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Abstract. The study extends the HIV/AIDS model of Odebiyi et al., 2025,  investigating the existence and Optimal control of the Human Immunodeficiency Virus (HIV) and Acquired Immune Deficiency Syndrome (AIDS).  HIV is a viral infection that attacks the body’s immune system, while AIDS is the most advanced stage of HIV infection, characterized by a severely immune system. We incorporate three controls : awareness campaigns, ART treatment and targeted outreach and analyze their impact on disease dynamics. Using Pontryagins Maximum principle, we characterize the optimal control strategies and prove the existence of solutions. Numerical simulations illustrate the effectiveness of the proposed control strategies, highlighting the importance of tailored interventions and sustained investment in HIV/AIDS control programs. The results show that combined implementation of awareness campaigns, treatment with ART, and targeted outreach significantly reduces AIDS cases and  suppress AIDS- related outcomes, while treatment and targeted outreach effectively manage the disease. The study provides valuable insights into HIV/AIDS dynamics and optimal control strategies, emphasizing the need for context-specific interventions and  sustained investment in HIV/AIDS control programs, The findings can inform policymakers and healthcare professionals in developing effective strategies to combat HIV/AIDS, optimizing resource allocation, and improving health outcomes.
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1. INTRODUCTION
The global fight against Human Immune Deficiency Syndrome (HIV/AIDS) has been ongoing for decades, with significant progress made in understanding the virus, improving treatment options, and expanding access to care. HIV/AIDS is a chronic and life-threatening condition characterized by the progressive destruction of the immune system, making the body vulnerable to opportunistic infections and cancers. 
According to the world health organization approximately 40.8 million people were living with HIV worldwide as of 224, with 1.4 million of these being children under the age of 15 (World Health Organization, 2024).  Alarming statistics include 1.3million new infections in 2024, with 120,000 of these being chilren, and 630,000 AIDS-related deaths, with 75,000 of these being children (UNAIDS, 2024). HIV/AIDS has claimed an estimated 44.1 million lives since the start of the epidemic (World Health Organization, 2023).

Mathematical modeling has played a crucial role in understanding the dynamics of HIV/AIDS transmission and informing effective control strategies. Previous studies have applied optimal control theory to investigate the impact of various interventions, including antiretroviral therapy (ART), awareness campaigns, and behavioral interventions (Kirschner et al., 1997 ; Culshaw et al., 2004 ; Ibrahim et al., 2021 ; Odebiyi et al., 2024,). Recent researchers have also made significant contributions to the field, including Dipo Aldila et al. (2024) who emphasized the importance of reducing the effective contact rate between susceptible and infected individuals, coupled with improved treatment. Teklu  et al. (2024) highlighted the importance of educational campaigns, screening, and antiretroviral treatment in controlling HIV/AIDS and Pneumonia co-infection. Hu et al. (2024) demonstrated the effectiveness of combined interventions, including educational campaigns and antiretroviral treatment. Olaniyi,  et al. (2025) emphasized the need for context-specific interventions, while Kumar et al. (2025) applied stochastic optimal control theory to HIV/AIDS modeling, highlighting the importance of accounting for uncertainty in epidemic modeling. Odebiyi et al. (2024a) emphasized the importance of optimal combination of sensitization strategies and treatment therapy with ART to effectively combat effectively and reduce the spread and transmission of HIV/AIDS. Bassey (2017) presented optimal control model for pair chemotherapy treatment with time-delay immunity in dual-infectivity. The study could be readily adopted for other infectious diseases, which further suggests investigations with more interplay of multiple control functions.  Kumar et al., (2025) presented a stochastic and optimal control perspective toModeling and control of HIV/AIDS epidemics. There results reveals that transmission rates, treatment efficacy and awareness-related parameters have the most significant influence on , highlighting them as primary targets for control.
Building on the existing body of research, this study extends the HIV/AIDS model of (Odebiyi et al., 2025), and aims to explore the existence and optimal control of HIV/AIDS. Our goal is to identify effective interventions that can be tailored to specific contexts, ultimately contributing to the global effort to combat HIV/AIDS and improve health outcomes.
In conclusion, the optimal control of HIV/AIDS requires a comprehensive approach that incorporates multiple interventions, including awareness campaigns, ART treatment, and targeted outreach. The studies cited above demonstrate the importance of tailored interventions, combination therapies, and addressing societal determinants. By understanding the dynamics of HIV/AIDS transmission and the impact of various control measures, we can develop effective strategies to combat the disease and improve health outcomes.  
This project’s structure is as follows : Section 2 describes the model formulation and description. The section delves into the development and explanation of the model. Section 3 gives the mathematical analysis of the model, optimal control analysis and also examine the existence and characterization of optimal control, providing a comprehensive analysis of the underlying dynamics. In section 4, Numerical simulations was conducted on the optimal control model, gaining valuable insights into its behavior and implications while section 5 summarizes the key findings, highlighting the study’s contributions and implications.
2. Materials And Methods
2.1 Model formulation and description









This study builds upon the HIV/AIDS model developed by Odebiyi et al. (2025), expanding its scope to examine the existence and optimal control of the disease. Our research incorporates three strategic interventions : Awareness campaigns to educate and promote behavioral change,  ART treatment therapy to manage the virus,  and targeted outreach programs to reach high-risk populations. These interventions are applied to a compartmental model comprising susceptible class , Infected class ,  treated class and those who have progressed to AIDS . The population is recruited via immigration at a constant rate  with individuals entering the susceptible, infected, treated, and AIDS populations. Newly infected individuals infect susceptibles at rate  





The infected class consists of screened and unscreened individuals. Screened individuals progress to the treated class at rate  due to public campaign, sensitization, or behavioral change. Unscreened individuals progress to the AIDS class at rate  due to lack of awareness and ignorance of their status. Individuals in the AIDS class experience disease- related mortality at rate and natural mortal mortality at rate  Treated individuals may progress to the AIDS class at rate due to treatment nonadherence and CD4 collapse.
Considering all the above assumptions made, the following system of ordinary differential equations of the proposed model was therefore formulated and presented:


		                 (1)				       


                                                                                                    
                                                        


where, is the incidence rate and are the saturation term to the susceptible and Infected individuals respectively.                                  

Table 1: Model variables and parameters are defined as follows:

	Parameters/ variables
	Description

	

	Recruitment rate of susceptible 

	

	Transmission rate

	

	Screened individuals that Progress to treated class

	




	Unscreened individuals that Progress directly to AIDS class
Progression rate from treated to AIDS

	

	Natural mortality rate unrelated to AIDS

	

	 Death rate due to AIDS

	
	

	



	Susceptible population.
Infected population

	

	Treated population 

	


	AIDS population




3.	Mathematical Analysis of the Model

 Model (1) above has a disease-free equilibrium points obtained as 

And the endemic equilibrium points is obtained and represented as : .  

The basic reproduction number, often denoted as  is defined as a measure of how many people, on average, a single infected person is likely to spread a disease to in a population that’s fully susceptible to the disease, assuming no interventions or changes in behavior. It’s a key concept in epidemiology, helping to predict the spread of infectious diseases. The basic reproduction number is gotten by utilizing the methodology outlined by (Van den Driessche & Watmough,, 2002)  is  calculated and obtained as the dominant Eigen-value of the product FV-1, and therefore obtained as:                                                                                       

 .                            
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The model for HIV/AIDS (1) has been enhanced to incorporate three optimal control mechanisms whererepresents the control of awareness campaigns, while,  represents ART treatment and represents targeted outreach. The resulting non-autonomous HIV/AIDS Model is analyzed to understand its behavior and effectiveness as provided by : 

					(2)     
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The non-autonomous system's (2) optimal control model is examined using Pontryagin’s Maximum principle in order to reduce the number of infected individuals within the human population. The non-autonomous system’s cost functional (objective functional) is provided as 

			                                                         (3)	 






 represents the ultimate timing needed for executing the control and are positive weight constants. The cost functional (3) comprises the following cost control measures to prevent the spread of infection among individuals, the utilization different control measures of caring for infected patients, are all suggested by and. Keeping in mind that  and define the absence of control efforts,  respectively, reflect the highest control effort necessary to minimize the disease in the population. 

It crucial to choose an ideal control quadruple  such that




 is Lebesgue measurable non-empty control set. Choosing an ideal control quadruple is crucial for achieving optimal outcomes. This involves selecting the most effective combination of controls to minimize the spread of the disease, reduce cost, and improve health outcomes.
3.2	Existence of Optimal Control
The Pontryagin Maximum principle is applied to examine the existence of an optimal control quadruple. The approach by (Abidemi et al., 2022) is utilise to investigate the existence of optimal control. The framework helps to establish the existence of an optimal control strategy that minimizes the objectives functional, balancing the competing goals of reducing disease transmission and minimizing costs.



Theorem: There exists an optimal control  with optimal state  of the system (2) satisfying , whereand 
The evidence for the theorem provided relies on meeting these specific conditions (Fleming et al., 1975 ; Okyere et al., 2020).
1. The state and control variables are non-empty
2. The control set is closed and convex
3. The right-hand side of the state system (2) is bounded by a sum of bounded control and state, and can be written as a linear function of control variable with coefficient depending on time and state.                                                   
4. The Lagrangian (integrand) of the cost functional is convex on the control set 


There exist constants  and  such that the Lagrangian is bounded below by

					                 			(4)





Proof : It can be seen that the state and control variables  is closed by definition. Now, given any two points where and It is clearly observed that  satifying the definition of convex set Rector et al. (2005). This establishes property 1.



For property 2,  let    and  be the right hand side of the non-autonomous HIV/AIDS model (1) given by

                              (5)




More so, it can be written as  where a column matrix  and a matrix  are respectively, given by

                                                (6)
And

                                                  (7)

The state system is proven to exhibit boundedeness, as demonstrated by the algorithm in Abidemi et al. (2022). Consequently, it follows that

                                                                             (8)


With and   being positive constants defined below


                                                                 (9)
 and

                                                               (10)
Where,

                                          (11)
Therefore, inequality (8) validates property 2.

Property 3 : Lagragian is integrand of the objective functional (3) given by                                                                     (12), 
Where, 

.  
Next,  we must demonstrate that

                                                      (13)



For all and  where  As a result of  (12),

                                             (14)
Yielding the expression for the left side of (13), with the right side defined as 

                                  (15)
Subtract  (15) from (14) after simplifications results in 




=                                                       (16)

                                                                              (17)


With  (16) yields  demonstrating the Lagragian’s convexity via (Rector et al. 2005) and confirming property 3.

Now, confirming property 4,







                                                                  (18)
where,


 and 
 This ends the proof.

3.3	 Characterization of Optimal Control

The Pontryagin’s maximum principle transforms the optimal control problem into a minimization problem, where the Hamiltonian function is minimized with respect to the control variables,   The Hamiltonian of the optimal control problem is formulated as :



                                                  (19	Where are the adjoint variables associated with each state variable of HIV/AIDS model.

Theorem 3: Given the optimal control quadruple () that minimizes the cost functional (objective functional) over the control set U subject to the state system, then there exist adjoint variable satisfying

                                    (20) With the transversality (final time) conditions 

					                     (21)
And the optimal control characterizations

	

                                                                                            (22)



Proof : The adjoint equations for the non-autonomous system (20) are derived by computing the partial derivatives of the Hamiltonian function H, as defined in (19), with respect to the corresponding state variables. Specifically, partial defferentiation of H with respect to 

	                                                    (23)
Becomes,	

	(24)	


Furthermore, the control characterizations can be obtained by differentiating the Hamiltonian (H) partially with respect to  respectively.  using the optimality condition, 
is obtained as 

                                                        (25)
Then, using standard control arguments involving the bounds on controls (Goswami et al., 2024; Barman et al., 2024), it can be concluded that

						                          (26)

For and where,

					                                               (27)

						                                               (28)

						                                               (29)
Hence, this concludes the proof.
4.	Numerical simulations for the optimal control problem



[bookmark: _heading=h.hbuo4vwi61nn][bookmark: _heading=h.6qvw2dyepbr]The control dynamical system (2) and its co-state (adjoint) system (20) alongside the characterization of optimal control (22) are joined to form the optimality system given their initial conditions  and transversality conditions (21). The optimal control problem is analyzed and solved using an iterative method with 4th-order forward-backward Runge-Kutta following the iterative scheme explained in ( Lenhart, 2007). The values of the weight constant used in the objective functional are  are carefully selected to balance disease control and intervention. The simulations were conducted over a 10-year time interval [0,10] with initial conditions set at . 
Three distinct control strategies are employed to investigate the impact of the optimal control triplet on the transmission dynamics of the HIV/AIDS model (1). 
[image: ]



Figure 1 : Control Profile for use of public campaign 
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Figure 2: shows the control profile for optimal control  and .
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Figure 3 : Combined effect of awareness campaigns and treatment with ART therapy against treated population on the transmission dynamics of HIV/AIDS.
[image: ]
Fig 4 : Combined effect of awareness campaigns and treatment with ART therapy against AIDS population on the transmission dynamics of HIV/AIDS. 
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(a)                                                                     (b)
Figure 5 : Combined effect of treatment with ART therapy and targeted outreach against treated population and AIDS population on the transmission dynamics of HIV/AIDS. 
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      (c)


Figure 5(c) : Control profile for the optimal control  and
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         (a)                                                                            (b)
Figure 6 : Combined effective of  awareness campaigns and effective treatment with ART therapy against AIDS and optimal control profile for awareness campaigns and targeted outreach against AIDS population on the transmission dynamics of HIV/AIDS. 
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Figure 7 : Combined effect of awareness campaigns, treatment with ART therapy and targeted outreach with and without controls against AIDS population on the transmission dynamics of HIV/AIDS. 


4.1  Discussion of Optimality System Simulation Results


Figure 1 depicts the control profile for . The control profile for u1 (Awareness campaigns). It shows high effectiveness within the initial 9years and 6months, gradually decreasing to zero by the end of the monitoring period.  Focus on  awareness campaigns is crucial in the early stages of intervention. It is necessary to allocate resources to awareness campaigns early, and consider adjusting strategies as effectiveness wanes off. These findings support a time-dependent approach to intervention, prioritizing awareness campaigns initially and potentially shifting focus as the epidemic evolves. This  suggests a time-dependent approach, emphasizinmg awareness campaigns early to maximize impact. The findings agree with that of Odebiyi et al. (2024).





Figure 2 shows the control profile for optimal control  and . It shows that without controls, the population remains stable initially and later experience a decline. In contrast, with controls in place, the graph stays above zero, indicating that the population is sustained and grows steadily. This outcome is reasonable because Implementing awareness campaigns () and ART treatment () helps reduce disease transmission and improve health outcomes, effectively counteracting the decline observed without intervention. As a result, the controls contribute to maintaining population stability over time. The results support the findings of (Chazuka et al. 2024 ; Adepoju et al. 2024).

Figure 3 reveals the impact of double control Implementation on Treated Population.


It shows a decrease in treated infective population with and  which indicate an effective disease management. This suggests enhanced disease control. The result demonstrated novel precision, and agreeing with known existing model of  by Odebiyi et al. (2024).



Figure 4 reveals implementing the effects of awarness campaign and use of ART treatment together leads to a decrease in AIDS population compared to no control. Combined intervention likely reduce aids population compared to when there is no control. This is simply because combined intervention may likely reduce transmission and disease progression and thereby decreases the populations in the AIDS compartment. Dual implementation of and  is an effective strategy for disease management. This result is also in agreement with earlier results of existing literature, see for instance (Odebiyi et al., 2024 ; Akudibbillah et al., 2018). 



Figure 5(a) shows the behavior of Treated populations with and without optimal control. The treated populations decrease when there is control. This is most likely due to increased treatment adheraence, improved health outcomes and reduced transmission rates. Moreso, it could also be a result of reduction in new infections or improved viral suppression. Figure 5(b) illusrates the behavior of AIDS population with and without optimal control andWith control, there is a reduction in AIDS population compared to when there is no conrol indicating effective management and treatment of HIV/AIDS and also driven by improved treatment outcomes and targeted support. This likely could be due to reduced AIDS-related morbidity and mortality, improved quality of life and reduced transmission rates. Figure 5(c) reveals the optimal control profile with controls, outcomes are suppressed (lie along zero) indicating effective management and treatment as compared to no controls where outcomes increased steadily before declining to zero possibly due to high mortality or other factors.

Figure 6(a) shows the effect of double control Implementation on AIDS Population.






The combined implementation of (Awareness campaigns) and  (ART treatment) led to a decrease in AIDS cases, likely due to increased awareness, prevention, and engagement of high- risk populations, reducing transmission rates. While figure 6(b) reveals the control profile for both and . Implementation of and  controls led to a decrease in AIDS cases, with a stable period followed by a drop to zero after 9 years, indicating effective reduction in transmission. (The results aligns with Olaniyi et al, 2025 ; Odebiyi et al., 2024).


Figure 7 shows the implementation of triple   controls led to a decrease in AIDS population as compared to when there is no control. The implementation of awareness campaigns, ART treatment, and targeted outreach reduces disease transmission and progression. The decline in population with controls suggests successful disease management. Continue monitoring and evaluating intervention effectiveness inform future strategies. Control strategies should therefore be considered to balance population growth and disease management goals.

5   Conclussion




The study examines a comprehensive approach to mathematical modeling and optimal control of HIV/AIDS dynamics with existence and optimal control. Three controls measures were  implemented which are time dependent controls called awareness campaignstreatment with ART and targeted outreach (community based intervention) that focuses on engaging specific groups or communities Their impact on disease dynamics were investigated and. numerical simulations results reveals  the effectiveness of the proposed control strategies, highlighting the importance of tailored interventions and sustained investment in HIV/AIDS control programs. The results show that combined implementation of awareness campaigns, treatment with ART, and targeted outreach significantly reduces AIDS cases and  suppress AIDS-related outcomes, while treatment and targeted outreach effectively manage the disease. The study provides valuable insights into HIV/AIDS dynamics and optimal control strategies, emphasizing the need for context-specific interventions and  sustained investment in HIV/AIDS control programs. The findings can inform policymakers and healthcare professionals in developing effective strategies to combat HIV/AIDS, optimizing resource allocation, and improving health outcomes.
 
6   Recommendations

For effective disease control, I recommend implementing a triple strategy involving awareness campaigns to educate and raise awareness, treatment to manage and suppress the virus, targeted outreach to high-risk groups and individuals. This approach combined with screening and treatment of infectives will reduce and curb HIV spread significantly. 
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