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	PART  1: Comments



	
	Reviewer’s comment

Artificial Intelligence (AI) generated or assisted review comments are strictly prohibited during peer review.

	Author’s Feedback (It is mandatory that authors should write his/her feedback here)


	Please write a few sentences regarding the importance of this manuscript for the scientific community. A minimum of 3-4 sentences may be required for this part.


	This manuscript makes a significant contribution to the world of mathematics, particularly in permutation group theory, by building on previous findings related to the action of alternating groups. It dives into the primitivity property of product actions involving finite alternating groups acting on Cartesian products of ordered n-tuples. This work expands on the authors' earlier research on transitivity. The paper reveals that these actions are always imprimitive when n is 5 or greater, effectively completing the characterization of these group actions. These findings enrich our understanding of the combinatorial properties of group actions and could have exciting applications in fields like coding theory, cryptography, and combinatorial designs.
	

	Is the title of the article suitable?

(If not please suggest an alternative title)


	It’s partially suitable, but there’s room for improvement. 

Suggested alternative title: "The Imprimitivity of the Product Action of Finite Alternating Groups on Cartesian Products of Finite Sets of Ordered n-Tuples" 

Reasoning: The current title feels a bit clunky grammatically. The suggested title is much clearer and aligns better with standard mathematical language.
	

	Is the abstract of the article comprehensive? Do you suggest the addition (or deletion) of some points in this section? Please write your suggestions here.


	The abstract could use some enhancements. Here are a few suggestions: 

Additions needed: 

- Include a brief overview of the methodology, specifically defining primitivity and block systems. 

- Make the main theorem statement clearer, such as saying, "We prove that for n ≥ 5..." 

- Highlight how this work builds on previous research or addresses a gap in the existing literature. 

Deletions/Modifications: 

- The initial sentence that defines primitive action should be more succinct. 

- Eliminate the phrase "using the definition of primitivity and blocks," as it's a methodological detail that doesn't fit in the abstract. 

Suggested revision: 

A group G acts primitively on a set Ω if the only G-invariant partitions are trivial. In this paper, we explore the primitivity of the product action of finite alternating groups A_{n₁} × A_{n₂} × ... × A_{nₘ} on the Cartesian product of finite sets of ordered n-tuples. We demonstrate that for all n ≥ 5, this action is imprimitive by constructing explicit non-trivial block systems. This finding adds to previous research on the transitivity of such actions.

	

	Is the manuscript scientifically, correct? Please write here.
	Yes, there are a few minor concerns to address:
The mathematical content seems solid overall. The proof strategy that employs block systems is both suitable and well-executed. However, there are a few points that need attention:

1. Notation inconsistency: The manuscript switches between bold and non-bold notation for sets and groups, which can be confusing. 

2. Theorem 1.1.8: The reference here is incomplete—it mentions results but lacks the necessary context. 

3. Example 2.3.1: The mention of "Theorem 1.6.3" appears to be a mistake; it should actually refer to Theorem 2.1. 

4. Proof structure: The general proof in Theorem 2.2 could benefit from a clearer explanation of how block B is constructed and why it effectively divides |Ω|.

Recommendation: While the mathematics is accurate, the presentation could be improved for better clarity.
	

	Are the references sufficient and recent? If you have suggestions of additional references, please mention them in the review form.
	It’s mostly on point, but there are a few areas for improvement:
Strengths: 

1. Solid coverage of foundational work (Rose, Cameron, Higman) 

2. Proper citation of the authors' earlier work that leads to this conclusion

Weaknesses: 

1. Armstrong's book is missing a full citation (it’s from 2013, but we need the complete reference) 

2. A few references don’t include page numbers or DOI info 

3. It would be great to see more recent references (most are from before 2020, aside from the authors' own work) 4. There’s a reference to Cameron (1973) in the text that isn’t listed in the references

Suggested additional references: 

1. Dixon, J.D., & Mortimer, B. (1996). Permutation Groups. Springer. 

2. Including recent studies on primitive permutation groups from the last five years would really enhance the literature review.
	

	Is the language/English quality of the article suitable for scholarly communications?


	No, significant improvement needed.
	

	Optional/General comments


	1. The "Terminologies and Definitions" section feels a bit too lengthy for an introduction. 

2. It would be great if the background information was woven in more smoothly. Also, the transition from general theory to specific results seems a bit jarring.
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	Author’s Feedback (It is mandatory that authors should write his/her feedback here)



	Are there ethical issues in this manuscript? 


	(If yes, Kindly please write down the ethical issues here in details)
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