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ABSTRACT

	Let  be an odd integer. For a simple connected graph  of order , a bijective function  is called Euler cordial labeling modulo  if the induced function , defined by   whenever  is even or  and  are not relatively prime, and  whenever  is odd, satisfies the condition  where  is the number of edges with label  . This study explores the Euler cordial labeling of path graphs, star graphs, complete bipartite graphs, bistar graphs, alternate cycle snake graphs, -tuple star graphs, and book graphs. The path graphs  and , the alternate cycle snake graph  (if ), and the book graph  (if ) were determined to admit Euler cordial labeling modulo , where  is an odd integer with . Moreover, the star graphs  and , the complete bipartite graph , the bistar graph , and the -tuple star graph  admit Euler cordial labeling modulo , where  is an odd prime.



Keywords: odd integer, graph, Euler cordial labeling

1. INTRODUCTION 

A simple graph  consists of a vertex set  and an edge set , where  is the set of unordered pairs of distinct elements of . The elements of  and  are called vertices and edges, respectively. If  and , then  is said to have order  and size . Graph labeling is an assignment of numbers or labels to the vertices and/or edges of a graph under certain conditions. Among the various types of graph labeling, cordial labeling, introduced by Cahit (1987), is a binary vertex labeling in which each vertex is assigned a label 0 or 1, and each edge receives a label determined by the labels of its endpoints; moreover, the numbers of vertices and edges labeled  and  differ by at most one. This concept led to the formulation of different types of graph labeling, such as integer cordial labeling (Nicolas & Maya, 2016), divisor cordial labeling (Sharma & Parthiban, 2022), and Tribonacci cordial labeling (Gudin & Pedrano, 2025). 

The Legendre cordial labeling (Andoyo & Rulete, 2025), a recent variant of cordial labeling, is notable for being the first to explicitly use modulo an integer (in this case, an odd prime) in its labeling function, which is defined under the Legendre symbol. Inspired by this idea, the concept of Euler cordial labeling is introduced as a new variant of cordial labeling. In this notion, the labeling function operates under modulo an odd integer , , and is defined based on the parity of the expression  , which is an integer according to Euler's theorem if . 

The Euler cordial labeling is distinct from other variants of cordial labeling because it is the first to be constructed based on a modular arithmetic result, specifically Euler’s Theorem. Unlike other variants that rely primarily on additive or parity conditions, this labeling incorporates modular exponentiation and coprimality through the expression . Its definition establishes a clear connection between graph labeling and modular arithmetic, forming a hybrid of combinatorial and arithmetic structures. This uniqueness highlights its significance in bridging number theory and graph theory, offering a new perspective for developing modular-based cordial labeling.

2. Basic concepts

Definition 2.1. A path graph  of order  is a graph with vertex set  and edge set .
Definition 2.2. A cycle graph  of order , , is a graph with vertex set  and edge set , for .
Definition 2.3. A star graph  of order , , is a graph with vertex set  and edge set , where  is called the central vertex.
Definition 2.4. A complete bipartite graph  of order  is a graph where the vertex set  can be partitioned into two nonempty subsets  and , with  and , such that every vertex in  is adjacent to every vertex in , and no two vertices within the same subset are adjacent.
Definition 2.5. A bistar graph  of order  is created from two star graphs  and  such that the central vertex of  is adjacent to the central vertex of .
Definition 2.6. An alternate cycle snake graph  of order  is composed of cycle graphs , with  for , such that  is adjacent to  for .
Definition 2.7. An -tuple star graph  is created from  star graphs with order  such that the central vertices of these star graphs are adjacent to a new vertex .
Definition 2.8. A book graph  of order  is obtained from path graphs , with  for , and path graph , with , such that  for .
Theorem 2.9. (Binomial Theorem) For any real number  and , if   is a positive integer, then .
The following concepts are obtained from the book entitled Elementary Number Theory and its Application, 6th ed (Rosen, 2013).
Definition 2.10. The Euler phi function  is the number of positive integers not exceeding  that is relatively prime to .
Theorem 2.11. If  is an integer with , then  is even.
Theorem 2.12. (Euler's Theorem) Let  be a positive integer and  be an integer with . Then . 
By Euler's Theorem,  is an integer whenever . This motivates the creation of the following definition as a variant of cordial labeling based on the parity of .
Definition 2.13. Let  be odd with . For a simple connected graph  of order , a bijective function  is called Euler cordial labeling modulo  if the induced function , defined by

satisfies the condition  where  is the number of edges with label  (). A graph that admits this labeling is called Euler cordial graph modulo .
3. preliminary results

Remark 3.1. If  is a positive integer, then .
Proof. By Theorem 2.9, 

Therefore, . 
Lemma 3.2. Let  be odd with . Suppose that  for any integer  with . 
i. If , then  and  have opposite parities if and only if  is odd. Equivalently,  and  have the same parity if and only if  is even.
ii. If , then 

where . 
iii. Suppose that . For  and , define 	


Then  for all .
iv.  and  have opposite parities for all .
Proof. Because  is odd, . In addition, we need the following facts: For every integer ,  where  is a positive integer; The integers  and  have opposite parities if and only if ; If , then  for all .
(i): () Observe the following, 

Since  and  have opposite parities, we have

Hence,  is odd.
() Suppose  is odd, that is, . Thus, by Theorem 2.9,

Since  is even by Theorem 2.11, . Using Remark 3.1, we have

Since  and , 

Consequently,  and  have opposite parities. 
(ii): Observe that . If , then  is even and by (i), . Similarly, if , then  is odd and so,  according to (i).
(iii): Consider the number . Since , we have . If , then  divides the difference  . Given that , it follows that . Thus, . Also, it is clear that . Next, by (i),  and  have opposite parities since  is odd.  Without loss of generality, suppose that  and . Let  be a function defined by

This is a well-defined function since  is odd if and only if  is even. This function can be written in the form  where  and . Obviously,  is a bijective function. Thus, . Because  and  form a partition of the set  which has cardinality , we have  for all .
(iv): Immediately follows (i).
4. Main results

In the following results, we assume that  is an odd integer with  and let  be an odd prime. Note that . In addition, suppose that  for any integer  relatively prime to . Lastly, we always use the fact that if , then  for all integer .
Theorem 4.1. The path graphs  and  are Euler cordial graphs modulo .
Proof. Let . Suppose  is a function defined by

Thus,  is a bijective function. 
For the edges of ,

By Lemma 3.2 (iv),  and  have opposite parities. Therefore,  and it follows that . Consequently,  is an Euler cordial graph modulo .
For , assume that  and define the function  by

for . Clearly,  is a bijective function.
For the edges of ,

for  and . Since  and  have opposite parities according to Lemma 3.2 (iv), for , we have


Therefore, . Thus,  is an Euler cordial graph modulo . 
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Figure 1. Euler cordial labeling modulo  of 
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Figure 2. Euler cordial labeling modulo 5 of 
Theorem 4.2. The star graph  are Euler cordial graphs modulo .
Proof. Suppose that  and let  be the central vertex. Let  be a function defined by  for . Hence,  is a bijective function.
For the edges of ,  for , . Suppose that 


As a result, 


Therefore, using Lemma 3.2 (iii), . Thus, . Consequently,  is an Euler cordial graph modulo . 
[image: ]
Figure 3. Euler cordial labeling modulo 5 of 
Theorem 4.3. The complete bipartite graph  is an Euler cordial graph modulo  for .
Proof. Let  and  be partite sets of   with , where  for , and . Assume that  is a function defined by  for  and . Clearly,  is a bijective function.
Note that all vertices in  are adjacent to  for . Hence, 

for . In view of this labeling, define

and so

for . By Lemma 3.2 (iii), . Hence,  and it follows that  is an Euler cordial graph modulo . 
[image: ]
Figure 4. Euler cordial labeling modulo 5 of 
Theorem 4.4. The bistar graph  is an Euler cordial graph modulo .
Proof. Suppose that  and  are star graphs of  with  where  is the central vertex, for . Define the function  by  for  and . Hence,  is a bijective function.
For the edges of ,
 for ,
for , and . Suppose that 

for . Thus, 

for . By Lemma 3.2 (iii), together with the fact that  (since ), we obtain  and . Hence,  and so  is an Euler cordial graph modulo . 
[image: ]
Figure 5. Euler cordial labeling modulo  of 
Theorem 4.5. The alternate cycle snake graph  is an Euler cordial graph modulo  if , for .
Proof. Suppose that  are cycles of  with  for . Assume that  is a function defined by

For . Clearly,  is a bijective function.
For the edges of ,


for , and 

for . 
According to Lemma (ii),  and  have opposite parities, for . Also, by Lemma (iv),  and  have opposite parities, for . Therefore,


It follows that . Consequently,  is an Euler cordial graph modulo .
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Figure 6. Euler cordial labeling modulo  of 
Theorem 4.6. The -tuple star graph  is an Euler cordial graph modulo  for .
Proof. Let  be star graphs of  with  where  is the central vertex, for . Suppose that  is a vertex of  such that  for . Let  be a function defined by 
 for  and ,

Evidently,  is a bijective function. 
For the edges of ,
 for ,
for . Define the set

and so 

for . By Lemma 3.2 (iii), for each , there are  edges of  with label  and   edges with label , under .
For the remaining edges, 

for . By Lemma 3.2 (ii),  and  have opposite parities, for , where

Combining all the arguments above, if ,

Also, if , 


In either case, . Therefore,  is an Euler cordial graph modulo . 
[image: ]
Figure 7. Euler cordial labeling modulo  of 
Theorem 4.7. The book graph  is an Euler cordial graph modulo  if , for . 
Proof. Let  be path graphs of  with  for . Suppose that  is a path graph of  with . Define the function  by


Obviously,  is a bijective function.
For the edges of ,



for , and . 
Using Lemma 3.2 (ii),  and  have opposite parities, for . Similarly, for each ,  and  have opposite parities by Lemma 3.2 (ii). Also,  and  have opposite parities, for , in accordance with Lemma 3.2 (iv). Thus, 


Hence, . Therefore,  is an Euler cordial graph modulo . 
[image: ]
Figure 8. Euler cordial labeling modulo  of 

5. Conclusion

This paper introduced the concept of Euler cordial labeling. Using this notion, several classes of graphs were shown to admit this labeling modulo an odd integer. In particular, the path graphs  and , the alternate cycle snake graph  (if ), and the book graph  (if ) were determined to be Euler cordial graphs modulo , where  is an odd integer with . Additionally, the star graphs  and , the complete bipartite graph , the bistar graph , and the -tuple star graph  admit Euler cordial labeling modulo , where  is an odd prime.
The results obtained indicate that Euler cordial labeling exhibits strong dependence on the relationship between graph structure and modular arithmetic properties. The conditions involving greatest common divisors suggest that certain symmetries and divisibility relations play a significant role in determining the existence of Euler cordial labeling. However, the complete characterization of graphs that admit Euler cordial labeling remains an open problem, as does identifying the necessary and sufficient conditions for general classes of graphs.
Future researchers are encouraged to investigate other classes of graphs under Euler cordial labeling to further explore its applicability and structural characteristics. They may also develop new types of cordial labeling inspired by well-known modular arithmetic results such as Freshman’s Dream Theorem, Chinese Remainder Theorem, and Wilson’s Theorem. These could lead to new variants of cordial labeling that apply modular congruence relations in distinct ways, opening new avenues for exploring the intersection of number theory and graph labeling.
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