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Abstract
In this research work, we studied the defined contribution (DC) member’s investment plan (MIP) with multiple contributors under GBM model and the effect of stochastic supplementary contributions on the MIP’s. We consider investments in a risk-free asset and a risky asset with the sole objective of increasing the accumulated wealth and returns from investment of the contributing members and assumed that the supplementary contributions are stochastic. Also, a stochastic differential equation which consist of the DC plan members’(DCPM) monthly contributions and the invested funds are obtained. Furthermore, an optimization problem is obtained in the form of Hamilton Jacobi Bellman (HJB) equation by maximizing the value function of the DCPM subject to her wealth. Using Legendre transformation and dual theory method, we obtained the DCPM’s investment strategy with stochastic voluntary contribution and the corresponding optimal fund size was also obtained. We discussed the effects of the voluntary contribution, risk averse coefficient, stock market appreciation rate and risk-free interest rate on the MIP with theoretical propositions. We observed that the voluntary contribution assists the PFAs to reduce investment in risky assets hence reduce the MIP on the risky asset and also the MIP decreases with time if the optimal fund size is used at the initial stage.

Keywords: Geometric Brownian motion, stock market prices, Ito’s lemma, defined contribution pension scheme, supplementary contributions.
MSC: 97M30, 98B26
1 INTRODUCTION
The pension scheme so far has played a very important part in planning for retiree's old age retirement system and has help members of the pension scheme to maintain some level of sustainability after their period in service [1,2]. Although, this system works efficiently and effectively in countries with stable economic policies and good leadership, but the case is not so for countries with bad leadership and unstable economic policies  where the political class influence the implementation of the pension scheme and this has led to PFAs not living up to expectation of DCPMs and as such do not pay the DCPMs their retirement benefits as at when due and this has left many DCPMs on the street begging and some out of frustrations lose their lives in the  process of going for what rightfully belong to them. More sympathetic are members who lose their lives during active service tends to lose everything after contributing to the scheme. Hence there is need to carefully plan from when income is earned to when there would be no more earnings i.e from working period to retirement period except possibly a subsistence level of support from the members accumulated contribution during working period or members employers’ contributions (retirement life). These accumulated funds contributed monthly by either of the employer only or employees only or jointly by both employers and employees with the aim to sustain members after their working years is what is termed pension. Recently, there have been a great deviation from the defined benefit pension scheme to the DC pension scheme. Although the DC pension scheme seems reliable and attractive, it requires knowledge of investments in the risky assets as available in the financial market. These assets include stocks, bonds loans etc [3-12]. This has led to the study of DCPM’s investment strategy by PFAs and this explains the fraction of the DCPMs’ wealth to be invested between the various assets involved to yield maximum profit with minimal risk [13]..
Following the pension reform act 2004 and 2014 as amended, the act empowers members of pension schemes to contribute voluntarily supplementary contributions different from the mandatory contributions. Depending on the DCPMs’ preference, the supplementary contributions may either be deterministic or stochastic as the case may be [2,26]. In maximizing the expected utility of the terminal wealth of the members, different utilities functions have been used in studying the pension plan member investment strategy of the contributing members. These include, the power or logarithmic utility function, which exhibit constant relative risk aversion (CRRA) and the exponential utility function, which exhibit constant absolute risk aversion (CARA).  Different authors make use of different utility function such as [6,14] used only (CARA) utility function, [15-18] used only (CRRA) utility function while [3,6] used both (CARA) and (CRRA) utility functions. [19] investigated stochastic optimal investment under inflammatory market with minimum guarantee, where members made supplementary contribution to amortize the pension fund. [8] studied the impact of supplementary contributions on the DCPM’s investment strategy with stochastic salary under affine interest model; in their work, the supplementary contribution was constant and they considered investments in cash, stock and bond. [12] used stochastic supplementary contribution to study DCPM’s investment strategies with three assets with stochastic interest rate. Also, [20], studied DCPM’s investment strategy in the presence of inflation.
The DCPMs optimal investment strategies in a DC pension plan have been studied by several authors; these include but not limited to [15] who studied DCPM investment plan in the presence of a minimum guarantee. [21] studied DCPM investment strategies with bounded risk, general utilities and goal achieving. [22] studied stochastic strategies in a DC pension fund. [23] investigates optimal investment strategies in a DC pension with multiple contributors using power transformation method. [24] studied optimal investment strategies for a DC pension with multiple contributors under CEV model using Legendre transformation technique. In paper, we investigate DCPM’s investment plan with multiple contributors under GBM model and the effect of stochastic supplementary contributions on the MIP’s. We consider investments in a risk-free asset and a risky asset with the sole objective of increasing the accumulated wealth and returns from investment of the contributing members and assumed that the supplementary contributions are stochastic.
2. Materials and Methods
In this section, we shall present the Legendre transformation and dual theory which is our method of solution. Since our expected optimization problem is a non-linear second order partial differential equation (PDE), we intend to use the Legendre transformation method to reduce the non-linear PDE to a linear PDE before applying the variable separable technique to solve for the DCPM’s value function and MIP under GBM model.
2.1 Legendre Transformation Method and Dual Theory 
The Legendre transformation method and dual theory is an important tool used in the transformation of our optimization problem known as the Hamilton Jacobi Bellman equation which is usually a non-linear partial differential equation to a linear partial differential equation. This method is summarized a theorem as stated below.
Theorem 1: Let  be a convex function for  define the Legendre transform
 			          	     				(2.1)
where  is the Legendre dual of the function . Jonsson et al (2002)
If  is strictly convex, the maximum in the above equation will be attained at just one point, which we denote by . It is attained at the unique solution to the first-order condition, namely,
 . 
So, we may rewrite
 
Since  is convex, from theorem 3.1 we defined the Legendre transform
	          	     	     	(2.2)
where   is the dual of  and  is the dual variable of. 
The value of  where this optimum is attained is denoted by  such that
                	     		    (2.3)	
The function  and are closely related and can be refers to as the dual of. These functions are related as follows
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where
 							(2.5)
At terminal time, we denote
 						(2.6)
and
 						(2.7)
As a result 
		                      	           	         				(2.8)
where  is the inverse of the marginal utility  and note that 
At terminal time , we can define
 						(2.9)
and
 							(2.10)
so that  
 								(2.11)
Differentiating (3.10) with respect to 𝑡, and x, the transformation rules for the derivatives of the value function  and the dual function can be given by the following partial derivatives
                           					(2.12)
2.2 Financial Assets Models
Suppose the fund administrators are interested in investment involving one risk-free asset (bank deposit) and one risky asset (stock). let   represents a complete probability space where  is a real space, a probability measure,. is the filtration and denotes the information generated by the Brownian motion , where  is a standard two dimensional motion such that 
Let  denote the price of the risk free asset, it model is given as                                                    
										 (2.13)
Let  denote the risky asset price which is modelled using the GBM model and its dynamics is given as                                                   
									(2.14) 
Where,  is drift and represents the appreciation rate of the asset and satisfies the general condition .  is standard deviation and represents the instantaneous volatility of the asset price.
In DC pension fund system with multiple contributors, we assume that pensions are paid to only retirees and continue till the death of the retirees after which they are automatically deleted from the system. With this, the payment process is stochastic and assumes the Brownian motion with drift as follows
								(2.15)
Where  and  are positive constants and denote the amount given to the retired contributors and that which is due death contributors which are out of the system.
Also, members have the obligations of remitting a fixed fraction of their earnings to their RSA account every month; also based on the Nigerian Pension Reform Act of 2004, and 2014 as amended, members have the liberty to contribute a voluntary additional percentage of their income to their RSA [26]. Based on this, we consider a case where the rate of the additional contributions is stochastic. We assume that the number of contributors is constant and the contribution rate is modeled as follows		
									(2.16)
Where  is the additional income with stochastic rate of contribution 
Where  with safety loading. If there is no investment, the dynamics of the surplus is given by                                                  
				(2.17) 
Let  denote the wealth of pension fund at let  denote the proportion of the pension fund invested in the risky asset  and , the proportion invested in risk free asset hence the dynamics of the pension wealth is given by  
				(2.18)
Substituting (2.13), (2.14) and (2.17) into (2.18) we have
    (2.19)
2.3 The DCPM’s Value Function and HJB Equation
The plan member will retire at time 𝑇 and is risk averse; so, the utility function is typically increasing and concave (. In this section, we are interested in maximizing the utility of the plan member’s terminal relative wealth.
Let  be the strategy and we define the utility attained by the member from a given state  at time  as 
						(2.20) 
Where  is the time and  is the wealth. 
The main aim of this section is to find the optimal value function and optimal strategy given as 
	and 							(2.21)
Respectively such that 
									(2.22)
The Hamilton-Jacobi-Bellman (HJB) equation associated with the optimization problem is
(2.23)
Differentiating equation (2.23) with respect to , we obtain the first order maximizing condition as 
						(2.24)
Solving equation (2.24) for  we have
								(2.25)
Substituting (2.25) into (2.23), we have
(2.26)
So that
 			(2.27)
Where  and is the marginal utility of the investor
Since (2.26) is a non-linear PDE due to the presence of  we consider reducing (2.26) into a linear PDE for  using Legendre transformation method and dual theory.
Substituting (2.5) and (2.12) into (2.27), we have
 		(2.28) 
And
		      						(2.29)
Differentiating (2.28) and (2.29) with respect to and using , we have
 	(2.30)
and
								(2.31)
Next, we consider solving for and substitute in (2.31) to obtain the optimal investment strategy. where
 

3. DCPM’s Investment Plan
In this chapter, we attempt to solve (2.30) and (2.31) to obtain the DCPM’s investment plan with supplementary contributions. We assumed the DCPM prefers an exponential utility function to measures his satisfaction at the time of retirement . From [2,3,27], the exponential utility function is given as
								(3.1)
The absolute risk aversion of a decision maker with the utility described in (4.1) is constant and is a constant absolute risk aversion (CARA) utility function.
Since  with the CARA utility function we obtain
									(3.2)
Hence we developed a solution to (2.30) as follows
						(3.3)
Differentiating (3.3), we have
					(3.4)
Substituting (3.4) into (2.30), we have
		(3.5)
Simplifying (3.5), we have
					(3.6)

Splitting (3.6), we have					
									(3.7)

							(3.8)
and
						(3.9)
Substituting (3.7) into (3.9), we have
								(3.10)
Next, we attempt to solve (3.7), (3.9) and (3.10) by using separation of variable technique and integrating factor method
From (3.7), we have
		
Using separation of variable method, we have
									
Integrating both sides, we have
	
	
 
 
 
Applying the boundary condition, we have
 
and
									(3.11)
From (3.9), we have
							(3.12)
Since the problem is a first order ordinary differential equation, we use the integrating factor approach as follows
Let  be the integrating factor for the problem above, then
 									(3.13)
Substituting (3.44) into (4.43), we have
						(3.14)
Integrating (3.14) with respect to , we have
							

Applying the given condition, we have
 							(3.15)
Substituting (3.15) for we have
.						(3.16)
From (3.10), we have
								(3.17)
Integrating (3.17) with respect to , we have

 							(3.18)
Applying the boundary condition, we have

 							(3.19)
Substituting (3.19) into (3.18), we have

  						(3.20)

Substituting (3.11), (3.16) and (3.20) into (3.3), we have
			(3.21)
Differentiating (3.21) with respect to , we have
  									(3.22)
Substituting (3.22) into (2.31), we have
										

 								(3.23)
Result 1: The PPM’s Investment strategy for a DC scheme with multiple contributions and stochastic additional contribution under GBM is given by

Remark 1. Assume that there is no voluntary contribution; i.e., then result 1 reduces to

Result 2: The optimal fund size  corresponding to the PPM’s investment strategy is given as



Proof. From (3.7) and result 1, we have

and 

Substituting  into (2.7), we have


Integrating both sides with respect to t, we have

Using the condition , we have




4. Results Presentation and Analysis
Proposition 1
Let , ,  and , then  is a decreasing function of the risk averse coefficient .
Proof
To prove that  is a decreasing function of , we are to show that  
 
 
Since , ,  and 
then 
 
hence
 
Since , then is a decreasing function of .
Proposition 2
Let , ,  and , then  is a decreasing function of the initial wealth .
Proof
To prove that  is a decreasing function of , we are to show that  
 
 
Since , ,  and 
then 
 
hence
 
Since , then is a decreasing function of .
Proposition 3
Let , ,  and , then  is an increasing function of the instantaneous expected rate of return of the risky asset .
Proof
To prove that  is an increasing function of , we are to show that  
 
 
Since , ,  and 
then 
 
hence
 
Since , then is an increasing function of .
Proposition 4
Let , ,  and , then  is an increasing function of time .
Proof
To prove that  is a decreasing function of , we are to show that  
 
 
Since , ,  ,  and 
then 
 and 
hence
 
Since , then is an increasing function of .
Proposition 5
Let , ,  and , then  is a decreasing function of the predetermined interest rate .
Proof
To prove that  is a decreasing function of , we are to show that  
 
 
Since , ,  and 
then 
 
hence
 
Since , then is a decreasing function of .
Proposition 6
Let , ,  and , then  is a decreasing function of the supplementary contribution .
Proof
To prove that  is a decreasing function of , we are to show that  
 
 
Since , , and  
then 
 
hence
 
[bookmark: _GoBack]Since , then is a decreasing function of .
Proposition 7
Let , ,  and , then  is a decreasing function of instantaneous volatility .
Proof
To prove that  is a decreasing function of , we are to show that  
 
 
Since , , and  
then 
 and 
hence
 
Since , then is a decreasing function of .
4.2 Discussion
Proposition 1 presents DCPM investment strategy with supplementary contributions. This shows that the optimal fund size increases as the supplementary contributions increases hence more money for investment by the PFAs. The implication of this is that the member’s PFAs may reduce the amount to be invested in risky asset hence reducing the DCPM’s investment strategy in risky asset and increase investment in risk-free asset to avoid taking risk that may affect the already accumulated wealth. In general, we observed that the PPM’s investment strategy is a decreasing function of the supplementary contributions.
Proposition 2 describes the relationship between DCPM’s investment plan with instantaneous volatility. It was observed that the DCPM’s investment strategy is a decreasing function of the instantaneous volatility. The implication of this is that when most risky assets are highly volatile but the expected rate of return on such assets are mostly very attractive. However, most members and even the administrators prefer to take less risk that’s why most members are enroll in fund II instead of fund I which is highly volatile. As a result, the more volatile an investment is, the more likely members will reduce their investment in such assets and increase their investments in risk free asset leading to a decrease in the DCPM’s investment plan in the risky asset.
Proposition 3 describes the relationship between DCPM’s investment plan with expected instantaneous rate of return. Just like the risk-free asset is the return on investment for risk-free asset, the expected instantaneous rate of return is the instantaneous rate of return of the risky asset. It was observed that the DCPM’s investment strategy is an increasing function of the expected instantaneous rate of return. The implication of this is that when the value of the risky asset appreciates, the member will be more interested in such asset and vice versa.
Proposition 4 describes the relationship between DCPM’s investment plan with time It was observed that the DCPM’s investment strategy is an increasing function of time. The implication of this is that as retirement time approaches, members may be willing to take some risk to increase their accumulated funds thereby leading to an increase in the DCPM’s investment plan for the risky asset.
Proposition 5 describes the relationship between DCPM’s investment plan with risk-free asset interest rate. Just like the appreciation rate is the return on investment for risky asset, the risk-free asset interest rate is the predetermined interest rate of return of the risk-free asset. It was observed that the DCPM’s investment strategy is a decreasing function of the predetermined interest rate. The implication of this is that when the predetermined interest rate is increased or appreciates, the member will be more interested in the risk-free asset and vice versa.
In proposition 6, the relationship between the DCPM’s investment plan with risk averse coefficient was examined. It was observed that DCPM’s investment strategy is a decreasing function of the risk averse coefficient. This is so because members with high risk-averse coefficient will naturally be scared of taking risk, hence a reduction in the DCPM’s investment strategy of the risky asset and an increase in investment in risk-free asset.
Proposition 7 presents DCPM investment strategy with DCPM wealth. It was observed that the DCPM investment strategy is a decreasing function of the with DCPM’s wealth. The implication of this is that the member’s PFAs may reduce the amount to be invested in risky asset hence reducing the DCPM’s investment strategy in risky asset and increase investment in risk-free asset to avoid taking risk that may affect the already accumulated wealth. 


5. Conclusion 
This project work investigated the optimal portfolio selection in a DC pension fund with multiple contributors under GBM model and the effect of stochastic supplementary contributions on the DCPM’s investment strategy. We assume that the supplementary contributions are stochastic and consider investments in one risk-free asset and one risky asset with the aim of increasing the accumulated wealth and returns from investment of the contributing DCPMs. Also, a stochastic differential equation which is made up of the DCPMs’ monthly contributions and the invested fund are obtained. Furthermore, an optimization problem in the form of Hamilton Jacobi Bellman’s equation is derived with the help of Ito’s lemma. Using Legendre transformation and dual theory method, we obtained the DCPM’s investment strategy with stochastic supplementary contributions and the corresponding optimal fund size was also obtained. We discussed the impact of the voluntary contribution, risk averse coefficient, stock market appreciation rate and risk-free interest rate on the PPM’s investment strategy with theoretical propositions. We observed that the supplementary contributions helps the PFAs to reduce investment in risky assets hence reduce the DCPMs investment strategy on the risky asset and also the DCPM optimal investment strategy decreases with time if the optimal fund size is used at the initial stage.
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