



The Imprimitivity Action of the Product of Finite Alternating Groups on Cartesian Product of Ordered Tuples of Finite Sets 

ABSTRACT
A group  acts primitively on a set  if the only  -invariant partitions are trivial. This paper explores the primitivity of the product action of finite alternating groups on the Cartesian product of finite sets of ordered -tuples. We demonstrate that for all , this action is imprimitive by constructing explicit non-trivial block systems. This finding adds to previous research on the transitivity of such actions.
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1. INTRODUCTION
1.1 Terminologies and Definitions
Definition 1.1.1. [13]
Let  be a non-empty set. The group  acts on the right on  if for every  and every  there corresponds a unique element  such that:
(i)  
(ii) , where  is the identity in . The action of  from the left on  can be defined in the same manner.
Definition 1.1.2. [7]
A group  is said to act transitively on a set  if it has only one orbit. In other words, for every pair of points , there exists  such that . 
Definition 1.1.3. [15]
Let  act on a set  and . The stabilizer of  in  denoted by 
Definition 1.1.4. Block and primitivity [8]
Assume that the action of  on  is transitive.  For every subset  of    such that each , let  .  A subset  of  is referred to as a block for the action if, for every , either  or     and all singleton subsets of   are definitely blocks known as trivial blocks. If these are the only blocks, then   acts primitively on   otherwise,  acts imprimitively. 

Definition 1.1.5. [13]
Let  act on a set . The set of elements of  fixed by  is called the fixed point set of  Thus 
Theorem 1.1.6. Orbit – Stabilizer Theorem [15]
Let  act on a set  and let  , the 
Definition 1.1.7. [4]
Given  and  as permutation groups. The direct product  acts on the separate union   by the law   and on Cartesian product  by the law  .
Theorem 1.1.8 [1]
The -orbit containing    is given by    and the stabilizer of    as  .            
1.2 Background Information
Given the sets      such that  , ,…,   and   . The ordered  sets are:  , ,…, {[], [],…, []}   and  {[],…, []} respectively.
The Cartesian product of ordered  of sets   and     is the set of all    such that     ,  ,...,    and     .  
Higman (1964) introduced the concept of finite permutation groups of rank . Cameron (1972) explored the sub-orbits of multiply transitive groups and thereafter Cameron (1973) considered the sub-orbits of primitive permutations.
Nyaga (2018) proved that the action of direct product of  is transitive on Cartesian products of  sets. Mutua et al., (2018) found the action of direct product of    on  to be transitive and also imprimitive provided . 
Maraka et al., (2021) showed that the product of the alternating group has acts transitively on the Cartesian product of sets of ordered triples when .  Maraka et al., (2022), found that the action of product of the alternating group is imprimitive on the Cartesian product of sets of ordered triples provided .
Maraka et al., (2024) showed that the action of the product of finite alternating groups acts transitively on the Cartesian product of ordered tuples of finite sets when 
Based on these results we determine the primitive action  associated with;   on   using the definition of blocks and primitivity.

2. RESULTS
Theorem 2.1: (Maraka et. al., 2024):  The product action of finite alternating groups  acts transitively on   if  .
Theorem 2.2 : The product action of finite alternating groups,  acts imprimitively on   if . 
Proof:  
The action is transitive by Theorem 2.1 for .  
Consider, ,  , the set of ordered  from the set  ; , the set of ordered  from the set  ;...,{[],…, []},  the set of ordered  from the set     and   {[],…, []}, the set of ordered  from the set .
Now, consider;
.
Let  be the non-trivial subset of ,   such that    divides  .
Therefore,   
 .
 But,
 , so, .
 Thus, 
 .
Now,  .
Therefore, 
 .
For every element of   there exist    with    cycles permutation,  
   such that  ;    is fixed in  ,    is fixed in  ,…,  is fixed in    and     is fixed in    then,   either fixes an element of    or takes one element of  to another so that;  .  Any other   moves an element of  so that;  .        
From this argument,  is a non-trivial block and from the definition of primitivity, it follows that the action of   on   is imprimitive for all .     
Example 2.3
The product action of two alternating group is imprimitive on the Cartesian product of  if  .
Proof: 
The action is transitive by Theorem 2.1 for  .  The proof for the imprimitive action follows from Theorem 2.2.
Consider, ,  , the set of ordered  from the set    and , the set of ordered -tuples from the set 
Now, consider;
.
Let  be the non-trivial subset of ,  such that  divides .
Therefore,    
 .
Now,  .
Therefore, 
 .
For every element of   there exist    with    cycles permutation, 
   such that  ;    is fixed in    and    is fixed in  , then,   either fixes an element of     or takes one element of     to another so that;  .  Any other    moves an element of    so that;  . 
From this argument,    is a non-trivial block and from the definition of primitivity, then  acts imprimitively on    for all  .            
Example 2.3.1
The product action of   acts imprimitively on .
 Proof: 
Since  and , then  .  By Theorem 2.1,    acts transitively on .  The proof for the imprimitive action follows from Theorem 2.2.
Consider, ,  , the set of ordered pairs from the set    and 
, the set of ordered pairs from the set  .
Now, consider;
.
Let   be the non-trivial subset of  ,   such that    divides  .
Therefore,  
 .
Now, 
 .
Therefore,   . 
For every element of   there exist  with    cycles permutation, 
  such that  ;   is fixed in   and    is fixed in  , then,   either fixes an element of    or takes one element of   to another so that;  .  Any other   moves an element of   so that;  .  
From this argument,   is a non-trivial block and from the definition of primitivity, then  acts imprimitively on  .
3.0 CONCLUSION
In conclusion, the action of the product of finite alternating groups,  acts imprimitively on   if   as determined using the definition of primitivity and blocks.    
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