A Study on Properties of skew (n,m)
Binormal Operators

Abstract

In this paper, the class of skew (n,m)-binormal operators acting on a Hilbert space (H) is introduced. An operator
T € B(H) is skew (n,m) binormal operators if it satisfies the condition (T*"T"T*T*™)T = T(T"T*™T*™T").
We investigate some of the basic properties of this class of operators. In particular, it has been shown that any
scalar multiple of a skew (n,m) binormal operator is also skew (n,m) binormal. A counter example is provided to
show that the class of (n,m) binormal operators is not in general contained in the class of skew (n,m) binormal
operators. The concept of (n,m)-unitary quasiequivalence is introduced and shown to be an equivalence relation.
It is further shown that if an operator 7' is skew (n,m)-binormal, and is unitarily equivalent to an operator S, then

S is also skew (n,m)-binormal.
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1 Introduction

This section provides definitions and basic results that are required.

Throughout this paper B(H) denotes the algebra of bounded linear operators in a complex Hilbert Space H. The
study of binormal operators was initiated by Campbell in 1972. Campbell realized while working on his second paper
in 1974, that the term binormal had already been used, but with a different definition. Brown (1954) had defined
a binormal operator as essentially being made up of 2 x 2 commuting normal matrices acting in the usual fashion
in a Hilbert space of the form He H. Campbell stated that usage of term was not current, so he continued his use
of the term binormal to describe the definition we use in this paper. Unfortunately, both definitions are still used
in [4], [5]. Classes of operators related to normal operators were introduced and studies by several researchers.
Jibril (2008) introduced the class of n-normal operators that an operator, where an operator T € B(H) is n-power
normal if T"T* = T*T". He gave some properties of these operators in general, and also study the special case
when an operator is n-power normal for n = 2,3. The class of (n,m)-normal operators was introduced by Abood and
Al-loz (2016). An operator T € B(H) is (n,m)-normal if [T",T*™] = 0, quasinormal if [T, T*T1 = 0, n-quasinormal if
[T, T*T"]1=0, skew normal if (T*T)T = T(TT*), binormal if [TT*,T*T]=0, and n-binormal if [T"T*,T*T"]1=0.

Definition 1.1 (Wabuya et. al., 2023). Let T € B(H). Then T is (n,m)-binormal if T*™ T T T*™ = T *m*mTn
for positive integers m and n.




Definition 1.2. Let T' € B(H). Then T is skew (n,m)-binormal if (T*™T*T*T*™)T = T(T"T*™T*™T™) for positive
integers m and n.

Definition 1.3. Let T € B(H). Then T is k-skew (n,m)-binormal if (T*mnpnprmyrk — pkepnprmprmpny g
positive integers k,m and n.

Remark 1.4. For an operator T that is skew (n,m) binormal. We see that, If k. = m = n = 1, then skew (n,m)-binormal
becomes skew binormal.

In Meenambiku, Seshaiah, and Sivamani (2019), it is indicated that the class of binormal operators is contained in
the class of skew n-binormal operators, that is every binormal operator is skew binormal. In this paper, we present
a counter example to indicate that in general the class of binormal operators is not contained in the class of skew
binormal and consequently it does not necessarily belong to the class of k-skew binormal operators.

Example 1.5. Consider the matrix

0 i 0 0 0 O
T=(0 0 1 then T"=|-i 0 0
0 0 0 0 1 0

We now check if the matrix T is binormal

0 ¢ O0]J[0O O O][O O O][0 ¢ O 0 0 O
TT*T*T=10 0 1] [—i 0 Of[-i 0 O [O 0 1{=(f0 1 0
0O 0 Oof[O0O 1 0]]10 1 o0Of[O O O 0 0 O
and
0 0 O0]Jf0o i O][0O Z O][]O O O 0 0 O
T*TTT*=|-i 0 O] [0 0 1({fo 0 1 [—l 0 0Of=(f0 1 O
0 1 0/|0 O 0]J]]0 O OJ]O 1 O 0 0 O
We have
0 0 O
TT*T*T = [O 1 0|=T*"TTT*
0 0 O

Hence T is a binormal operator.

Let us now check if T is skew binormal.

(T*TTT*)T = |0

—
(=)
(=]
o
~
1l
o
(=]
—

and
0 i 0][0 O O 0 i O
T(TT*T*T)=(0 0 1||0 1 O0|=(0 0 O
0 0 0/]|0 O O 0 0 O
We have
0 0 O 0 i O
(T*TTT*)T=lO 0 1|#(0 0 0|=T(TT*T*T)
0 0 O 0 0 O

Therefore T is not skew binormal.

We further show that every skew binormal operator is not k skew binormal. Simple computation gives

0 0 0
=10 0 0

0 0 0




Considering the case when k = 3, we check if T is 3-skew binormal.

00 0
(T*TTT*T3=|0 0 O|=T3TT*T*T)
00 0

Hence T is 3-skew binormal.
We have therefore shown that the inclusion

binormal c skew binormal c k —skew binormal

does not always hold.

2 Main Results

In this section, we present results on the equivalences of skew(n, m)-binormal operators.

Proposition 2.1. The relation (n,m)-unitary quasiequivalence is an equivalence relation.

Proof. We show that the three conditions that define an equivalence relations are satisfied by the class of (n,m)-
unitary quasiequivalent operators in Hilbert space.

Let A,B, and C be operators that are bounded in a Hilbert space (H) and U be a unitary operator. Clearly, A is
(n,m)-unitary quasiequivalent to A since A™* A" = [A™*A"[* for [ =U.

Let A be (n,m)-unitary quasiequivalent to B, then

Am*An — UBm*BnU*
and
AA™* =UB"B™*U*
Premultiplying and postmultiplying the preceding equation by U* and U respectively yields
Bm*Bn — UAm*AnU*
and
Ban* — UAnAm*U*
Hence B is (n,m)-unitary quasiequivalent to A. Lastly, suppose A is (n,m)-unitary quasiequivalent to B and B is

(n,m)-unitary quasiequivalent to C, then
AT A" =UB™*B"U*

and

AnAm* — UBan*U*
and

B™*B" =VA™*A"V*
and

B'B™ = VA"A™'V*
for U and V unitary operators. Then
A"MA™* =UB"B™*U* =UVCTC™ VU =WC"CT* W
where W =UYV is unitary. Also,
A™AT =UB™ B"U* =UVC™*C*"V*U* =WCT™ C"W*

Thus, A is (n,m)-unitary quasiequivalent to C. Therefore, (n, m)-unitary quasiequivalence is an equivalence relation.
O



Remark 2.2. Let T € B(H) be skew (n,m) binormal operator, then ST is skew (n,m) binormal for every real scalar 8

Proof. Since T € B(H) is skew (n,m) binormal operator, it follows that
We show that BT is skew (n,m) binormal.

(BT ™(BTY (BT (BT ™ )BT) = (B*™T*™ " T" " T" ™ T*™ )\ BT)
= B*m BN g BFM B(THM T TR T T)
= B*™m BN B M B(T(T T ™ T* ™ T™))
= BT(B™T" B*T*™ B*™T*™m g ™)
= (BTY(BTY (BT ™(BTY ™ (BT)")

Hence BT is skew (n,m) binormal operator. O
Remark 2.3. Let T € B(H) be skew (n,m) binormal operator, then T* is also skew (n,m) binormal.

Proof. Since T € B(H) is skew (n,m) binormal operator, it follows that
(T*™ T T T*™)T =T(T*T* ™ T*™T")
Taking the adjoint on both sides,
("t T = (Tt T T )
(T [(T*™)* (T™* (T (T*™)* | = (T (T (T™)* (T | (T)*
(T[T ™(X*YHTYUT*) ™| = (T ™T*)™T* )| (TF)
Therefore T* is also skew (n,m) binormal 0

Remark 2.4. Let T € B(H) be skew (n,m) binormal operator, then T-1 is also skew (n,m) binormal.

Proof. Since T € B(H) is skew (n,m) binormal operator, it follows that
(T*m TP T*™T = T(T"T*™T*™T")
Taking the inverse on both sides,
(T ™) = (T )y
@y i iam iy = (@t iam ey o
@ H@H ety = [ e ey e ah

Therefore 77! is also skew (n,m) binormal [m]

Proposition 2.5. Every skew (n,m) normal operator T € B(H) is skew (n,m) binormal



Proof. Let T € B(H) be skew (n,m) normal operator, then by definition
(T*™TT =T(T"T*™)
We show that T is skew (n,m) binormal.
(T*™TT*T*™T = T* " T T T*™ T
=T*"T™(TT*™T") by skew (n,m) normality of T
- T(TnT*mT*an)

Hence T is skew (n,m) binormal. [m]
Theorem 2.6. Let T be skew (n,m) normal operator, then T € B(H) is skew (n + k(n —1),m) normal for every k € N.

Proof. We give the proof by induction.
Base case k =1.

(pr-Dprmyp _ pr-1opnprmyp
=T trrrmrn)
= (ML by skew (n,m) normality of T
_ T(T*an)Tn—l
_ T(T*me-(n—l))

Inductive step: Assume the result holds for n = k.

To prove the result forn =%k +1

(Tn+(k+1)(n—1)T*m)T — (Tn+k(n—1)+(n—1)T*m)T
— Tn—l(Tn+k(n—1)T*m)T
_ pr=lp(prmpn+h(n=1)y
= (Tt by skew (n,m) normality of T
— p(rmpryptk-D-1
— p(prmprypk+ Din-1)
= p(prmpn ke Dn-1)y

Therefore T is skew (n + k(n — 1), m) normal. O

Remark 2.7. The product of two skew (n,m) normal operator is not skew (n,m) normal operator in general.

Consider the following example

i 0 O i 1 0
Example 2.8. Let T={0 0 1 and S=|(1 0 0] it can easily be shown that both T and S are skew (1,1)
0 0 O 0 0 O

normal operators. We now check their product,
i 0 0] ¢ O -1 -1 0
(rs)y=10 0 1f|-1 0 0O|=(0 O O

0 0 0J[0O O O o 0 0




checking if (T'S) is skew (1,1) normal, we have

-1 -1 0 -2 -2 0
(TOHTH*(TS)]=|-1 -1 0|#|O0 0 0| =[(TSATS)"|(TS)
0 0 0 0 0 0

Hence, the product of two skew (n,m) normal operators is not necessarily skew (n,m) normal.

Theorem 2.9. Let T € B(H) be a normal operator and S be skew (n,m) normal operator. If T and S commute, then
TS is skew (n,m) normal operator.

Proof. Consider
[(TSYH(TS) ™ |(TS)=(T"S"S* ™ T*™TS

Since T is a normal operator which commutes with S, then by the Fuglede-Putnam theorem, S commutes with 7,
therefore

(TS (TS)*™|(TS) = [T"S™S*™ T*™|(TS)

=T™S"S*™T*™ST

=T™(S8"S*™)ST*™T by the Fuglede-Putnam theorem

=TrsS*msnr*mr

=8T"s*msnrmy

=8s*mrrgrrrmy

=SS St T T

=S§*mSrTT T

=SS*mrstTrmn

=8T8*msn*mn

=8T8*m*rmsnr

=TS [(TS)*™(TS)"]

O

Definition 2.10. An operator T € B(H) is quasi (n,m) normal, if T(T*™T") = (T*™T™)T and k-quasi (n,m) normal
if TR(T*m Ty = (T T TR

Theorem 2.11. Let T be (n,m) normal operator and quasi (n,m) normal operator, then T is skew (n,m) normal

Proof. Let T be (n,m) normal operator, therefore

Since T is quasi (n,m) normal, we have

Then

The converse of the theorem is however not true. Consider the following example



i 0 0 -1 0 0
Example 2.12. Let T=10 0 1| then T*=|0 0 0| Simple computation shows that
0 0 O 0 1 0
1 0 0 1 0 0
TT*=(0 1 0|#]|0 0 0O|=T*T
0 0 O 0 0 1
Hence T is not (1,1) normal. For quasi (1,1) normal, observe that
i 0 0 i 0 O
T(T*T)=10 0 1|#£(0 0 O|=(T*TT.
0 0 O 0 0 O

Therefore T is not quasi (1,1) normal. We now check whether T is skew (n,m) normal, we require that (TT*)T =
T(T*T). We have

i 0 0
(TT*T=|0 0 1|=T(T*T)
0 0 O

Therefore, T is skew (n,m) normal.

Theorem 2.13. Let T be k-skew (n,m) normal operator which is unitarily equivalent to S. Then S is also k-skew
(n,m) normal operator

Proof. Since T is unitarily equivalent to S, then there exists a unitary operator U such that S =U*TU and S* =
U*TO)* =U*T*U.

(S"s*™sk =y rruUur T*mUU TRU

=urT" T TRU
=U*Tk(r*m Ty U since T is k-skew (n,m) normal operator
=U*ThUUr TP UUr TMU

Hence S is k-skew (n,m) normal operator [m]

Let T be skew (n,m) normal operator which is unitarily equivalent to S. Then S is also skew (n,m) normal operator
Proof. The proof is trivial, hence ommited. O

Theorem 2.14. Let T be k-quasi (n,m) normal operator which is unitarily equivalent to S. Then S is also k-quasi
(n,m) normal operator

Proof. Recall that an operator T is k-quasi (n,m) normal, if
TRT*™T") = (T*"TMT*  for k,m,nez
Therefore
sks*msm=v*ThuU T UU* TU)

=U*TH(T* Ty
=U*(r*mTTRy since T is k-quasi (n,m) normal
=U*T*""UU*T"UU* TR U

:(S*msn)sk



Hence S is k-quasi (n,m) normal (]

Theorem 2.15. Let T be k-quasi (n,m) binormal operator which is unitarily equivalent to S. Then S is also k-quasi
(n,m) binormal operator

Proof. An operator T is k-quasi (n,m) binormal, if

Th(p*mprpuprmy _ (prmprpnprmypk o by pez

Therefore
Sk(g*mgngng* ™y = U TRUWU T UU T"UU* TP UU * T*™U)
_ U*Tk(T*anTnT*m)U
S 0 e K S DY S U since T is k-quasi (n,m) binormal
=U*T*™UU*T"UU*T"UU* T*"UU* Tk U
Hence S is k-quasi (n,m) binormal O

Theorem 2.16. Let S and T be k-skew (n,m) binormal and doubly commuting operators. Then ST is k-skew (n,m)
binormal operator.

Proof. Since S and T are k-skew (n,m) binormal, we have
(S*mSnSnS*m)Sk :Sk(SnS*mS*mSn)

and

In addition, the operators are doubly commuting, this implies
ST=TS and ST*=T*S
taking the adjoint on both sides yields

S*T*=T*S* and TS*=S*T



respectively. We now have;

[(STY*™STYST (ST ™| (ST =s*mT*msnTrsn TS *m *mghh
_ g*mprmgnpngnpngrmgkmxmpk
_ g*mprmgnpn gngrmpn ghprmpk
_ g*mgnprmgnpngsmghpnprmpk
_ grmgngrprmgrmpnghpnprmpk
_ grmgngngrmpm gk pnpempk
= [s*msnsngrmst| [ mrTr TR
_ [Sk(sns*ms*msn)] [Tk(TnT*mT*an)]
_ gkgngrmgrmmpk gnpnpsmpsmpn
_ gkgng*mpk gxmpn gnprmprmpn
_ gkgnkgrmpngrmprmgnprmpn
= Skrkgnng*mprmgrmprmgnpn
=(ST)* [(STY*(ST)*™ST) ™ST))]

We therefore conclude that ST is k-skew (n,m) binormal O

Conclusion

The study introduced the class of skew(n,m)-binormal operators and the concept of unitary-(n,m)-quasiequivalence
which is shown to be an equivalence relation. Several properties of skew(n,m)-binormal operators have been proved
and has been particularly proved that if B is (n,m)-binormal operator and A be unitarily-(n, m)-quasiequivalent to
B, then it follows that B is also an (n,m)-binormal operator.
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