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Generalized Multi-Parameter Furuta
Inequality and Its Reverse

Abstract

We introduce a generalized multi-parameter extension of the Fu-
ruta inequality by incorporating additional parameters 6, ¢, that
provide finer control over the operator relationships. Let A and B
be positive operators such that 0 < m < B < M for some scalars
0<m< M and h := % > 1. We establish the generalized inequality:

0(1—t+r)+¢

A>B>0= A0+ > {A‘”;d’ (A—%BPA—%)SA“T*”}W

for0<t<1,p>1,s>1,r>t and 0,¢,9 > 0. We prove a norm
inequality equivalent to this generalized grand Furuta inequality and
establish its reverse using the generalized Kantorovich constant. As
applications, we derive reverses related to the Ando-Hiai inequality
and discuss connections with the Léwner-Heinz and Araki-Cordes in-
equalities.

1 Introduction

The theory of operator inequalities has been extensively developed since the
seminal work of Léwner and Heinz [9,10]. The Kantorovich inequality rep-
resents one of the fundamental reverse inequalities in this domain. It states
that if a positive operator A on a Hilbert space H satisfies 0 <m < A < M,
then

(M + m)?
4Mm

Mond and Pecarié¢ [11] developed a powerful method for establishing re-
verse inequalities based on the convexity of functions. Our work extends

(A™'g, x) < (Az,x)~' for all unit vectors z € H. (1)
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this approach to a generalized multi-parameter version of the grand Furuta
inequality.

The grand Furuta inequality [7] states that for positive operators A and
B:

s 1—t+r

A>B>0= A > s (ariprass) a5}
for0<t<1l,p>1,s>1,andr >t

This inequality interpolates between the Furuta inequality [6]:

1+7r

A>B>0= A"" > (AZBPA2)"  (r>0,p>1)
and the Ando-Hiai inequality [1]:

T

A>B>0= A" > {A% (A—éBPA—%)TAz}’I’ (p,r > 1).

In this paper, we introduce additional parameters 6, ¢, 1 to create a more
flexible framework that encompasses these classical results as special cases.

2 Preliminaries

Let . be a Hilbert space and #() the algebra of bounded linear operators
on . An operator A € B(I) is positive if (Ax,z) > 0 for all z € 2.
The generalized Kantorovich constant K (h, p) is defined as:

1 h?—h [ p—1h"—1\"
h—1p—1 \h»—h p

K(h,p) =

for all h # 1, p € R, with K(h,0) = K(h,1) =1 [8].
The Araki-Cordes inequality [2,3] states:

|ARBrAR| < [|AZBAZ|P (0<p<1).
Fujii and Seo [5] established its reverse:

K(h,p)|A2BA3||P < || ARBPA%|| (0<p<1).
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3 Generalized Multi-Parameter Furuta Inequal-
ity

Definition 1. Let A and B be positive operators on a Hilbert space 7. The

generalized multi-parameter Furuta inequality (GMPFI) is defined as:

0(1—t+r)+o
Or+ Or+ } (p—t)s+0r+v
2

A>B>0= AN > {A 2 (A—%BPA—%YA

for parameters satisfying 0 <t <1,p>1,s>1,r>t, and 0,¢,9 > 0.

Note that when 6 = 1, ¢ = 0, ¥» = 0, we recover the classical grand
Furuta inequality.

Lemma 2. The generalized multi-parameter Furuta inequality is equivalent
to the following norm inequality:

o0-tir)+é 0(—t+r)+é || (p—t)s+0r+y
2 P

BIr=t)+¢ 4 2 Ps(O(—tFr)T¢)

1A

=

1 1
1 ot or+y _ (O(r=t)+O){(p=t)s+0r+¥} or4w\s , ot | P 1
< ||A2 {A 2 (A 2 B 0(1—t+r)+¢ A 2 ) A 2 } A2 || (2)

for0<t<1,p>1,s>1,r>t, andf,¢,v > 0.

Proof. The proof follows similar lines to Lemma 2.1 in [4] with appropriate
modifications for the additional parameters. Replace A with A~ and set:

1
0 or+y _ (O(r—t)+¢){(p—t)s+6r+v} or+v\'s . 0 p
C= {AJ (4B w4 AJ} .

0(1—t+r)+¢

Then Br—0+¢ — {Aw <A*%CPA*%) AWTH)}(P%)HOTH% and the result
follows. u
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4 Reverse Generalized Multi-Parameter Fu-
ruta Inequality

Theorem 3. Let A and B be positive operators such that 0 <m < B < M
for some scalars 0 <m < M and h := % > 1. Then:

1
) 1
1 0 or+ Or=t)+)){(p=t)s+0r+v}  or4y \ s ot | P 1
||4z{4—2t (471”3 9(1—t+r)+¢ 4Tw) 4—5} Az |

1
< 1 (e o o0t e
— r

0(1—t+r)+o _ O0(A—t+r)+o _ 0(1—t+r)+p _ (P—t)s+0r+3
X ||AfB o0 ttrte O t)+¢)A%||p8(9(1—t+r/)+¢) (3)

foro<t<1,p>1,s>1,1+r>1+7r">t, and 0,¢,9 > 0, where the
parameters satisfy the relation (p — 0t)s +0r + ¢ = 0(1 —t + ') + ¢, and
K(h,p) is the generalized Kantorovich constant.

Proof. For p > 1 and s > 1, the Araki-Cordes inequality implies:

1
s

1
1 0 or+y _ (B(r=t)+d){(p=t)s+0r+¥}  gr4y 0 P
A3 {A—J (ATB o-tir o AT) A—J} Al

1
1 p
s

0 or+y _ (O(r—t)+$){(p—t)s+Or+v}  or4 0
< A5 {AJ (ATB S te A%) AJ} A

2
2

1 1
—0t or+y _ (O(r=t)+d){(p—t)s+0r+v}  or4y\ s —0t
— |45 < 2 B 0(I—t+r)+¢ A2 > 53

1
ps

—0t)s Or+ O(r=t)+d){(p=t)s+0r+¥}  or+ —0t)s
A<p2> (A sz 0(1—t+r)+o A 21/)>A(p2)

1
ps

(p—0t)s+0r+y _ (O(r—t)+P){(p—t)s+Or+ip}  (p—0t)s+6r+y
S B 0(1—t+r)+¢ A =3

= ||A

By the parameter relation (p — 60t)s +0r +v¢¥ = 6(1 —t+1r') + ¢ > 0,
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applying the reverse Araki-Cordes inequality yields:

1
ps

—0t)s+0r+y _ (0(r—=t)+d){(p—t)s+O0r+} —0t)s4+0r+p
(p-8t)tord )2 B 0(1—t+r)+¢ Ai(p )2

|4

1
ps

—0t)s+0r+1p _ 0(1—t+r")+¢ (p—t)s+or+y —0t)s+0r+
%B(G(r t)+¢) A=t ¢ oAt s Aw

< HA

1
< ;¢ [ttt o tyrg) (P —t)s +Or + ¢\
- Ol —t+r)+ ¢

, (p—t)s+60r+
0(1—t+r)+o _ 0(1—t+r)+¢ _ 0(1—t+r' )+ || Ps(O(L—t+r")+9¢)
x ||A ( 2 Bed—tin+e O t)+¢)A ( 2 :
Combining these inequalities gives the desired result. O

5 Applications to Ando-Hiai Type Inequali-
ties

Theorem 4. Let A and B be positive operators such that0 < m < A, B < M
for some scalars 0 < m < M and h := % > 1. Then:

a(6(1—t+r)+¢)
(1—abt)s+a(fr+y)

61 —t+1r") + o) R R
K (oo O Az (A%BA™%) Az
(h (1 —abt)s + afr + 1) H ( )

00—t )+ ortv ortu oS o rryee
—trT s T —aft)s+a(fr —trr
A 5 <A7 > BSA- 2 ) (1-abt)s+a(0r+y) A :

(4)

foro<t<1l,s>1,1+r>1+r>t,0<a<1, andb,¢,vb > 0.

Proof. The proof follows similar methodology to Theorem 3.3 in [4] with ap-
propriate modifications for the additional parameters. We replace B —0+¢,
R=D+¢ and p with:

a(0(1—t+r')+¢) /
oty _ 60+ \ T—abD)sta(0rid) a(0(r+8)+¢+) (0(1—t+1")+¢) 1
(A A" ) h ,

, (1—abt)s+a(0r+y) —,

«Q

respectively, and apply the inversion formula for the Kantorovich constant.
O
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6

Conclusion

We have introduced a generalized multi-parameter extension of the Furuta
inequality that provides a more flexible framework for studying operator re-
lationships. The additional parameters 6, ¢, allow for finer control and
encompass classical results as special cases. We established both the gen-
eralized inequality and its reverse, demonstrating applications to Ando-Hiai
type inequalities. This work extends the results in [4] and provides new tools
for investigating operator inequalities.
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