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ABSTRACT

	A gamma 1 nonderanged permutation group, denoted by is a permutation group defined as  where each  is a permutation of the form . This permutation group has attracted considerable attention in recent mathematical studies for its algebraic properties. In this research, an undirected inverse graph representation of  nonderanged permutation group denoted by inv(() has been studied. It was proved, among other things, that the graph inv is not regular except at p=5, the diameter = radius =2 for any  and that the maximum degree is  for any . Lastly, the visual representation of inv for some  together with python programming code for generating the graph was given.
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1. INTRODUCTION

The interplay between algebraic structures and graph theory has produced deep insights in pure mathematics, particularly in the study of groups and their graphical representations. Since the pioneering work of Lagrange in 1770 on algebraic solutions of polynomial equations, permutations and permutation groups have been central to group theory. A permutation group, as defined by Beaumont and Peterson (1955), is a collection of permutations of a set that forms a group under composition, and its study has become one of the oldest and most fertile areas of algebra. The algebraic richness of permutation groups has led to extensive research into their properties and applications, especially through connections with graph-theoretic structures (Dixon and Mortimer, 1996).
In recent years, the notion of inverse graphs has emerged as a novel tool for exploring finite groups. Monther and Zakariya (2017) formally introduced the concept of the inverse graph of a finite group, where vertices correspond to group elements and adjacency is determined by nonself-invertible elements. Their work established foundational properties of inverse graphs, such as connectivity, regularity, Hamiltonicity, and bipartiteness, thereby distinguishing inverse graphs from classical constructions like Cayley graphs, commuting graphs, and power graphs. Subsequent studies extended this framework in various directions. Umbara et al. (2023) analyzed the rainbow connection number of inverse graphs, emphasizing conditions for connectivity and optimal edge colorings. Ejima et al. (2020) investigated the spectral properties and energy of inverse graphs associated with dihedral and symmetric groups, revealing structural similarities across group families. Further contributions include Amreen and Naduvath (2022), who proposed the noninverse graph as a variation of the inverse graph, and Mageshwaran et al. (2021), who examined labeling indices in inverse graphs of cyclic groups. Collectively, these studies underscore the role of inverse graphs as a bridge between group theory and combinatorial graph theory.
Parallel to these developments, research into non-deranged permutation groups has provided another fertile ground for algebraic exploration. The -nonderanged permutation group  ,  introduced by Ibrahim et al. (2016), extends the classical study of derangements by constructing groups where not all elements are fixed-point free. This group has since been shown to possess rich algebraic and topological properties, including FG-module structures (Ibrahim et al., 2016), nonstandard Young tableaux (Garba et al., 2017), compositional constructions (Suleiman et al., 2020), bihomogeneous topologies (Garba et al., 2018), and extensions to commutative rings and vector spaces (Yusuf and Ejima, 2023). Recent investigations have also examined power graph representations of this group (Yusuf and Umar, 2025), providing structural insights into its combinatorial behavior.
Despite these advances, little attention has been devoted to the inverse graph representation of -nonderanged permutation groups. Since inverse graphs encode fundamental algebraic relations through adjacency defined by non-self-invertible elements, their study within the framework of -nonderanged groups promises to reveal new structural and combinatorial characteristics. In particular, understanding properties such as degree distribution, connectivity, regularity, diameter, girth, and centrality in these graphs may provide deeper insights into the algebraic behavior of the underlying groups.
This research focuses on the inverse graph representation of the Γ₁-nonderanged permutation group    for prime values p = 5,7,11, and general prime p = n. By examining the graphical properties of these structures, we aim to enrich the existing theory of algebraic graph representations and contribute to the broader understanding of inverse graphs in finite group settings.

2. material and methods
Proposition 1 (Yusuf and Ejima, 2023) Let be a Γ1-nonderanged permutation group and . The multiplication ’·’ (composition permutation) in  is given by 
2.1	The Inverse Graphs of Γ1-Nonderanged Permutation Groups
2.1.1	The Inverse Graphs of Γ1-Nonderanged Permutation Groups for . We apply the Proposition 1 to find the composition of  .  Thus, the Inverse Graph for  is constructed using  and a generating set S. We apply the Proposition 1 to find the composition of  .  Thus,	      		
	 	
Thus, the adjacency matrix  is:                                                                                                                                                                                                                                                                                                                                                                                                                                                         

The edges of the Inverse graph are: 
Below is the Inverse Graph of Γ1-nonderanged Permutation Group for 





Fig. 1- Inverse Graph of Γ1-nonderanged Permutation Group for 

2.1.2	The Inverse Graphs of Γ1-nonderanged Permutation Groups for 
We apply the Proposition 1 to find the composition of  .  Thus, the Inverse Graph for  is constructed using  and a generating set .
		
	
		
		
		
		
		
 
Thus, the adjacency matrix  is:                                                                                                                                                                                                                                                                                                                                                                                                                                                         

The edges of the Inverse graph are:
 
Below is the Inverse Graph of Γ1-nonderanged Permutation Group for P =7 (Not 2-colorable)








Fig 2- Inverse Graph of Γ1-nonderanged Permutation Group for P =7
2.1.3	The Inverse Graphs of Γ1-Nonderanged Permutation Groups for 
We apply the Proposition 1 to find the composition of  .  Thus, the Inverse Graph for , using: and a generating set .
	
	
	
	
	
	
	
		
	
	
	
	
 		
	
	
	
	
		
 	
	
	
 	
 

Thus, the adjacency matrix  is:                                                                                                                                                                                                                                                                                                                                                                                                                                                         

The edges of the Inverse graph are:




Below is the Inverse Graph of Γ1-Nonderanged Permutation Group for  (Not 2-colorable)
Fig 3- Inverse Graph of Γ1-Nonderanged Permutation Group for 





















2.1.4	The Inverse Graphs of -nonderanged Permutation Groups for general prime numbers.
The inverse graph for a general prime  is constructed using the nonderanged permutation group  and a generating set and S.
Each vertex   is connected    if and only if  Thus, the edge set E of the inverse graph consists of all unordered pairs: , such that  
Adjacency Matrix  The adjacency matrix is a square matrix of size  where the entry at position  is defined as:

This matrix is generally not symmetric unless S is closed under inversion
Edges of the Inverse Graph The edges of the inverse graph are of the form:  |  With Proposition 1 to find the composition of  .  The total number of such edges depends on the size of the non-involution S, which in turn depends on the number of generators in the multiplicative group modulo .
2.2.5	Algorithm for generating Inverse Graphs for general prime Groups
Fig. 4- Algorithm for generating Inverse Graphs for general prime GroupsYES
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3. results and discussion

Proposition 2: Let be a gamma 1 nonderanged permutation group and inv() be an inverse graph of . The set of involutions of is given by  and the set of non-involutions denoted by S is 

Proof
We want to find all  such that:

  

Thus, the only elements in { that satisfies are 
Hence the set of involutions in is {} and the set of non involution denoted by S is 


Lemma 1: Let be a gamma 1 nonderanged permutation group and inv() be an inverse graph of . Then vertex  is adjacent to every other vertices except , likewise  is adjacent to every other vertex except . 
Proof:
We need to check whether  is adjacent to , that is . Since  if and only if . By Proposition 2 we have that only  and are self invertible. Thus,  is not adjacent to itself and  Hence,  is adjacent to all other vertices .
Lemma 2: Let be a gamma 1 nonderanged permutation group and inv() be an inverse graph of . Then, the maximum degree of inv() is .
Proof:
We know by Proposition 2 that  is adjacent to all  except itself and  that is to say  is adjacent to . Therefore .
Suppose there exists . That would imply   is adjacent to more than P - 3 vertices, which contradicts the definition of adjacency that the product  must lie in S, and .
Hence, no vertex can have degree more than P−3, and at least one vertex (e.g., ) achieves it.
Thus, 
Lemma 3: Let be a gamma 1 nonderanged permutation group and inv() be an inverse graph of . The degree of any other vertex  with  is .
Proof:
Observe that each has atmost  other distinct vertices to possibly connect with(since no loops and we exclude self-edges). So maximum possible degree is . But edges between  and  exists only if  and only  and  are not in S. that is  and . So there are exactly 2 values of  that makes By excluding those two vertices from  we have  for .
Theorem 1: Let be a gamma 1 nonderanged permutation group and inv() be an inverse graph of . The inverse graph of  is not regular except at 
Proof:
For 𝑝 = 5,  and  by Proposition 2. The set of edges are , this can be seen visually as




Fig 5- Graph regular for P

We can see from above that each vertex have the same degree, thus the graph is regular for P
Assume that , then by Lemma 2 we have the maximum degree to be  while Lemma 3 tells us that every other vertices apart from  has a degree of . Since not all the vertices have the same number of degrees, we conclude that the  for  is not regular.
Proposition 3: Let be a gamma 1 nonderanged permutation group and inv() be an inverse graph of . The diameter of the inverse graph of   is given as )) = 2.
Proof:
For  we the only cycle in )  is . This means that  for any vertex, hence the diameter is 2.
Assume that ,  then by Lemma 2 and Lemma 3 the vertex  has degree either  or  The distance is 1 if  but if  is not adjacent to  then  and  have atleast  neighbors, since there are  vertices in total, they must share atleast one common neighbor, that is there exist  such that  and . Hence the distance between any two vertices is less than or equals to 2.
Therefore )) = 2 for all .
Proposition 4: Let be a gamma 1 nonderanged permutation group and inv() be an inverse graph of . The radius of the inverse graph of   is given as )) = 2.
Proof:
For  we the only cycle in )  is . This means that  for any vertex, hence the radius is 2.
Assume that ,  we need to show that no vertex has eccentricity 1 and some vertex has eccentricity 2.
Step 1: No vertex has eccentricity 1 when .
A vertex has eccentricity 1 if and only if it is adjacent to all other vertices, this happens only if  which is a contradiction since the maximum degree is atmost , thus no vertex is adjacent to all other.
Step 2: Some vertices have eccentricity 2.
By Proposition 3 above the diameter = 2, that is every vertex is at most distance 2 from any other, but since none are distance 1 from all others, their eccentricity must be exactly 2. Therefore, the minimum of all eccentricity is 2. Thus )) = 2 for all .
Theorem 2: Let be a gamma 1 nonderanged permutation group and inv() be an inverse graph of . The girth of the inverse graph of   is given as



Proof:
For P =5 the only cycle in inv() is is  so the girth is 4. Assume that  since the ))  = = 2 by Proposition 3 and Proposition 4, this means there exist one  such that  for some 

4. Conclusion

This study has successfully established the graphical properties of the inverse associated with Γ₁-nonderanged permutation groups for prime numbers . The findings reveal that the inverse graph, though more connected in terms of diameter and radius (both equal to 2), lacks regularity for  and displays more varied local structures. This complexity arises from the non-trivial adjacency criterion, which excludes involutions from adjacency via inverse multiplication.



Definitions, Acronyms, Abbreviations
Definition 1 (Group): A group is a set G together with a binary operation  satisfying the following axioms:
1. Associativity
2. Identity: There exists an element
3. Inverse: For each a ∈ G, there exists an 
(Dummit & Foote, 2004, p. 1)
Definition 2 (Permutation group): For a finite set X, let  denote the number in elements of X. For any non-empty finite set X with  the set of all bijective mappings on X to itself is denoted by  and is called the symmetric group on X. A permutation of a set X is a bijective function  it is a quantity or function that carries n indices or variables (where each can run from 1, ..., N ) (Cameron, 1999)
Definition 3 (-nonderanged permutation group ): Let  be a non-empty, totally ordered and finite subset of N. Let p be a prime number greater than or equal to 5 such that

where  is a bijection on - written in the form
with
Then,  is said to be a Γ1-nonderanged permutations.
Remark 1  together with a natural permutation composition is a group. Thus,  is called a -nonderanged permutation group (Aminu et al. 2016; Aremu et al. 2017).
Definition 4 The nth successor in a cycle  is given by
 where
Example 1 
where  each with length 5 (Aremu et al. 2017).
Definition 5 Inverse Graph Monther and Zakariya (2017). Let  be a finite group and  . Wedefine the inverse graph  associated with  as the graph whose set of vertices coincides with  such that two distinct vertices  are adjacent if and only if either.
Definition 6 (Adjacency Matrix) The adjacency matrix is a square matrix used to represent a finite graph. For a graph , the adjacency matrix A is an  matrix where: 

 For undirected graphs, the matrix is symmetric; for directed graphs, it may not be. The adjacency matrix provides a convenient way to perform matrix-based computations on graphs (West, 2001).
Definition 7 (Connectivity) Connectivity refers to the minimum number of vertices (or edges) that must be removed to disconnect the remaining vertices in the graph. A graph is said to be connected if there is a path between every pair of vertices. The vertex connectivity  is the smallest number of vertices whose removal disconnects the graph. Similarly, the edge connectivity is the smallest number of edges whose removal disconnects the graph (Bondy & Murty, 2008).
Definition 8 (Degree) The degree of a vertex in a graph is the number of edges incident to that vertex. In other words, it represents how many direct connections a vertex has with other vertices in the graph. For an undirected graph, the degree of a vertex v is denoted as  In directed graphs, the degree is split into in-degree (number of incoming edges) and out-degree (number of outgoing edges) (Bondy & Murty, 2008).
Definition 9 (Order) The order of a graph is defined as the total number of vertices (nodes) present in the graph. It is a basic metric that provides the size of the vertex set V, usually denoted by |V|. For instance, if a graph contains eight vertices, its order is eight (West, 2001).
Definition 10 (Cycle of a Graph) A cycle in a graph is a path that starts and ends at the same vertex, with all the edges and intermediate vertices being distinct (except for the starting and ending vertex, which are the same). Formally, a cycle is a closed walk in which no vertices (and hence no edges) are repeated, except for the initial and final vertex.
Cycles are fundamental structures in graph theory and are used in many areas such as detecting feedback loops, understanding girth (length of the shortest cycle), and identifying Hamiltonian and Eulerian properties (West, 2001).
Definition 11 (Regular Graph) A regular graph is a graph in which every vertex has the same degree. Specifically, a graph is said to be k-regular if every vertex has a degree of k. Regular graphs are crucial in studies involving network design, symmetry, and topology. For instance, a 3-regular graph has each vertex connected to exactly three others (Bondy & Murty, 2008).
Definition 12 (Girth) The girth of a graph is defined as the length (i.e., the number of edges) of the shortest cycle contained within the graph. If the graph has no cycles, such as in a tree, the girth is considered infinite. Girth is often used to describe the local cyclic structure of graphs (Diestel, 2017).
Definition 13 (Distance) The distance between two vertices u and v in a graph is the length of the shortest path (i.e., the minimum number of edges) connecting u to v. If no such path exists, the distance is considered infinite. The distance is commonly denoted as d(u, v) (West, 2001).
Definition 14 (Eccentricity) The eccentricity of a vertex v is the maximum distance from that vertex to any other vertex in the graph. It quantifies how far a vertex is from the furthest vertex in the graph. Mathematically, it is expressed as:  where is the shortest distance between vertices v and u (Diestel, 2017).
Definition 15 (Radius) The radius of a graph is the minimum eccentricity among all vertices in the graph. It identifies the most central vertex or vertices in terms of their maximum distances to others. Formally, it is defined as: . A lower radius indicates a more tightly connected graph (Bondy & Murty, 2008).
Definition 16 (Diameter) The diameter of a graph is the maximum eccentricity among all vertices. It represents the longest shortest path between any pair of vertices in the graph. Mathematically, it is given by: . This metric captures the 'worst-case' distance within the graph (West, 2001).
Definition 17 (Inverse Graph of Γ1-nonderanged Permutation Groups); Inspired by Monther and Zakariya (2017).
Let  be a Γ1-nonderanged Permutation Groups and S . We define the inverse graph of -Nonderanged Permutation Groups  associated with  as the graph whose set of vertices coincides with  such that two distinct vertices  are adjacent if and only if either.
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APPENDIX

Python programming codes for generating Inverse Graphs of Γ1-nonderanged Permutation Groups

import networkx as nx
import matplotlib.pyplot as plt
import math
def is_inverse(x, p):
    """Check if x is self-inverse modulo p."""
    return (x * x) % p == 1
def generate_inverse_graph(p):
    if p <= 3 or not is_prime(p):
        raise ValueError("p must be a prime number greater than 3")
    # Define group G_p^Γ1 = {1, 2, ..., p-1}
    group = list(range(1, p))
    nodes = [f'ω_{i}' for i in group]
    # Generate S = {x ∈ G | x ≠ x⁻¹ mod p}
    S = set()
    for x in group:
        inv = pow(x, -1, p)
        if x != inv:
            S.add(x)
    # Define the graph
    G = nx.Graph()
    G.add_nodes_from(nodes)
    # Build edges based on definition:
    for i in group:
        for j in group:
            if i != j:
                product1 = (i * j) % p
                product2 = (j * i) % p
                if product1 in S or product2 in S:
                    G.add_edge(f'ω_{i}', f'ω_{j}')
    # Circular layout for drawing
    pos = nx.circular_layout(G)
    # Draw the graph
    plt.figure(figsize=(7, 7))
    nx.draw_networkx_nodes(G, pos, node_color='lightblue', node_size=1000)
    nx.draw_networkx_edges(G, pos, width=1.5)
    nx.draw_networkx_labels(G, pos, font_size=12, font_family='serif')
    plt.title(f"Inverse Graph of Γ₁-Nonderanged Permutation Group for p = {p}")
    plt.axis('off')
    plt.show()

def is_prime(n):
    if n <= 1: return False
    if n <= 3: return True
    if n % 2 == 0 or n % 3 == 0: return False
    i = 5
    while i * i <= n:
        if n % i == 0 or n % (i + 2) == 0:
            return False
        i += 6
    return True

# ========= USER INPUT =========
try:
    p = int(input("Enter a prime number p > 3: "))
    generate_inverse_graph(p)
except Exception as e:



    print("Error:", e)


