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	PART  1: Comments



	
	Reviewer’s comment

Artificial Intelligence (AI) generated or assisted review comments are strictly prohibited during peer review.

	Author’s Feedback (It is mandatory that authors should write his/her feedback here)


	Please write a few sentences regarding the importance of this manuscript for the scientific community. A minimum of 3-4 sentences may be required for this part.


	The manuscript offers significant importance to the scientific community by presenting a generalized multi-parameter extension of the classical Furuta inequality, thereby broadening a foundational tool in operator theory. By introducing additional parameters, the work provides enhanced flexibility and unifies several well-known inequalities as special cases, opening new possibilities for finer analysis of operator relationships. The establishment of both the generalized inequality and its reverse further strengthens its theoretical value, enabling deeper insights into operator monotonicity and norm inequalities. Moreover, its applications to Ando-Hiai type inequalities highlight its potential impact across various areas of functional analysis and mathematical physics.
	

	Is the title of the article suitable?

(If not please suggest an alternative title)


	Yes, the title “Generalized Multi-Parameter Furuta Inequality and Its Reverse” is generally suitable.
	

	Is the abstract of the article comprehensive? Do you suggest the addition (or deletion) of some points in this section? Please write your suggestions here.


	The abstract is generally well-structured and conveys the main contribution of the paper: the introduction of a generalized multi-parameter version of the Furuta inequality along with its reverse and some related applications. It successfully highlights the main parameters, the core inequality, and the connection to classical results. However, the abstract is quite technical and dense, containing heavy mathematical notation that may limit accessibility to broader readers. Additionally, it does not explicitly state the motivation or the significance of introducing the new parameters.
	

	Is the manuscript scientifically, correct? Please write here.
	The manuscript appears to be scientifically sound and mathematically consistent in its development of the generalized multi-parameter Furuta inequality. The authors build upon established operator inequalities and extend them systematically by introducing new parameters while ensuring that classical results are recovered as special cases, which supports internal consistency. The proofs follow standard techniques in operator theory—such as norm inequalities, monotonicity properties, and the use of the generalized Kantorovich constant—and no logical contradictions or unjustified steps are apparent.

However, some proofs rely heavily on parallels with previous results (e.g., Lemma 2.1 in [4]) and would benefit from clearer elaboration to ensure full reproducibility. Additionally, certain transitions in the proofs, especially those involving parameter substitutions, could be explained in more detail to enhance transparency. Overall, the manuscript is scientifically correct, but minor clarifications would strengthen its rigor.


	

	Are the references sufficient and recent? If you have suggestions of additional references, please mention them in the review form.
	The references included in the manuscript are relevant and cover the classical foundational works in operator inequalities, including Loewner, Heinz, Furuta, Ando–Hiai, and Kantorovich-type inequalities. These citations are essential and appropriate for the historical and theoretical background. However, most of the references are relatively old (many from the 1980s–1990s), and the paper would benefit from incorporating more recent developments in operator inequalities, operator monotone functions, and multi-parameter/generalized inequalities.
	

	Is the language/English quality of the article suitable for scholarly communications?


	The language of the manuscript is generally understandable and conveys the mathematical ideas clearly. The terminology is appropriate for the field, and the structure of the paper follows standard conventions in mathematical research articles. However, the manuscript contains several grammatical inconsistencies, awkward phrasing, and occasional long or dense sentences that may hinder readability for some readers.

In particular, transitions between sentences can be improved, and some explanations would benefit from clearer wording to enhance accessibility. While the mathematical content is correctly expressed, the manuscript would benefit from a light to moderate language editing to improve fluency and ensure the text meets the standards of scholarly communication.


	

	Optional/General comments


	The manuscript presents an interesting and meaningful extension of the Furuta and grand Furuta inequalities by introducing additional parameters that increase flexibility and unify several known operator inequalities. The work is technically sound and contributes to the ongoing development of operator theory, particularly in the area of reverse inequalities and norm estimates. The exposition, however, could benefit from improved clarity in a few proofs and a slight refinement of the English language to enhance readability.

Some steps in the proofs rely heavily on analogy with earlier works (such as those cited in [4]), and elaborating these parts would strengthen the independent readability of the manuscript. Additionally, the abstract may be simplified to improve accessibility, and adding a few recent references from the last decade would help contextualize the work within current research trends. Overall, the manuscript offers valuable contributions and, after minor improvements in presentation and clarity, is suitable for publication.
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	Reviewer’s comment
	Author’s Feedback (It is mandatory that authors should write his/her feedback here)


	Are there ethical issues in this manuscript? 


	(If yes, Kindly please write down the ethical issues here in detail)
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