19]).

Establishing this property for each method is a key step in their convergence analysis. In this study, we rely on these established theoretical foundations and focus on the numerical comparison of their performance under the uniform Armijo line search framework.
 
[bookmark: GrindEQpgref6310f5fb5]2.3 Global Convergence
The sequence  generated by the scheme (2) to (3) is said to converge to a point  if 
		(9)

Therefore, to prove the global convergence of schemes (2) to (3), we have to prove the following limit 
		(10)
 where  is the gradient of the function f at the point  that is  is close to the set of stationary points where , or 
		(11)
and this ensures that a sub-sequence of  is close to the set of stationary points. We assume that  for all , otherwise, a stationary point has been found and the algorithm terminates.

3. Line Search Rule
3.1 Armijo Line Search Rule
This was introduced by Armijo in 1966. He proposed that an acceptable steplength  should be neither too large nor too small. Armijo’s rule works in such a way that it first guarantees that the selected steplength  is not too large, and then it is not too small. The Armijo rule, among other inexact line search methods, guarantees a sufficient degree of accuracy, ensuring the convergence of a conjugate gradient algorithm. Two parameters are key to this rule:  and . Assume a minimization of  such that  (this is true for all line search problems arising from the descent algorithm). A first-order approximation of  at  is , where  is the directional derivative. We give the following consequential definition: 
		(12)

A stepsize  is considered by the Armijo rule to be acceptable provided the following conditions (criteria) are met:    
 1.  
2.  

The two conditions listed above are known as the Armijo line search criteria. While the first condition ensures that the objective function decreases sufficiently, the second prevents the stepsize from becoming too small. These two can be combined as 

with the use of this rule, a range of acceptable stepsize is produced. To implement the Armijo rule to find such an acceptable stepsize usually involves an iterative procedure where fixed values of  and an initial  are assumed. 

3.2 Justification for Armijo Line Search
	The choice of line search strategy significantly impacts the performance of CG methods. While Exact Line Search (ELS) guarantees optimal step sizes, it is computationally expensive, requiring multiple function and gradient evaluations per iteration [22]. On the other hand, Inexact Line Searches (ILS), such as Wolfe, Goldstein, and Armijo conditions [2], aim to reduce computational costs while maintaining convergence guarantees. Among ILS methods, the Armijo rule [2] is one of the simplest and most computationally efficient. Unlike Wolfe and Goldstein conditions, which impose both sufficient decrease and curvature conditions, Armijo only enforces function reduction, making it easier to implement while still ensuring convergence. Sun and Zhang [20] explored CG methods without line search and found that algorithms struggle with stability, reinforcing the need for efficient step size selection. The continued relevance of analyzing classical methods is underscored by their use as a performance baseline in recent studies on more complex hybrid algorithms [17].

The selection of the Armijo rule for this comparative study is deliberate. While the Wolfe conditions offer stronger theoretical guarantees by ensuring both sufficient decrease and curvature, they are more computationally expensive per iteration due to the additional gradient evaluation required for the curvature condition. For large-scale problems where gradient computations are the primary cost, this overhead is significant. The Armijo rule, requiring only function evaluations, provides a computationally cheaper alternative per iteration. This study posits that for many practical problems, the iteration cost savings of Armijo can offset a potential increase in the number of iterations, leading to a net reduction in total CPU time. By applying a uniform Armijo search to all eight methods, we ensure a fair and computationally efficient comparison focused on the intrinsic performance of the update parameters themselves.

Several studies have compared inexact line search methods. Gilbert and Nocedal [12] demonstrated that inexact line searches improve efficiency in large-scale problems, particularly when the Hessian matrix is unavailable. While their study included Wolfe and Goldstein conditions, they did not specifically analyze how Armijo compares across different CGM formulations. More recent works, such as Jianghua et al. [16], have applied Armijo conditions in large-scale optimization but focused only on a single CG variant. This study extends previous research by conducting a comparative analysis of multiple CGM update parameters within the Armijo framework, evaluating their performance across diverse benchmark problems.  

By assessing CG methods using a uniform line search approach, this study ensures a fair comparison of their update parameters. The findings will help establish whether Armijo line search is a suitable alternative to Wolfe and Goldstein conditions in practical optimization settings, particularly when computational efficiency is a priority.

4. Numerical Experiments
[bookmark: GrindEQpgref6310f5fb12]4.1 Computational Details
The algorithm was implemented using MATLAB 2018b applying the Armijo line search. All numerical experiments were run on the same PC with an Intel COREi5 processor with 4 GB of RAM and CPU of 2.5 HZ to test the efficiency of these methods using optimization software based on the CPU time. The benchmark test problems used in the numerical experiments are obtained from the CUTEr collection made available by Andrei [1]. A total number of fifty (50) test problems were solved with dimensions n = 5,000 and n = 10,000. These functions include polynomial and nonpolynomial objective functions. Table 2 contains the list of test problems.

Table 2: A list of test problems
	S/N
	TEST PROBLEM
	S/N
	TEST PROBLEM

	1
	Chebyquad Function
	26
	Extended Rosenbrock Function

	2
	Diagonal 1 Function
	27
	Extended Three Exponential Function

	3
	Diagonal 3 Function
	28
	Extended Tridiagonal Function

	4
	Diagonal 4 Function
	29
	Fletcbv3 Function

	5
	Diagonal 5 Function
	30
	Generalized PSC1 Function

	6
	Diagonal 6 Function
	31
	Generalized White and Holst Function

	7
	Diagonal 7 Function
	32
	HimmelBG Function

	8
	Diagonal 8 Function
	33
	Indef Function

	9
	Diagonal 9 Function
	34
	Liarwhd Function

	10
	Dqdrtic Function
	35
	Linear Rank 1 Function

	11
	Explin2 Function
	36
	Modf Cosine Function

	12
	Extended Beale Function
	37
	Modf Explin1 Function

	13
	Extended Block Diagonal BD1 Function
	38
	Modf Sine Function

	14
	Extended Boh3 Function
	39
	Nondia Function

	15
	Extended Booth Function
	40
	Nondquar Function

	16
	Extended DenschnA Function
	41
	Perturbed Quadratic Function

	17
	Extended DenschnB Function
	42
	Power Function

	18
	Extended DenschnF Function
	43
	Quadratic Diagonal Perturbed Function

	19
	Extended EP1 Function
	44
	Quadratic QF1 Function

	20
	Extended Hiebert Function
	45
	Raydan 1 Function

	21
	Extended Himmelblau Function
	46
	Raydan 2 Function

	22
	Extended Logros Function
	47
	Sinquad Function

	23
	Extended Maratos Function
	48
	Tridia Function

	24
	Extended Mexhat Function
	49
	Vardim Function

	25
	Extended Powell Function
	50
	Variably Dimensioned Function



[bookmark: GrindEQpgref6310f5fb11]4.2 Computational Algorithm
The algorithm for the classical conjugate gradient method is stated below: 
1. Select ; the initial point and(a small number called tolerance) set 	

2.  Terminate process if , otherwise, go to the next step. 
3.  Compute steplength  by some line search criterion. 
4.  Set ; if  then stop. 
5.  Compute the search direction  with different CGM parameters  from Table 1.
6.  Set , and go to step 2

[bookmark: GrindEQpgref6310f5fb13]4.3 Performance Profile Analysis
The performance profile (Dolan & Moré [9]) evaluates efficiency across multiple problems. Figure 1 shows the fraction of problems solved by each method within a given factor of the best solver. The performance profile shows the percentage of problems each method can solve.
The stopping criterion, called tolerance, is   where 	


[image: C:\Users\USER\Desktop\WORK ON\CGM\arm cput.PNG]
Figure  1: Performance profile based on CPU time, showing the fraction of test problems solved within a given factor of the best-performing method.

From Figure 1, we observed that  
1. ARMIJO-PRP solved 87% of the problems, 
2. ARMIJO-LS solved 85% of the problems,
3. ARMIJO-HZ solved 77% of the problems,
4. ARMIJO-FR solved 73% of the problems,
5. ARMIJO-DY solved 60% of the problems,
6. ARMIJO-BAN solved 58% of the problems,
7. ARMIJO-CD solved 52% of the problems
8. ARMIJO-HS solved 47% of the problems.

[bookmark: GrindEQpgref6310f5fb14]4.4 Discussion on Numerical Results
The numerical results provide critical insights into the performance of different CG methods under the Armijo line search framework. The performance profile analysis, based on Dolan and Moré’s approach [9], allows for a direct comparison of solver efficiency.  

As seen in Figure 1, the PRP and LS methods exhibit the highest success rates, solving 87% and 85% of the benchmark problems, respectively. This result aligns with prior research indicating that PRP effectively handles non-quadratic functions [19], while LS maintains descent conditions efficiently [18]. The HZ and FR methods also perform well, solving 77% and 73% of the test problems, suggesting that their update strategies remain effective in large-scale settings [11, 13].  

In contrast, methods like HS (47%) and CD (52%) show lower performance, likely due to their sensitivity to gradient behavior in non-quadratic landscapes. The Dai-Yuan (DY) method, which is often recognized for its robustness in large-scale applications, solved 60% of the problems, which suggests that it may benefit more from stronger curvature conditions imposed by Wolfe or Goldstein line searches rather than Armijo’s simpler condition.  

One key takeaway is that methods with strong descent conditions (PRP, LS, and HZ) consistently outperform others under Armijo, reinforcing the notion that maintaining a stable descent direction is more critical than enforcing strict conjugacy properties in practical optimization settings. Additionally, the results indicate that computational efficiency plays a significant role in performance, as methods with excessive gradient reliance (e.g., HS and CD) tend to perform worse when function evaluations are restricted. Numerical results show that PRP, LS, HZ, and FR provide the best balance of convergence speed, superior robustness and computational efficiency.

5. Conclusion 
This study evaluated the performance of eight classical CG methods under the Armijo line search framework. Our analysis demonstrates that the PRP, LS, HZ, and FR methods provide the best balance of convergence speed, robustness, and computational efficiency, exhibiting superior performance in solving large-scale unconstrained optimization problems. The findings provide valuable insights for selecting CG parameters in practical optimization tasks.  

Future work could explore hybrid CG approaches, integrating adaptive line search techniques that dynamically switch between Armijo and Wolfe conditions depending on problem characteristics. Additionally, an analysis of CG performance in high-dimensional machine learning models could provide valuable insights into real-world applications of these optimization methods.
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