
ABSTRACT 

In the present article, we introduce the modified form of the Post-Widder 
operators preserving the test function𝑒஺௫. We discuss the weighted 
approximation properties for the modified operators and after that, we also 
investigate direct quantitative estimate for these modified operators. 

Keywords: Post-Widder operators, linear positive operators, weighted approximation, 
quantitative estimate. 

1. INTRODUCTION 

For the better approximation of linear positive operators, in the recent years, some convergence 
estimates were discussed by many researchers in [2, 6, 10, 11, 12, 13 and 14] etc. 

1.1 Post-Widder operators 

Post-Widder operators are defined as follows, for 𝑛 ∈ 𝑁, 𝑥 > 0 

                             𝑀௡(𝑓, 𝑥): =
ଵ

௡!
ቀ

௡

௫
ቁ

௡ାଵ

∫  
∞

଴
𝑢௡𝑒ି

೙ೠ

ೣ 𝑓(𝑢)𝑑𝑢. 

We consider  𝑓(𝑢) = 𝑒ఏ௨,   𝜃 ∈ 𝑅, then for 𝑓 ∈ 𝐶(0, ∞), according to [7] we write  

                             𝑀௡൫𝑒ఏ௨, 𝑥൯ = ቀ1 −
௫ఏ

௡
ቁ

ି(௡ାଵ)

.                                                            (1.1) 

The convergence of Post-Widder operators was investigated in [18]. The saturation and inverse 
results of these operators were studied by Rathore and Singh [10]. Other approximation 
properties of these operators were discussed by many authors in [3, 5, 8, 15 and 16]. 
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In 1984, authors in [9] represented the function as the Post-Widder inversion operators of the 
generalized function.  

Now considering that the operators (1.1) present the test function 𝑒஺௫, we have  

                       𝑀෩௡(𝑓, 𝑥): =
ଵ

௡!
ቀ

௡

௔೙(௫)
ቁ

௡ାଵ

∫  
∞

଴
𝑢௡𝑒

ି
೙ೠ

ೌ೙(ೣ)𝑓(𝑢)𝑑𝑢.                                                 (1.2) 

Using (1.1), we have  

𝑀෩௡(𝑒஺௨ , 𝑥) = 𝑒஺௫ = ൬1 −
𝑎௡(𝑥)𝐴

𝑛
൰

ି(௡ାଵ)

, 

noting 

𝑎௡(𝑥) =
𝑛

𝐴
൫1 − 𝑒ି஺ /(௡ାଵ)൯.  

Hence, we write modified operators 𝑀෩௡  as follows  

𝑀෩௡(𝑓, 𝑥) =
ଵ

௡!
቎

஺

ቆଵି௘
ష

ಲೣ
೙శభቇ

቏

(௡ାଵ)

∫  
∞

଴
𝑢௡𝑒

ି
೙ಲ

൭భష೐
ష

ಲೣ
೙శభ൱

𝑓(𝑢)𝑑𝑢,                                                         (1.3) 

where 𝑥 ∈ (0, ∞) and 𝑀෩௡(𝑓, 0) = 𝑓(0), preserving constant and the test function 𝑒஺௫. 

2. BASIC RESULTS 

Here, we obtain some lemmas essential for the proof of the main theorem.  

Lemma 2.1. For 𝜃 > 0, we have 

𝑀෩௡൫𝑒ఏ௨, 𝑥൯ = ቆ1 −
൫1 − 𝑒ି஺௫/(௡ାଵ)൯𝜃

𝐴
ቇ

ି(௡ାଵ)

. 

It may be observed that 𝑀෩௡൫𝑒ఏ௨, 𝑥൯ can be written moment generating function and can be used 
in obtaining the moments of (1.3)   

Let 𝑈௞
ெ෩೙(𝑥) = 𝑀෩௡(𝑒௞ , 𝑥), where 𝑒௞(𝑢) = 𝑢௞, 𝑘 ∈ 𝑁 ∪ {0}. The moments are given by 

𝑈௞
ெ෩೙(𝑥) = ቈ

∂௞

∂𝜃௞
𝑀෩௡൫𝑒ఏ௨, 𝑥൯቉

ఏୀ଴

 

= ቈ
பೖ

பఏೖ ቊቀ1 −
൫ଵି௘షಲೣ/(೙శభ)൯ఏ

஺
ቁ

ି(௡ାଵ)

ቋ቉
ఏୀ଴

. 
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Some moments are given as 

𝑈଴
ெ෩೙(𝑥) = 1 

𝑈ଵ
ெ෩೙(𝑥) =

(𝑛 + 1)

𝐴
൫1 − 𝑒ି஺ /(௡ାଵ)൯, 

𝑈ଶ
ெ෩೙(𝑥) =

(𝑛 + 1)(𝑛 + 2)

𝐴ଶ
൬1 − 𝑒ି

ಲೣ

೙శభ൰
ଶ

. 

Lemma 2.2. Here we find the moments of arbitrary order, satisfying the following  

𝑈௥
ெ෩೙(𝑥) =

(𝑛 + 1)௥

𝐴௥
൫1 − 𝑒ି஺௫/(௡ାଵ)൯

௥
, 𝑟 = 0,1, … 

Where the Pochhammer symbol is given by 

(𝑑)଴ = 1, (𝑑)௥ = 𝑑(𝑑 + 1) ⋯ (𝑑 + 𝑟 − 1). 

We have the following lemma by using linearity property and Lemma 2.2, 

Lemma 2.3. The central moments 𝜇௞
ெ෩೙(𝑥) = 𝑀෩௡((𝑢 − 𝑥)௞ , 𝑥) are given below: 

𝜇௥
ெ෩೙(𝑥) = ෍  

௥

௩ୀ଴

(−1)௥ି௩ ቀ
𝑟
𝑣

ቁ 𝑥௥ି௩൫1 − 𝑒ି஺௫/(௡ାଵ)൯
௩ (𝑛 + 1)௩

𝐴௩
, 𝑟 = 0,1, …. 

 For  𝑛 ∈ 𝑁, we have 

𝜇ଵ
ெ෩೙(𝑥) =

(𝑛 + 1)

𝐴
൫1 − 𝑒ି஺ /(௡ାଵ) − 1൯ − 𝑥 

𝜇ଶ
ெ෩೙(𝑥) =

(𝑛 + 1)(𝑛 + 2)

𝐴ଶ
൫1 − 𝑒ି஺ /(௡ାଵ)൯

ଶ
+ 𝑥ଶ − 2𝑥

(𝑛 + 1)

𝐴
൫1 − 𝑒ି஺ /(௡ାଵ)൯. 

Lemma 2.4. The central moments𝜇ଶ௥
ெ෩೙(𝑥) = 𝑀෩௡((𝑢 − 𝑥)ଶ௥ , 𝑥), we have 

𝜇ଶ௥
ெ෩೙(𝑥) = 𝑂(𝑛ି௥), 𝑛 → ∞, 𝑟 = 1,2,3, ⋯ 

Proof. We analyze 

𝑀෩௡(𝑓, 𝑥) = 𝑀௡(𝑓, 𝛼௡(𝑥)), 

where 

𝑎௡(𝑥) =
𝑛

𝐴
൫1 − 𝑒ି஺௫/(௡ାଵ)൯. 

It can be seen that 𝑗 > 1 − 𝑒ି௝ > 𝑗 −
௝మ

ଶ
 for 𝑗 ∈ [0, ∞). We set 𝑗 = 𝐴𝑥/(𝑛 + 1) and get 
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𝑥 ቀ
𝑛

𝑛 + 1
ቁ > 𝛼௡(𝑥) > 𝑥 ቀ

𝑛

𝑛 + 1
ቁ − ൬

𝐴𝑥

𝑛 + 1
൰

ଶ

⋅
𝑛

2𝐴
. 

Therefore 

௫

௡ାଵ
< 𝑥 − 𝛼௡(𝑥) <

௫

௡ାଵ
+

஺௫మ௡

ଶ(௡ାଵ)మ = 𝑂(𝑛ିଵ), for 𝑥 ∈ [0, ∞). 

Hence  

𝑀෩௡((𝑢 − 𝑥)ଶ௥ , 𝑥) = 𝑀௡((𝑢 − 𝑥)ଶ௥ , 𝛼௡(𝑥)) 

= 𝑀௡((𝑢 − 𝛼௡(𝑥) + 𝛼௡(𝑥) − 𝑥)ଶ௥ , 𝛼௡(𝑥)) 

≤ 𝐾(𝑟)𝑀௡((𝑢 − 𝛼௡(𝑥))ଶ௥ , 𝛼௡(𝑥)) + 𝑀௡൫(𝑥 − 𝛼௡(𝑥)ଶ௥ , 𝛼௡(𝑥)) 

≤ 𝐾(r) ⋅
1

𝑛௥
+ ൫𝑥 − 𝛼௡(𝑥)൯

ଶ௥
= 𝑂(𝑛ି௥). 

Hence the proof of Lemma 2.4. 

3. MAIN RESULTS 

Definition 3.1 (WEIGHTED APPROXIMATION) 

Here we observe the behavior of the operators on some weighted spaces. 

Take 𝜓(𝑥) = 1 + 𝑒஺௫ , 𝑥 is real and positive. Considering the following weighted spaces 

𝐺ట(𝑅ା) = {𝑓: 𝑅ା → 𝑅: ∣ 𝑓(𝑥) ≤ 𝐾ଵ(1 + 𝑒஺௫)}, 

𝐾ట(𝑅ା) = 𝐺ట(𝑅ା) ∩ 𝐾(𝑅ା) 

𝐾ట
௥ (𝑅ା) = ቄ𝑓 ∈ 𝐾ట(𝑅ା): lim

௫→∞
 

௙(௫)

ଵା௘ಲೣ = 𝐾ଶ < ∞ቅ,  

where 𝐾ଵ, 𝐾ଶ are constants which depend on 𝑓. The norm is defined as 

∥ 𝑓 ∥ట= sup
௫∈ோశ

 
|𝑓(𝑥)|

1 + 𝑒஺௫
. 

Theorem 3.2. For each 𝑓 ∈ 𝐾ట
௥ (𝑅ା), we have 

lim
௡→∞

 ∥∥𝑀෩௡𝑓 − 𝑓∥∥ట
= 0. 

Proof [1]: In order to get the proof, we have to prove 

lim
௡→∞

 ∥∥𝑀෩௡൫𝑒௜஺௨/ଶ൯ − 𝑒௜஺௫/ଶ∥∥
ట

= 0, 𝑖 = 0,1,2 
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The result is true for 𝑖 = 0 and𝑖 = 2. To verify it for𝑖 = 1, by Lemma 2.1 we have 

∥ 𝑀෩௡൫𝑒஺௨/ଶ൯ − 𝑒஺௫/ଶห
ట

= 

sup
௫∈ோశ

 

ቤቀ1 −
൫ଵି௘షಲೣ/(೙శభ)൯

ଶ
ቁ

ି(௡ାଵ)

− 𝑒஺௫/ଶቤ

1 + 𝑒஺௫
 

= sup
௫∈ோశ

 
ቚ൫1 + 𝑒ି஺௫/(௡ାଵ)൯

ି(௡ାଵ)
2௡ାଵ − 𝑒஺௫/ଶቚ

1 + 𝑒஺௫
 

= sup
௫∈ோశ

 
ቚ𝑒஺௫൫1 + 𝑒஺௫/(௡ାଵ)൯

ି(௡ାଵ)
2௡ାଵ − 𝑒஺௫/ଶቚ

1 + 𝑒஺௫
 

                                 = sup
௫∈ோశ

ቂ
௘ಲೣ

ଵା௘ಲೣቃ   ฬቀ
ଶ

ଵା௘ಲೣ/(೙శభ)ቁ
௡ାଵ

− 𝑒஺௫/ଶฬ.                                        (3.1) 

Clearly 
௘ಲೣ

ଵା௘ಲೣ ∈ ቂ
ଵ

ଶ
, 1ቁ , 𝐴 > 0, 𝑥 > 0. 

We write 𝑢 = 𝑒஺௫/ଶ, 𝑢 ∈ [1, ∞) for 𝑥 ∈ (0, ∞). Then from (3.1)  

ฬቀ
ଶ

ଵା௨మ/(೙శభ)ቁ
௡ାଵ

− 𝑢ିଵฬ = 𝑢ିଵ ฬቀ
ଶ௨భ/(೙శభ)

ଵା௨మ/(೙శభ)ቁ
௡ାଵ

− 1ฬ = 𝑔(𝑢).                                              (3.2) 

In equation (3.2), we set 𝑢ଵ/(௡ାଵ) = 𝑗 ∈ [1, ∞). Hence 

𝑔(𝑢) = ℎ(𝑗) = 𝑗ି(௡ାଵ) ቤ൬
2𝑗

1 + 𝑗ଶ
൰

௡ାଵ

− 1ቤ 

= ቤ൬
2

1 + 𝑗ଶ
൰

௡ାଵ

− 𝑗ି(௡ାଵ)ቤ 

                                                      = 𝑗ି(௡ାଵ) − ቀ
ଶ

ଵା௝మቁ
௡ାଵ

 .                                                (3.3) 

We set ℎ(1) = 0, ℎ(+∞) = lim௝→∞  ℎ(𝑗) = 0. To obtain the global maxima of ℎ(𝑗) we solve the 

equation ℎ′(𝑗) = 0. Simple computations give that ℎ′(𝑗଴) = 0 for 𝑗଴ satisfying the equation 

                                                 
ଶ

ଵା௝బ
మ = 𝑗଴

ି(௡ାଷ)/(௡ାଶ)
, 𝑗଴ ∈ (1, ∞).                                          (3.4) 

From equations (3.3) and (3.4)  

           ℎ(𝑗) ≤ ℎ(𝑗଴) = 𝑗଴
ି(௡ାଵ)

− 𝑗଴

ି
(೙శయ)(೙శభ)

೙శమ .                                                                          (3.5) 

If we show the following, the proof will be completed  
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                      ℎ(j଴) <
ଵ

ଶ(௡ାଷ)
, 𝑛 → ∞ .                                                                                     (3.6) 

If we set in (3.5)𝑗଴
௡ାଵ = 𝑦଴ ∈ (1, +∞). Then ℎ(𝑦଴) = 𝑦଴

ିଵ − 𝑦଴ < 𝑚𝑎𝑥𝑙(𝑦) with 𝑙(𝑦) = 𝑦ିଵ −

𝑦ି(௡ାଷ)/(௡ାଶ). We find that 𝑙′(𝑦ଵ) for 𝑦ଵ = ቀ
௡ାଷ

௡ାଶ
ቁ

௡ାଶ

.  

Therefore 

𝑙(𝑦ଵ) = ൬
𝑛 + 3

𝑛 + 2
൰

ି(௡ାଶ)

− ൬
𝑛 + 3

𝑛 + 2
൰

ି(௡ାଷ)

 

= ൬
𝑛 + 3

𝑛 + 2
൰

ି(௡ାଶ)

ቈ1 − ൬
𝑛 + 3

𝑛 + 2
൰

ିଵ

቉ 

= ൬1 +
1

𝑛 + 2
൰

ି(௡ାଶ) 1

𝑛 + 3
<

1

2(𝑛 + 3)
,  

due to lim௡→∞  ቀ1 +
ଵ

௡ାଶ
ቁ

ି(௡ାଶ)

= 𝑒ିଵ < 1/2. 

Definition 3.3. (A DIRECT QUANTITATIVE ESTIMATE) 

In this section, our aim is to obtain a quantitative form of the statement in Theorem 3.2. Simply we 
modify the weight function and we consider 𝜓(𝑥) = 𝑒஺௫ , 𝑥 ∈ 𝑅ା,  instead of 𝜓(𝑥) = 1 + 𝑒஺௫ , 𝑥 ∈
𝑅ା. For continuous functions on [0, ∞) with exponential growth i.e. 

                              ∥ 𝑓 ∥஺: = sup
௫∈[଴,∞)

 |𝑓(𝑥) ⋅ 𝑒ି஺௫| < ∞, 𝐴 > 0.                                                 (3.7) 

 
We observe that 

                              ∥∥𝑀෩௡𝑓∥∥஺
≤∥ 𝑓 ∥஺.                                                                            (3.8) 

If the following function series is uniformly convergent on [0, ∞) 

𝑄(𝑥) = ∑  ∞
௥ୀ଴ 𝑡௥(𝑥), 𝑥 ∈ [0, ∞), 

Then 

             𝑀෪௡(𝑄)(𝑢), 𝑥) = ∑  ∞
௥ୀ଴  𝑀෩௡(𝑡௥(𝑢), 𝑥), 𝑥 ∈ [0, ∞).                                                   (3.9) 

The last series is also uniformly convergent. To achieve our goal, in this section we need the first 
order exponential modulus of continuity, given by Ditzian in [4] and defined as 

𝜔ଵ(𝑓, 𝛿, 𝐴): = sup
௛ஸఋ,଴ஸ௫ழ∞

 |𝑓(𝑥) − 𝑓(𝑥 + ℎ)|𝑒ି஺௫ . 
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Let the sequence of operators𝑀෩௡: 𝐸 → 𝐶[0, ∞), where the domain of the operator 𝑀෩௡ contains the 
space of functions 𝑓 with exponential growth, i.e. ∥ 𝑓 ∥஺< ∞.  

Statement of our main results follows as:  

Theorem 3.4. Let 𝑀෩௡: 𝐸 → 𝐶[0, ∞) be the sequence of linear positive operators of Post-Widder 
type defined in (1.3). Then 

ห𝑀෩௡(𝑓, 𝑥) − 𝑓(𝑥)ห ≤ 𝑒஺௫[3 + 𝐾(𝑛, 𝑥)]𝜔ଵ ቆ𝑓, ටμ
ଶ

ெ෩೙(𝑥), 𝐴ቇ,  

where 

𝐾(𝑛, 𝑥) = 2 ෍  

∞

௥ୀଵ

𝐴௥

𝑟!
ටμ

ଶ௥

ெ෩೙(𝑥), 𝑛 → ∞ for fixed 𝑥 ∈ [0, ∞). 

Proof. We notify that 

     |𝑓(𝑡) − 𝑓(𝑥)| ≤ ൜
𝑒஺௫𝜔ଵ(𝑓, 𝛿, 𝐴), |𝑢 − 𝑥| ≤ 𝛿

𝑒஺௫𝜔ଵ(𝑓, 𝑘𝛿, 𝐴), 𝛿 ≤ |𝑢 − 𝑥| ≤ 𝑟𝛿
                                                (3.10) 

where 𝑟 is the smallest natural number in the above upper bound. Following [17], we show 

𝜔ଵ(𝑓, 𝑟𝛿, 𝐴)≤ 𝑟𝑒஺(௥ିଵ)ఋ𝜔ଵ(𝑓, 𝛿, 𝐴) 

                                                                     ≤ 𝜔ଵ(𝑓, 𝛿, 𝐴) ቂ
|௨ି௫|

ఋ
+ 1ቃ 𝑒஺|௨ି௫|.                       (3.11) 

Now (3.10) and (3.11) imply 

                                       |𝑓(𝑢) − 𝑓(𝑥)| ≤ ቂ1 + ቀ
|௨ି௫|

ఋ
+ 1ቁ 𝑒஺.|௨ି௫|ቃ 𝑒஺௫𝜔ଵ(𝑓, 𝛿, 𝐴)                 (3.12) 

For fixed 𝑥 ∈ [0, ∞), we observe that the following series is uniformly convergent for 𝑢 ∈ [0, ∞) 

𝑄ଵ(𝑢, 𝑥)= 𝑒஺⋅|௨ି௫| = ෍  

∞

௥ୀ଴

 
(𝐴|𝑢 − 𝑥|)௥

𝑟!
 

                                      |௨ି௫|

ఋ
𝑄ଵ(𝑡, 𝑥)=

|௨ି௫|

ఋ
+

ଵ

ఋ
∑  ∞

௥ୀଵ  
஺ೝ|௨ି௫|ೝశభ

௥!
.                                         (3.13) 

Clearly for our operators 𝑀෩௡ using (3.10), (3.12) and (3.13), we obtain 

∣ 𝑀෩௡(𝑓(𝑢) − 𝑓(𝑥) ∣≤  𝑀෩௡(|𝑓(𝑢) − 𝑓(𝑥)|, 𝑥) 

≤ 𝑒஺௫ ൜1 + 𝑀෩௡(𝑄ଵ(𝑢, 𝑥), 𝑥) +
1

𝛿
𝑀෩௡(|𝑢 − 𝑥|, 𝑥) 

                                               +
ଵ

ఋ
∑  ∞

௥ୀଵ  
஺ೝெ෩೙൫|௨ି௫|ೝశభ,௫൯

௥!
ቅ 𝜔ଵ(𝑓, 𝛿, 𝐴).                                       (3.14) 
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Using Cauchy Schwarz inequality, we have 

𝑀෩௡(|𝑢 − 𝑥|௥ାଵ, 𝑥)≤ ට𝑀෩௡((𝑢 − 𝑥)ଶ, 𝑥)ට𝑀෩௡((𝑢 − 𝑥)ଶ௥,𝑥) 

                                                            = ටμ
ଶ

ெ෩೙(𝑥)ටμ
ଶ௥

ெ෩೙(𝑥).                                                      (3.15) 

Further 

𝑄ଵ(𝑢, 𝑥) = 1 + 𝐴|𝑢 − 𝑥| + ෍  

∞

௥ୀଶ

(𝐴|𝑢 − 𝑥|)௥

𝑟!
. 

Hence 

  𝑀෩௡(𝑄ଵ(𝑢, 𝑥), 𝑥) ≤ 1 + 𝐴ට𝜇ଶ
ெ෩೙(𝑥) + ∑  ∞

௥ୀଶ  
஺ೝටఓమೝ

ಾ෪೙(௫)

௥!
                                             (3.16) 

From Lemma 2.4, for fixed 𝑥 ∈ [0, ∞), we have 

  𝜇ଶ୰
ெ෩೙(𝑥) = 𝑂(𝑛ି୰), 𝑛 → ∞                                                                      (3.17)                                          

We set in (3.14) that 

                                                         𝛿 = ට𝜇ଶ
ெ෩೙(𝑥) = 𝑂൫𝑛ିଵ/ଶ൯, 𝑛 → ∞                                      (3.18) 

Therefore estimates (3.14) -(3.18) imply 

ห𝑀෩௡(𝑓, 𝑥) − 𝑓(𝑥)ห ≤ 𝑒஺௫[3 + 𝐾(𝑛, 𝑥)]𝜔ଵ ቆ𝑓, ට𝜇ଶ
ெ෩೙(𝑥)), 𝐴ቇ, 

where 

𝐾(𝑛, 𝑥) = 𝐴ට𝜇ଶ
ெ෩೙(𝑥) + ෍  

∞

௥ୀଶ

𝐴௥ට𝜇ଶ
ெ෩೙(𝑥)

𝑟!
+ ෍  

∞

௥ୀଵ

𝐴௥ට𝜇ଶ୰
ெ෩೙(𝑥)

𝑟!
= 𝑂൫𝑛ିଵ/ଶ൯, 𝑛 → ∞ 

by fixed 𝑥 ∈ [0, ∞). This completes the proof of theorem. 

CONCLUSION: Author has discussed the weighted approximation properties for the modified 
Post-Widder operators. We also investigated a direct quantitative estimate for above discussed 
operators. Some authors have shown the approximation graphically for linear positive operators, 
similarly one can find the approximation results graphically for these operators for different test 
functions. 
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