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Abstract

Accurately forecasting epidemics continues to pose significant challenges in pub-

lic health, especially when incorporating evolving policy measures. Although clas-

sical Susceptible–Infected–Recovered (SIR) models offer essential baseline under-

standing, their fixed structure often falls short in representing the nonlinear effects

of time-dependent interventions such as lockdowns or vaccination campaigns. This

study proposes a new hybrid approach that combines a policy-adjusted SIR model

with an enhanced operational model (EOM) to overcome these constraints. The

model introduces a time-varying transmission rate, β(t), shaped by the intensity of

government actions, and utilizes the EOM to capture residual discrepancies between

theoretical model outputs and real-world data. Both analytical and simulation-

based results confirm that the enhanced system adheres to Lipschitz continuity,

ensuring the uniqueness and stability of solutions. Using Runge-Kutta 4th Order

integration and actual policy datasets, the model demonstrates improved predictive

performance over traditional SIR and standalone machine learning techniques. Its
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flexible architecture allows for real-time updates to intervention strategies, provid-

ing a reliable and adaptive tool for public health authorities in managing epidemics.

Keywords: Epidemiology, Government Interventions, Lipschitz Stability, R soft-

ware Implementations

2020 AMS Subject Classification: 37Nxx, 37N25, 46Nxx.

1. Introduction

In light of recurring global health emergencies like COVID-19 ([1], [2]), there is a grow-

ing demand for flexible and accurate epidemic forecasting models. Traditional models,

such as the Susceptible–Infected–Recovered (SIR) framework, offer valuable insights into

disease progression but often fall short in dynamic environments due to their determin-

istic structure and fixed parameters. These limitations hinder their ability to reflect

real-time responses to non-pharmaceutical interventions (NPIs) and shifts in public be-

haviour prompted by government actions.

Emerging developments in machine learning provide opportunities to augment these

classical models with data-driven enhancements. Enhanced Operational Model (EOM),

an advanced class of study with adaptable nonlinear operators, has demonstrated strong

capabilities in modelling complex and nonlinear systems. This study presents a novel

hybrid modelling approach SIR model, addressing the structural and parametric short-

comings of traditional models while preserving interpretability.

A key feature of the model is the incorporation of dynamic intervention policies, al-

lowing core parameters like transmission and recovery rates to vary over time based on

government decisions. This design enables the model to more accurately reflect the in-

fluence of measures such as lockdowns, vaccination campaigns, and mobility restrictions.

As we delve deeper into this area, we explore the powerful synergy between mathematical

theory and medical practice ([3], [4], [5]), highlighting how each informs and strengthens

the other in solving real-world problems.

The primary contributions include: (1) developing an enhanced SIR model for im-

proved forecasting; (2) embedding policy-driven dynamics directly into the model struc-

ture; and (3) implementation of the model with simulated epidemic data bound under

Lipschitz-stabilized conditions. This framework not only improves forecasting accuracy

but also provides valuable insights into the timing and efficacy of public health interven-

tions.

2

UNDER PEER REVIEW



2. Materials and Method

This section shows the SIR model equations and their parameter datasets;

dS

dt
= −β

SI

N
,

dI

dt
= β

SI

N
− γI,

dR

dt
= γI,

(1)

where: S(t) = Susceptible individuals, I(t) = Infected individuals, R(t)= Recovered

individuals, N = S+ I +R =Total population, β = Transmission rate and γ = Recovery

rate.

2.1 Numerical Parameters and Initial Data

Table 1: Initial parameters used in the SIR model simulation.
Parameter Description Value
N Total population 1000
I0 Initial infected individuals 1
R0 Initial recovered individuals 0
S0 Initial susceptible individuals (N − I0 −R0) 999
β Transmission rate 0.3
γ Recovery rate 0.1
T Duration of simulation (days) 160

Discussion of the Figure 1

The Figure 1 presents a standard SIR (Susceptible-Infected-Recovered) epidemiological

model output, displaying the progression of an infectious disease within a population over

time. The SIR model divides the population into three compartments:

i. Susceptible (S): Individuals who can contract the disease (blue curve).

ii. Infected (I): Individuals who have contracted the disease and can transmit it (red

curve).

iii. Recovered (R): Individuals who have recovered and are immune (green curve).

At the start, nearly the entire population is susceptible, with a very small number

of infected individuals. As the disease spreads, the number of susceptible individuals

rapidly decreases, while the number of infected individuals initially rises. The infected

curve reaches a peak when the transmission rate is highest and then declines as more

people recover and fewer susceptible individuals remain.
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Figure 1: SIR Model Simulation - MATLAB Implementation

The peak of infection occurs roughly when the susceptible and recovered curves inter-

sect. After the peak, the recovery rate overtakes the infection rate, leading to a decline

in the infected population. Eventually, the majority of the population transitions to the

recovered state, and the number of infected people drops to near zero. The susceptible

curve flattens out at a low level, indicating a residual portion of the population that never

got infected.

This simulation demonstrates herd immunity in action, where a sufficient number of

people recover and become immune, preventing further disease spread. The model as-

sumes a closed population (no births, deaths, or immigration), constant transmission and

recovery rates, and homogeneous mixing. It effectively illustrates the natural course of an

epidemic without intervention and highlights the importance of reducing the susceptible

population (e.g., through vaccination or isolation) to control outbreaks.

Now, integrating government policies into the SIR model, the standard SIR model

assumes no external intervention that is, a closed population with constant transmission

and recovery rates.

However, government policies can significantly alter this trajectory, either by reducing

transmission, increasing recovery, or adjusting the susceptible population.

The government interventions that modify SIR dynamics are:

1. Non-Pharmaceutical Interventions (NPIs) through:
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i. Lockdowns, school closures, and curfews limit interpersonal contacts, reducing the

effective transmission rate (β).

ii. Mandatory mask-wearing and physical distancing further flatten the infected curve,

leading to a lower and delayed peak.

iii. Travel restrictions and quarantines reduce imported cases, effectively maintaining the

model’s closed-system assumption.

2. Vaccination Campaigns through:

i. By moving individuals directly from the Susceptible (S) to the Recovered (R) category

without infection, vaccines reduce the initial susceptible pool.

ii. This hastens the onset of herd immunity, lowering both the peak and the total number

of infections.

3. Testing and Contact Tracing through:

i. Early detection and isolation of cases remove individuals from the infectious pool

quicker, effectively increasing the recovery rate (γ) and reducing the time spent in the

infected state.

ii. This shortens the epidemic duration and lowers the peak burden on the healthcare

system.

4. Healthcare System Strengthening: Investing in hospital infrastructure, treatment

protocols, and medication availability can improve clinical outcomes, further increasing

γ (the recovery rate).

5. Public Awareness Campaigns: Promoting hygienic behavior and symptom report-

ing enhances early detection and compliance, indirectly reducing the transmission rate.

For the policy implications, the intersection point of the susceptible and recovered

curves often where the infected curve peaks marks the critical transition from accelerat-

ing to decelerating transmission. Without intervention, this point is dictated solely by

the disease’s basic reproduction number (R0). With targeted policy actions, however,

governments can artificially flatten the infected curve, reduce overall infections, and de-

crease the time required to achieve herd immunity.

This enhanced SIR model framework underscores the crucial role of government poli-

cies in shaping epidemic outcomes. It illustrates how strategic intervention can convert a

high, sharp infection peak into a longer but manageable epidemic wave, minimizing both
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healthcare system overload and overall mortality.

2.2 Modified SIR Equation System

dS

dt
= −β(t)

SI

N
,

dI

dt
= β(t)

SI

N
− γI,

dR

dt
= γI,

(2)

where:

β(t) = β0 · (1− u(t)), u(t) ∈ [0, 1] is the intervention strength (0 = no intervention, 1 =

full lockdown) and β0: Base transmission rate (before intervention).

For the government intervention strategy, assuming for an intervention to begin on

day 30 and ramps up linearly until day 60, then remains constant:

u(t) =


0, t < 30

t−30
30

, 30 ≤ t < 60

1, t ≥ 60

3. Theoretical Consideration with Lipschitz Conditions

For a system of differential equations to have a unique solution over a given interval,

the function on the right-hand side of the system must satisfy the Lipschitz condition.

This is essential in establishing the well-posedness of both the classical and modified SIR

models.

Considering the modified SIR model given in equation (2): let Y (t) = [S(t), I(t), R(t)]⊤

denotes the state vector, defining the function f(t, Y ) by:

f(t, Y ) =

 −β(t)SI
N

β(t)SI
N

− γI

γI

 (3)

For the Lipschitz condition, we prove that f(t, Y ) satisfies a Lipschitz condition with

respect to Y , consider two vectors Y1 = [S1, I1, R1]
⊤ and Y2 = [S2, I2, R2]

⊤ in a compact

set Ω ⊂ R3. We also show that:

∥f(t, Y1)− f(t, Y2)∥ ≤ L∥Y1 − Y2∥ for some L > 0

Each component of f is continuously differentiable in S, I, and R (assuming β(t)
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is continuous and bounded). Therefore, by the Mean Value Theorem in multivariable

calculus, f(t, Y ) is locally Lipschitz in Y .

Hence, by the Picard-Lindelöf theorem, the modified system of ODEs has a unique

local solution for given initial conditions. If the solution remains bounded, this local

solution extends to a global one.

Proof

Let us compute the difference:

f(t, Y1)− f(t, Y2) =


−β(t)

S1I1
N

+ β(t)
S2I2
N

β(t)
S1I1
N

− γI1 −
(
β(t)

S2I2
N

− γI2

)
γI1 − γI2


This simplifies to:

f(t, Y1)− f(t, Y2) =


β(t)
N

(S2I2 − S1I1)
β(t)
N

(S1I1 − S2I2)− γ(I1 − I2)

γ(I1 − I2)


We now estimate the Euclidean norm:

∥f(t, Y1)− f(t, Y2)∥2 =
(
β(t)

N
(S2I2 − S1I1)

)2

+

(
β(t)

N
(S1I1 − S2I2)− γ(I1 − I2)

)2

+ (γ(I1 − I2))
2

We use the identity:

|S1I1 − S2I2| = |S1I1 − S1I2 + S1I2 − S2I2| ≤ |S1||I1 − I2|+ |I2||S1 − S2|

Assume the vectors Y1, Y2 belong to a compact set Ω ⊂ R3, where all variables are

bounded. That is, there exist constants MS,MI > 0 such that:

|Si| ≤ MS, |Ii| ≤ MI , for i = 1, 2

Hence,

|S1I1 − S2I2| ≤ MS|I1 − I2|+MI |S1 − S2|
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Therefore, each term in f(t, Y1) − f(t, Y2) is bounded linearly in the components of

Y1 − Y2.

Let βmax = supt |β(t)|. Since β(t) is bounded and continuous, βmax exists and is finite.

Hence, the full vector norm can be bounded as:

∥f(t, Y1)− f(t, Y2)∥ ≤ C1∥Y1 − Y2∥

where

C1 =
√
3 ·max

{
βmax

N
(MS +MI), γ

}
This establishes that there exists a constant L = C1 > 0 such that:

∥f(t, Y1)− f(t, Y2)∥ ≤ L∥Y1 − Y2∥

3.1 Derivation of the Lipschitz Constant

We aim to derive the Lipschitz constant C1 such that:

∥f(t, Y1)− f(t, Y2)∥ ≤ C1∥Y1 − Y2∥

where Y = [S, I, R]⊤ ∈ R3, and f(t, Y ) is the vector-valued function of the modified SIR

model defined as:

f(t, Y ) =


−β(t)

SI

N

β(t)
SI

N
− γI

γI


Let us consider two vectors:

Y1 =

S1

I1

R1

 , Y2 =

S2

I2

R2

 ∈ Ω ⊂ R3

where Ω is a compact set. This implies that the variables are bounded, that is, there

exist constants MS,MI > 0 such that:

|Si| ≤ MS, |Ii| ≤ MI , for i = 1, 2

and β(t) is bounded, that is, ∃ βmax such that |β(t)| ≤ βmax.

Define:

∆SI = S1I1 − S2I2
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Then:

f(t, Y1)− f(t, Y2) =


−β(t)

N
∆SI

β(t)

N
∆SI − γ(I1 − I2)

γ(I1 − I2)


We analyze the norm of the difference using the Euclidean norm:

∥f(t, Y1)− f(t, Y2)∥ =
√
A2 +B2 + C2

where:

A =

∣∣∣∣β(t)N
(S2I2 − S1I1)

∣∣∣∣
B =

∣∣∣∣β(t)N
(S1I1 − S2I2)− γ(I1 − I2)

∣∣∣∣
C = |γ(I1 − I2)|

To bound A, we use the identity:

|S1I1−S2I2| = |S1I1−S1I2+S1I2−S2I2| = |S1(I1−I2)+I2(S1−S2)| ≤ |S1||I1−I2|+|I2||S1−S2|

Thus,

|∆SI | ≤ MS|I1 − I2|+MI |S1 − S2|

So the first term becomes:

A ≤ βmax

N
(MS|I1 − I2|+MI |S1 − S2|)

The second and third terms are clearly:

B ≤ βmax

N
(MS|I1 − I2|+MI |S1 − S2|) + γ|I1 − I2|, C = γ|I1 − I2|

We now seek a constant C1 such that:

∥f(t, Y1)− f(t, Y2)∥ ≤ C1∥Y1 − Y2∥

To simplify, we use the inequality:

√
A2 +B2 + C2 ≤

√
3 ·max{|A|, |B|, |C|}

This gives a conservative but valid upper bound. Taking the worst-case upper bound
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in each component, we define:

C1 =
√
3 ·max

{
βmax

N
(MS +MI), γ

}
Hence,

∥f(t, Y1)− f(t, Y2)∥ ≤ C1∥Y1 − Y2∥

This confirms that f(t, Y ) is Lipschitz continuous in Y on any compact subset of R3.

Thus, the differential system: dY
dt

= f(t, Y ) has a unique solution by the Picard–Lindelöf

Theorem, and numerical solutions are stable.

For the implications for Enhanced Model, when incorporating residuals R(t) between

observed and predicted values, the system becomes:

dI

dt
= β(t)

SI

N
− γI +R(t),

where R(t) is approximated by a neural network trained to minimize the prediction

error.

As long as the neural functions and structure are designed such thatR(t) remains con-

tinuous and locally Lipschitz, the augmented system preserves existence and uniqueness

of solutions.

This guarantees that simulations derived from both the standard and EOM-augmented

SIR systems are mathematically valid and reliable under the stated assumptions.

4. Numerical Simulation Under Lipschitz Conditions

Let the state vector be denoted as Y (t) = [S(t), I(t), R(t)]⊤. We define the nonlinear

dynamical system as:

f(t, Y ) =


−β(t)

SI

N

β(t)
SI

N
− γI +R(t)

γI

 ,

where β(t) is a piecewise-continuous transmission function determined by intervention

policies, and R(t) is a data-driven residual term learned using an EOM.

For the Lipschitz Condition, let Y1 = [S1, I1, R1]
⊤ and Y2 = [S2, I2, R2]

⊤ be any two

vectors in a compact domain Ω ⊂ R3. The function f(t, Y ) is continuously differentiable

with respect to Y assuming β(t) is bounded and continuous, and R(t) is Lipschitz in t.
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By the Mean Value Theorem, there exists a constant L > 0 such that:

∥f(t, Y1)− f(t, Y2)∥ ≤ L∥Y1 − Y2∥,

That is, f(t, Y ) satisfies a Lipschitz condition in Y . Therefore, by the Picard–Lindelöf

theorem[6], the EOM system admits a unique local solution. If the solution remains

bounded over [0, T ], it extends globally.

To solve this system numerically, we use the fourth-order Runge–Kutta method [7]

via the ode solver in R. The residual term R(t) is approximated using an EOM trained

on observed residuals (differences between infection data and model predictions).

The intervention-dependent transmission rate is defined as:

β(t) =


β0, t < 30,

β0

(
1− t− 30

30

)
, 30 ≤ t < 60,

0, t ≥ 60.

The residual term R(t) is approximated by:

R(t) ≈ R̂(t) = EOM(t),

where EOM(t) denotes the enhanced operational model prediction trained neural network

on normalized time inputs and observed residuals.

Figure 2: Enhanced SIR Simulation with Policy-Driven β(t) and EOM Residual R(t) -
R Implementation
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The Figure 2 illustrates the trajectory of susceptible, infected, and recovered indi-

viduals over time. Compared to the classical SIR model, the enhanced system captures

fluctuations in infection rates more accurately by learning from data. This improved

model reflects nonlinear dynamics introduced by policy changes and behavioral shifts,

and emphasizes the importance of combining mathematical rigor with machine learning.

Figure 3: Residual R(t) Term over Time - R Implementation

The Figure 3 gives the Residual R(t) called External Forcing Term.

This curve is purple in colour and oscillates above and below zero thus; a sine wave

placeholder. In real model, this will be the neural network–predicted residual between

observed and model-predicted infections.

Hence, positive values of R(t) mean the observed data showed more infections than

the SIR model predicted, the residual term adds infections and negative values mean the

observed data had fewer infections than predicted, the residual term removes infections.

The neural network is trained to minimize prediction error, so R(t) captures unmodeled

influences (example, super-spreading events, sudden interventions, data irregularities).

R(t) now includes: daily fluctuations (random noise), smooth oscillations (periodic in-

terventions) and spikes (example, large gatherings causing outbreaks), drops (example,

sudden lockdowns reducing infections).

12

UNDER PEER REVIEW



Figure 4: Noise/Variations on Residual R(t) Term over Time - R Implementation

The following shows the R Implementation for the overlay of the Infected Curve with

the Residual Terms.

Figure 5: Overlay of Infected I(t) Curve with Residual R(t) Term over Time - R Imple-
mentation

Peaks in purple that align with red surges show positive residual forcing (infections

pushed higher than SIR predicts). Dips in purple that align with red drops show negative

residual forcing (infections reduced more than SIR predicts).
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Figure 6: EOM-SIR Simulation (R - Implementation of the Runge-Kutta 4th Order
Method)

The Figure 6 illustrates the dynamics of a modified SIR (Susceptible-Infected-Recovered)

model influenced by a neural EOM simulating government policy interventions, such as

lockdowns, vaccination drives, or public health campaigns. The sharp deviations in the

infected curve reflect time-dependent external input from the neural EOM, representing

real-world interventions. Initially, infections rise, but policy effects reduce transmission,

flattening the infection curve. The susceptible population declines steadily, while recov-

ered individuals increase. This model highlights how adaptive, data-driven strategies can

dynamically alter epidemic trajectories, reinforcing the importance of timely government

responses in controlling disease spread and preventing healthcare system overload during

pandemics.

14

Conclusively, the incorporation of Lipschitz conditions [8] ensures well-posedness of

the enhanced SIR system. The neural residual term R(t) effectively models structural

discrepancies between theory and data. This hybrid framework improves both the inter-

pretability and forecasting accuracy of epidemic models under dynamic interventions.
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