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Abstract 
In the present paper, we define quasi-S-Menger space and prove fixed-point theorems for rational inequality in S-Menger space. Some applications are also given is support of our results. Our results extend and generalize the results of Gupta.V et.al [1].
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1. Introduction 
The foundation for probabilistic approaches to metric spaces was laid much earlier by Karl Menger in 1942, who introduced the concept of Menger spaces by replacing the traditional distance function with a probabilistic distribution function. This idea marked a significant shift in the study of metric structures and improved the way for further generalizations in both deterministic and probabilistic settings.
 Building on these developments, the notion of S-Menger spaces has recently emerged as a stronger and more flexible structure, combining concept of S-metric and Menger spaces. 
                                            In the present paper, we define Quasi-S-Menger space and establish a fixed-point theorem in the setting of S-Menger spaces using a rational inequality. We present integral analogue of our results.
2. Preliminaries
In this section, we have provided some preliminaries definitions, proposition and lemmas along with some examples.
Definition 2.1. [4] A map  is called a continuous  norm if it satisfies the following conditions:
  
 
  
  examples of norm are 
(1):   =  and 
(2): 
Definition 2.2.[2] Let  be a nonempty set. A function  is said to be quasi-S-metric space iff for all ζ, η, υ the following conditions are satisfied:

iff     , where  is permutation,

The pair  is called a quasi metric space.
Example 2.3.[2] Let  Define by 

Then  is a quasi metric space.
Definition 2.4.[3] The 3-tuple  is said to be S-Menger space if X is a non-empty set,  is a function defined on  to the set of distribution function and * is a continuous third order t-norm such that the following conditions are satisfied: 
(i)  for all  
(ii)  for  with , 
(iii)  for all , if and only if , 
(iv)  
Where  and  for all 

Example 2.5.[3] Let  be defined as 
,
For all  , and  3rd order minimum t-norm. Then  is an Menger space.
Definition 2.6.[3] Let  be an S-Menger space then a sequence  is said to be convergent to a point  if     
Definition 2.7.[3] Let  be an S-Menger space then a sequence  is called a Cauchy sequence if  if   for   for each   
Lemma 2.8. [3] Let  be an S-Menger space with continuous third order norm  Then is non-decreasing with respect to for all 
Lemma 2.9.[3] In every S-Menger space ,where  is a continuous third order norm we have  for all  and .
3. Main Results
In this section, we will define quasi Menger space with example and prove lemma and fixed-point theorems for rational inequality. 
Quasi Menger space
Definition 3.1 A quasi Menger space is a triplet  where  is a nonempty set, * is continuous norm and  is a distribution function on  satisfying the following conditions:
   for all 
)   for  with , 
)   iff is permutation,
(   
Example 3.2. Let  be a quasi-S-metric as defined in example 2.3. we define a distribution function   on such that 

For all  , and  3rd order minimum t-norm. Then  is a quasi-Menger space.
Lemma 3.3.  Let  be an S-Menger space. If there exists  such that   for all  and

then .
Proof. Suppose that there exist  such that   for all  .
Then

and also
 
For positive integer . Taking limit as  , and hence .
Theorem 3.4. Let  be a complete S-Menger space and  be a mapping satisfying  
                                                                                                           (3.4.1)
and
                                                                                     (3.4.2)
Where
                                                    (3.4.3)
For all   and  then  has a fixed point.
Proof: Let us consider  be any arbitrary point in X. Now construct a sequence  such that 
  for all 
Claim.  is a Cauchy sequence.
Let us take  and   in (3.4.2), we get 
                                  (3.4.4)
Now
           
                  
 
Now if   then form equation (3.4.4)
    
Hence form lemma (3.3), our claim follows immediately. Now suppose 
 
Then again from equation (3.4.4)
 
Now by simple induction, for all  and  we get 
                                                                           (3.4.5)
By using equation (3.4.5), for any positive integer ‘p’ we get 
[by lemma.3.3] 
   
 
    [by lemma. 3.3]

By the definition of S-Menger k-contraction (i.e., k<1) together with condition (3.4.1) and letting 𝑛→∞, we get
  11 1….
Hence, { } is Cauchy sequence. Since (𝑋, S, ) is a complete S−M𝑆, there exists  ∈𝑋 such that 
                                                                                                            (3.4.6)
Claim.  is a fixed point of 
Consider 
           (3.4.7)
                               
                                    
Now 
 
 
Taking   In above inequality and using (3.4.1), we get
 
Now if  then 
Therefore from (3.4.7) and using definition we get  is a fixed point of 
Now if  then 
Hence from equation (3.4.7), we get
                                                                                       (3.4.8)
Since  therefor by lemma (3.3), we get 
This completes the proof of theorem 3.4. 
Let us define  is a continuous function such that  for each 
Theorem 3.5. Let  is a S-Menger space with 
                                                                                                           (3.5.1)
and  be a mapping satisfying 

                                                                               (3.5.2)
Where 
 
For all   and  
Then  has a fixed point.
Proof: Since  This implies that  for each  Thus from (3.5.2)
    
Now, applying theorem 3.5, we obtain the desired result.
Applications 
In this section, we give some applications related to our results. Let us define      be a non- decreasing and continuous function. Moreover, for each   Also implies that  iff   In the following, we prove integral analogue of theorem 3.4 in S-Menger Space. 
 Theorem 4.1. Let  be a complete S-Menger space with 
   and  be a mapping satisfying 

     
Where    
 
For all   and  
This  has a fixed point.
Proof: By taking  and applying theorem 3.4, we obtain the result.
 Theorem 4.2. Let  be a complete  -Menger space with 
  and  be a mapping satisfying  
     
Where    
 
For all   and  
This  has a fixed point.
Proof: Since  for each  therefore result follows immediately from theorem 4.1.
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