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ABSTRACT
Converting ordinary differential equations (ODEs) into a recurrence relation provides a rapid discrete-domain iteration technique for simulation and computer modelling of complex natural systems. Recurrence solutions are examined for first, second, third and fourth-order ODEs. The central difference method is applied to generate recursive formulas that approximate derivatives of the ODE. Stability of computed results that depend on initial conditions are addressed, including cyclic or chaotic behaviour. Systems containing time delays or forcing functions with unstable or chaotic solutions may be solvable by a recurrence approximation method. Often overlooked in algorithm development is the simplicity of a recursion that simplifies computational effort when evaluating ODEs and dynamic processes. Recurrence equations for second order ODE’s defining dual mass-spring dynamics are described. The aim was to provide a simple recursion that could be broadly adapted to solve ODEs in any science discipline using the methods as an algorithm in a computational loop. 
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1 Introduction
Development of a formula to compute a current value, based a previous value, is termed a recurrence relation in discrete mathematics. Use of the central-difference approximation of a derivative is reviewed for development of a recurrence sequence. Defining the dynamics of physical systems in the continuous time-domain generally requires an ordinary differential equation (ODEs) that describes a system’s motion. First and second-order ODEs are used to describe the motion of masses or particles. Fourth-order ODEs often occur in engineering applications involving the deflection of stiff beams. In non-engineering fields, ODEs may describe the growth and decay of organism populations or other natural cyclical processes in the continuous-time domain. Closed-form solutions of an ODE with an applied forcing function may be difficult to identify, because their non-homogeneous solutions are not readily tractable. 
A valuable and often-overlooked mathematical method that approximates the solution of an ODE is the recurrence relation. Operating in a discretized domain, a single recurrence relation is readily amenable to computer modelling applications [1, 2]. Recurrence relations can be applied to approximate a solution to an ODE in numerous applications, particularly where rapid computer simulation is required. A recurrence equation represents a discrete form of the continuous-time ODE and its accuracy depends on the sampling step. With respect to growth and decay problems in nature, many scientific fields including epidemiology, population dynamics and cell protein generation exhibit dynamic behaviour that may be described by a recurrence relation. Numerous cases within these fields show non-linear complexities where the growth equations may contain time-delayed components that result in oscillatory or unstable chaotic solutions [3, 4]. 
	Some complex dynamical systems exhibit time delays between action and reaction. ODEs that contain time delays are referred to as delay differential equations or DDEs. Any ODE that contains time-delays may be converted to a recurrence relation using some rules. In time-delayed systems, the next trajectory value is calculated based on previous values that may contain a time lag. A DDE may be solved using iterative numerical recursion once the DDE is converted to a suitable recurrence relation. A review of recurrence methods for solving ODEs and DDEs uses the central-difference method with a discretized time step, the size of which determines accuracy of a recurrence simulation.
	Although recurrence relations are well known in mathematics, their significance to practical applications such as modelling and solving numerous industry and physical problems is often overlooked. Some examples of first, second and fourth-order ODEs will be provided in the paper to demonstrate the wide application of the recursion methodology. The paper will discuss how ODEs may be converted to more manageable recurrence relations with a format that is readily amenable to rapid spreadsheet deployment or computer simulation of the particular dynamical problem.
2 Converting ODEs to a Recurrence Relation
A first-order ODE describing a continuous-time dynamical system has the general form . Numerical approximation of the slope or derivative of x(t) at point  applies the central-difference method between a current point and adjacent points;
 						(1)
where n is the index of position in a sequence and h is the physical interval or time step between two nearby discrete points  and on the curve of x(t). The equivalence between these continuous and discrete forms of solution depends on the size of the time step. A smaller time step increases accuracy of the modelling, that is, as h approaches zero the discretized solution approaches the continuous solution.
	For second-order ODEs such as , we apply the central-difference theorem [5], restated in equation (2a). To generate a recurrence, consider discrete time points ,   , giving ,  and . A recurrence relation approximating a function’s second derivative value at  is shown in equation (2b);
.  				(2a)
.				 (2b)
	The conversion method is readily applicable to discrete dynamic simulation, such as with multi-body distributed mass-spring-damper systems including long elastic conveyor belts [6].  Adding a forcing function results in a non-homogenous ODE which may need simulation to be tractable [5].
	A fourth-order ODE appears in engineering analyses of beams. For a beam if stiffness EI, its deflection w(x) for a constant load distribution q(x) is described by the fourth-order ODE [7] ; 
) .						(3a)
 	By the central-difference method using five points, the deflection at   is derived;
.				(3b)
A recursive solution for the deflection of a loaded beam defined by equation (3a) becomes; 
.				(3c)

3	Second-order Mass-spring ODE Solution by Recurrence
Recurrence relations may be developed and used for simulating the dynamic behaviour of systems defined by second order ODEs. To demonstrate their application to modelling of mechanical systems, a simple ODE for a single mass-spring-damper system will be extended to two masses. For a single mass m connected with a spring k with parallel damper c, with an added externally applied force F(t), its well-known ODE equation of motion from general mechanics is [7];
					(4)
where the first term is acceleration of the mass (its inertia) with a spring restoring force kx. The damping force term c dx/dt represents velocity damping which may contain a viscoelastic delay.
Extending the example above to a two-mass system is shown by the physical setup of Figure 1. Analysis provides the displacements of each mass m1 and m2 and the force histories in each of the springs k1, k2 and k3. Dynamic forces in the springs will occur following the addition of an external force F(t) applied to the platform to which the springs attach. 
[image: ]
Figure 1.	Model of a 2-mass elastic system, where masses m1 and m2 roll on a platform of mass Mp, which itself is acted on by a force F(t) at some time t. Springs and dampers connect between masses and the moveable platform. An acceleration is applied to the entire mass.
	Solving the non-homogeneous ODE in equation (4) for the distributed mass-spring problem is dependent on F(t), which can be complex. However, by recurrence, its solution is a set of linear formulas. To begin the process of conversion, we state the equations of motion by summing the forces on masses m1, m2 and the platform Mp, a simple procedure in mechanics. Three ODEs are produced as shown below. Denoting ;(5a)


(5b)


(5c)





	Force F(t) is applied in the horizontal plane to the moveable platform.  Substituting equations (1) and (2b) into these ODEs generate commensurate recurrence relations for the subject displacements ,  and  respectively, as expected from equation (2b).
	Displacement x of mass m1 is calculated by substituting first and second derivative approximations into equation (5a), yielding the recurrence relation;
= 				(6a)
where		   ;   
    ;   
	Equation (6a) shows how the current position of the mass m1 is related to its two previous positions  and . By continuing the substitution process for equations (5b), the displacement  of mass m2 is similarly determined; 
= 				(6b)
where		   ;   
    ;   
	Equation (6b) shows how the current position of the mass m2 is related to its two previous positions  and  .
	For the platform mass mp, its discrete displacement form is;
= 				(6c)
where		   ;   
 and   in equation (6b).  
	Equation (6c) shows how the current position of the platform containing the two masse is related to its two previous positions  and  .
	Without actually solving the second-order ODE for this problem, we obtain recurrence equations to compute the positions of both masses relative to the carriage platform in discretized time steps. An aim of the above example is to show how the ODEs are reduced to linear recurrence relations, which themselves are immediately set up for iterative simulation and computer modelling.
	Dynamic force in each spring is needed in any mechanical design to set material strain limits. Spring force is defined by Hook’s Law, so that for spring k1, . More specifically, calculations for the recurrence cannot begin until initial condition displacements for x1 and x2 are set for n = 0 and n = 1, where we assume the masses are at rest at their specified locations, and spring pre-tension  is set as an input constant when all other accelerations are zero. A rolling or drag force  may be added as required. With these initial conditions satisfied, the spring forces are;
				
+				(7b)
+				(7c)
Figure 2 shows the graphical results for the dynamic forces in each spring using the recurrence solutions in equations (7). The nomenclature used in the above example is based on Figure 1.
[image: ]
Figure 2.	Forces generated in the 3-spring model during acceleration of the supporting platform, at 0.5 m/s/s for 30 s. In this model solution, the drag forces .
	In dynamic modelling we are interested in spring forces and mass displacements so that a mechanical design may be evaluated. For the two-mass example above, the following parameters are used to simulate the three spring forces; masses m1 = 1000 kg, m2 = 3000 kg, Mp = 6000 kg, dampers values are 50 N-s/m, springs are of equal stiffness 500 N/m, and a pre-tension of Fs = 2500 N is added to equation (7) to prevent spring buckling. After 800 calculations, the real elapsed time is t = 40 s, i.e. n = 20 computations per second or h=0.05. An applied acceleration function a(t) has the parameters a(t) = 0 (0< t < 50), a(t) = 0.5 (50 < t < 80), and a(t) =0 (t > 80) in Figure 1. 
	Figure 2 shows a graph of forces in each spring after 40 s. Initial displacements from t = 0 are allowed to stabilize to a steady state before acceleration is applied to the platform at t = 50 s. In addition, the initial conditions for mass position used in the example at t = 0 are m1’s position is 200 m from the left side of the setup, mass m2 is 400 m and the platform is 600 m long. Spring force increases in spring k3 during acceleration, while the tension in spring k1 drops, as expected.
4	Stability and Chaos in First-order ODEs 
A special case of a first-order ODE with an introduced time delay between values results in a delay differential equation or DDEs, as mentioned in the Introduction. More complex natural growth and decay systems contain time delays, where a future value can depend on the current and previous values with a time delay T. If  defines a single trajectory where its velocity depends on a function F valued at x for time t as well as a delayed value  , then the general form of the delay DDE with its equivalent recursion is;
	    ;   .  			(8)
	Equation (8) defines how the continuous time derivative of x(t) becomes the equivalent time delay function value at a discretized time step (n+1), which itself may depend on the function values at two previous time steps   and in the case of an introduced delay [10]. By way of simplicity, reviewing one of the better-known ODEs describing exponential growth of an entity x(t) in continuous-time has an approximate discrete-time solution;
					(9)
and if h=1, then  where R is the growth factor. The real solution of the ODE is  where  is an initial value. While these two solutions are not exactly the same, the choice of h << 1 will produce results closer to the continuous solution, i.e., the discrete solution  becomes a viable computation as h becomes smaller and smaller and the two points  approach each other.
	Growth is often limited by an upper limit as shown by Verhulst [9]. If the loss factor in growth is defined by L = (1-x/P), where P is the limit to growth, then for h = 1 equation (9) becomes;
.				(10)
A plot of  as a function of n shows S-curve characteristics up to a limit of growth [10]. Arguments made by May [11] related to population studies and stability show that the recurrence relation described by equation (5) reduces to a logistic equation that has chaotic solutions;
						(11)
In applying a discrete update rule, we are only concerned about the growth term. Simulation of equation (11) produces a wide variety of graphical trajectories that are either smoothly growing, oscillatory or chaotic and unstable. Table 1 summarizes some typical outcomes of applying various initial conditions to equation (11). Only a few initial conditions are shown in Table 1, however the reader may further investigation graphs of equation (11) using other  and R values to discover the infinite richness of the logistic equation. Results summarized in Table1 are widely published by numerous researchers in chaos theory. The reader may like to review the published work related to equation (11).
	R
	
	Graph Type

	1.2<R<2
	0.99
	Rising S-curves

	1.1<R<1.5
	0.1
	Growth

	R<1
	0.1
	Decay

	3.1<R<3.4
	0.5
	Oscillatory growth

	3.4<R<3.56
	0.1
	Period doubling

	3.56<R<4
	<1
	Chaotic and unstable


Table 1: Dynamic behaviour of equation (11) for selected initial conditions used to indicate values where graph type change occurs.
Real systems in the natural world often consist of interacting or competing influences, and in many cases one of those factors operates with a delay relative to the other parameter. May [11] recognized the effects of delay interaction in population dynamics. In a scientific sense, populations (or event counts) can be measured over time by data recording and observation, however having mathematical tools to model and fit projections to data is powerful for forward prediction of real populations. The real issue becomes the development of a recurrence that can be applied in general to many differing sets of data. One could define a more general recurrence relation as one that may be experimentally correlated with real data and then applied to forward projection of growth.
	A more general equation containing a limit to growth may be written in the form of equation (10) to accommodate time delays. Addition of a time delay T in equation (10) generates a DDE and its approximate recurrence, indicated by the pair; 
					(12a)
					(12b)
where  is an integer indicating delay from n in the x sequence, and Q is a factor introduced to force an increased accuracy of the finite difference between  and  . Note that Q is in the range 0 < Q < 1.
	As pointed by May [11], delay recurrences often appear when there are competing populations of different types. In the case of fox - rabbit population, the birth and death rates of either species are not aligned, creating effective delays in one of the populations. The same argument applies to supply and demand in the financial systems where currency values are affected by this “predator-prey” type dynamic and delays between the value of money and unreleased economic data. 

5	Discussion and Concluding Comments
A significant history exists in the literature regarding the theories of calculus, differential equations and series approximations as applied to geometrical and physical problems. Recursion methods readily lend themselves to numerical analysis and simulation application with computing software. From an applied mathematics perspective, an ability to convert differential equations to recurrence relations is often overlooked by researchers conducting simulation studies.
	Providing the necessary methods in one document to show how to apply recurrence relations derived from differential equations is considered valuable. The paper shows that conversion from the continuous time domain to a discrete domain will simulate real systems to a close degree, when the discrete time step becomes very small. For first-order ODEs, including those related to growth and systems with delays, the selection of a small time-step is crucial in ensuring stability of solution. A general discussion of the recurrence method would be incomplete without acknowledging other methods for improving accuracy of analysis. For example, a Runge-Kutta approximation of the Euler method may give a more accurate dynamic simulation than a recurrence. However as stated, the smaller the time step for the recurrence, the closer the solution will approach that of the actual ODE solution itself. 
	Table 1 shows that a single recurrence for a simple growth model has a rich set of solutions, including instabilities and chaotic behaviour based on initial conditions and the growth factor. Time delay recurrences may model more complex systems with long time lags or cycles, as shown by the sunspot count simulation.
	Second-order ODEs also emulate real-world problems including the description of long elastic conveyor belts. Even the two-body example given by Figure 1 generates a lengthy set of ODEs and commensurately long recurrence relations. A methodology for applying recurrence relations in the second-order example is instructive. Notwithstanding, recursions lend themselves to even larger multi-body analyses and computer simulation. For example, forces in much longer belt system with many springs, compared to those from the model in Figure 1, would be determined by a more tedious conversion of the ODEs to their respective recurrence relations.
	A main conclusion of the paper is that a recurrence relation provides a formula for use in rapid numerical simulation, with accuracy dependent on the selection of time step. In addition, the relative ease in which the central difference methods apply to first, second and fourth-order derivatives of the ODE demonstrate their voracity as a method for conversion to a recurrence relation.
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