A short note on approximation properties of modified Post-Widder operators preserving exponential function
ABSTRACT
In the present article, a modified form of Post-Widder operators is introduced which preserve the test function. We discuss the weighted approximation properties for the modified operators and after that, we also investigate direct quantitative estimate for these modified operators. Moments with limiting properties are also established. 
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1. INTRODUCTION
For the better approximation of linear positive operators, in the recent years, some convergence estimates were discussed by many researchers in [2, 6, 13, 14, 15, 16 and 17] etc.
1.1 Post-Widder operators
Post-Widder operators are defined as follows, for 
		.                                       (1.1)
We consider  , then for  according to [7] we write 

Let , then we have 


		                         .                                         (1.2)                                      
The convergence of Post-Widder operators was investigated in [21]. Many approximation properties of these operators were discussed by many authors in [3, 5, 8, 18 and 19]. Recently some authors studied various convergence properties of Post–Widder operators in [9], [10] and [11].
In 1984, authors in [12] represented the function as the Post-Widder inversion operators of the generalized function. 
Now considering that the operators (1.1) preserve the test function ,  we have 
                                                                      (1.3)
Using (1.2), we have 

noting

Hence, we write modified operators as follows 
                                                          (1.4)
where and , preserving constant and the test function .
2. BASIC RESULTS
Here, we obtain some lemmas essential for the proof of the main theorem. 
Lemma 2.1.For , we have

It may be observed that can be written moment generating function and can be used in obtaining the moments of (1.4) 
Let , where . The moments are given by

.
Some moments are given as



Lemma 2.2. Here we find the moments of arbitrary order, satisfying the following 

Where the Pochhammer symbol is given by

We have the following lemma by using linearity property and Lemma 2.2,
Lemma 2.3. The central moments  are given below:

For , we have


Lemma 2.4.The central moments, we have

Proof. We analyze

where

It can be seen that for . We set  and get

Therefore
 for .
Hence 




Hence the proof of Lemma 2.4.
3. MAIN RESULTS
Definition 3.1 (WEIGHTED APPROXIMATION)
Here we observe the behavior of the operators on some weighted spaces.
Take is real and positive.Considering the following weighted spaces


, 
where  are constants which depend on . The norm is defined as

Theorem 3.2. For each , we have

Proof [1]: In order to get the proof,we have to prove

The result is true for . To verify it for, by Lemma 2.1 we have
=



                        .                                 (3.1)
                    Clearly, .
We write for . Then from (3.1) 
                                        (3.2)
In equation, we set . Hence

                                                                       
                                                                        .                                 (3.3)
We set. To obtain the global maxima of  we solve the equation . Simple computations give that  for  satisfying the equation
                                                                                             (3.4)
From equations (3.3) and (3.4) 
                                                                                        (3.5)
If we show the following, the proof will be completed 
                                                                          .                                     (3.6)
If we set in (3.5). Then  with 
. We find that  for . 
Therefore



due to .
Definition 3.3. (A DIRECT QUANTITATIVE ESTIMATE)
In this section, our aim is to obtain a quantitative form of the statement in Theorem 3.2. Simply we modify the weight function and we consider ,  instead of . For continuous functions on  with exponential growth i.e.
                                                                                     (3.7)

We observe that
                                                                                                                        (3.8)
If the following function series is uniformly convergent on 
,
then
                                                                           (3.9)
The last series is also uniformly convergent. To achieve our goal, in this section we need the first order exponential modulus of continuity, given by Ditzian in [4] and defined as

Let the sequence of operators, where the domain of the operator  contains the space of functions  with exponential growth, i.e. . 
Statement of our main results follows as: 
Theorem 3.4. Let  be the sequence of linear positive operators of Post-Widder type defined in (1.3). Then

where

Proof. We notify that
                         ,                                       (3.10)
where  is the smallest natural number in the above upper bound. Following [20], we show

                                                                                              (3.11)
Now (3.10) and (3.11) imply
                                                          (3.12)
For fixed , we observe that the following series is uniformly convergent for 

                                                  (3.13)
Clearly for our operators  using (3.10), (3.12) and (3.13), we obtain


                                                                                          (3.14)
Using Cauchy Schwarz inequality, we have

                                                                                                                 (3.15)
Further

Hence
.                                                                  (3.16)
From Lemma 2.4, for fixed , we have
                 .                                                                                         (3.17)
We set in (3.14) that
                                                            .                                  (3.18)
Therefore estimates (3.14) -(3.18) imply

where

by fixed . This completes the proof of theorem.
CONCLUSION: In this paper, the author discusses the weighted approximation properties of the modified Post-Widder operators. A direct quantitative estimate for these operators is also investigated. Since the classical Post-Widder operators defined in (1.1) preserve only constant functions, whereas their modified forms preserve linear functions, the approximation properties of these operators can be better understood by studying their behavior on different test functions. Many researchers have already explored this direction, however, there remains ample scope for further investigations. Previous studies have illustrated approximation results graphically for linear positive operators. Similarly, graphical representations of the approximation behavior of the modified Post-Widder operators can be studied for various test functions.

Disclaimer (Artificial intelligence)
Option 1: 
Author(s) hereby declare that NO generative AI technologies such as Large Language Models (ChatGPT, COPILOT, etc.) and text-to-image generators have been used during the writing or editing of this manuscript. 
Option 2: 
Author(s) hereby declare that generative AI technologies such as Large Language Models, etc. have been used during the writing or editing of manuscripts. This explanation will include the name, version, model, and source of the generative AI technology and as well as all input prompts provided to the generative AI technology
Details of the AI usage are given below:
1.
2.
3.
REFERENCES
[1] Acar, T., Aral, A., Morales, D., & Garrancho, P. (2017).  Szász-Mirakyan operators which fix exponentials. Results Math., 721393-1404.
[2] Anjali, & Gupta, V. (2023). Voronovskaja-type quantitative difference estimates of positive linear operators with different basis functions. Miskolc Mathematical Notes, 23(1), 47-61.
[3] Ayadin, D., Aral, A., &Tunca G.B. A generalization of Post-Widder operators based on q-integers. Annals of the Alexandru Ioan Cuza University, Doi10.2478/AICU-2014-0012
[4] Ditzian, Z. (1979). On global inverse theorems of Szász and Baskakov operators.Canad. J. Math., 31920, 255-263.
[5] Gupta, V., &Tachev, G. (2022) Some results on Post-Widder operators preserving. Kragujevac J. of Math., 46(1), 149-165.
[6] Gupta, V., & Agrawal, P.N. (2020). Approximation by modified Paltanea operators. Pub. Inst. Math (Beograd) N.S., 107(121), 157-164.
[7] Gupta, V., & Maheshwari, P. (2019). Approximation with certain Post-Widder operators. Publ. Inst. Math., 105 (119), 1-6.
[8] Gupta, V., & Agarwal, D.(2019). Convergence of modified Post-Widder operators. Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A. Mat. RACSAM, 113(2), 1475-1486.
[9] Manandhar,R. P., &Debnath, L. (1984).Representation of functions as the Post-Widder inversion operator of generalizedfunctions, Int.J. of Math. and Mathematical Sciences,7, 1-26.
[10] Ozsarac, F., &Acar,T. (2019).Reconstruction of Baskakov operators preserving some exponential functions, Math. Methods in Appl. Sciences, 42 (16), 5124-5232.
[11] Sharma, P. (2022). Approximation by some Stancu type linear positive operators. J. of Nepal Mathematical Society, 5(2), 34-41.  
[12] Sharma, P. (2022).  Study of some approximation estimates concerning convergence of (p, q)-variant of linear positive operators. Proceedings of International E-Conference on Mathematical and Statistical Sciences: A Selçuk Meeting, 166-174.
[13] Sharma, P. M. (2021). Iterative combinations for Srivastava-Gupta operators. Asian European J. of Math., 14(7), 2150108, 10 pages.  
[14] Sharma,P. M., & Abid, M. (2020). Approximation by (p, q)-Szasz-Beta Stancu operators.  Arab J. Math. 9, 191-200.
 [15] Sharma, P., & Sharma, D. (2023).Some statistical approximation based on Post-Widder operators. J. of Advances in Mathematics, 22, 23-29.  
[16] Sofyalioglu, M., & Kamnat, (2020). Approximation properties of the Post-Widder operators preserving . Math, Methods in the Applied Sciences, 1-14.
[17] Tachev, G., Gupta, V., &Aral, A. (2020). Voronovskja's theorem for functions with exponential growth. Georgian Math. J., 27 (3), 459-468. 
[18] Widder, D. V.  The Laplace Transform, Princeton Mathematical Series, Princeton University Press, Princeton, N.J. 1941.
[] Gupta, V., &  Herzog, M. (2023).  Semi Post–Widder Operators and Difference Estimates. Bull. Iran. Math. Soc.,  49 (18). https://doi.org/10.1007/s41980-023-00766-8

[] Lin, Q. (2024).  Approximation by q- Post-Widde operators based on a new parameter. Abstract and Applied Analysis,  2024, Article ID 4468538, 14 https://doi.org/10.1155/2024/4468538
[] Kumar, S., & Deo, N. (2025). Convergence analysis of semi exponential Post-Widder operators, Miskolc Math. Notes, 26(1), 367-382. 

E-mail address: mprerna_anand@yahoo.com





