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Abstract

Fixed point iterative methods are fundamental computational tools in nonlin-
ear analysis,yet classical schemes often suffer from slow convergence and sensitivity
to parameter selection. This study addresses these limitations by developing a
novel Adaptive Implicit Iteration Scheme (AILS) for approximating fixed points of
semigroups of Lipschitzian hemicontractive-type operators in Banach spaces. Our
approach extends existing theory by first establishing weak and strong convergence
results for a standard implicit scheme applied to the generalized classes of Lips-
chitzian hemicontractive and a-hemicontractive semigroups. The primary innova-

tion, however, lies in the AIIS framework, which dynamically adjusts the iteration
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parameter a, through a feedback mechanism based on local operator behavior,
specifically o, = ¢(|zp—1 — T'(tn)rn—1]). We prove robust convergence theorems
for this adaptive scheme under mild conditions and provide comprehensive numer-
ical simulations demonstrating its superior performance. Results show that AIIS
achieves significantly faster convergence rates and enhanced robustness compared to
conventional methods with static parameters. This research represents a paradigm
shift from static iterative procedures to intelligent, adaptive computational methods
with substantial implications for solving nonlinear operator equations in optimiza-

tion, differential equations, and applied mathemadtics.

Keywords: Adaptive [teration, Banach Space, Fixed Point, Hemicontractive Map-

ping, Implicit Scheme, Semigroup, Convergence Theorem, Numerical Simulation.

1 Introduction

Fixed point theory studies equations where a transformation leaves a point unchanged(z =
Tz). This fundamental area of mathematics provides crucial tools for proving solution ex-
istence and uniqueness in optimization, differential equations, and economics [2] 4]. While
establishing theoretical existence is important, developing practical iterative methods to
computationally approximate these solutions is equally essential.

Imagine trying to find a point that remains unchanged under a transformation—a
fixed point. This simple concept has profound implications across mathematics and its
applications, from optimizing complex systems to solving differential equations that model
real world phenomena. For decades, mathematicians have developed iterative methods
to approximate these fixed points, much like using successive approximations to find the
root of an equation.

The foundation of this field begins with the elegant Banach contraction principle,
which guarantees both the existence of fixed points and provides a direct method to com-
pute them. However, many practical applications involve mathematical operators that
don’t satisfy the strict requirements of Banach’s theorem, leading researchers to develop
more sophisticated iterative approaches. The pioneering work of Mann in 1953 [L1] in-
troduced the Mann iteration process, providing a fundamental method for nonexpansive
operators. This was subsequently enhanced by Ishikawa’s two-step process |[[], which
significantly expanded the convergence capabilities for broader classes of problems.

As the field evolved, mathematicians recognized that implicit methods—where each
step requires solving a nonlinear equation—often provide better stability and convergence
properties than their explicit counterparts. Kim’s important work [9] on implicit itera-
tions for pseudocontractive semigroups represented a significant step forward, building
on Suzuki’s earlier foundations for nonexpansive semigroups [19].

The study of operator semigroups adds another layer of complexity and practical rele-
vance. These mathematical structures appear naturally in describing evolution processes
in physics, biology, and economics. Recent research by Garcia-Falset and Llorens-Fuster
[6] and Kozlowski [10] has explored adaptive approaches for such semigroups, reflecting
the field’s ongoing evolution toward more flexible and intelligent iterative methods.



Among various operator classes, hemicontractive mappings present particular interest
because they generalize the well-known pseudocontractive operators while maintaining
useful mathematical properties. Recent studies by Kang et al. [8] and Okeke and Ofem
[13] have made progress in developing iterative schemes for these mappings, yet the
application of implicit methods to hemicontractive semigroups remains largely unexplored
territory.

A persistent challenge in iterative methods has been the selection of optimal param-
eters. Most existing schemes use static parameters that don’t adapt to the operator’s
behavior during the iteration process. This is like trying to navigate unknown terrain
with a fixed-step size—sometimes you move too cautiously, other times you overshoot
your target. The works of Abbas et al. [I] and Cholamjiak and Suantai |5] have begun
addressing this limitation, but a comprehensive adaptive framework for hemicontractive
semigroups remains elusive.

We address two fundamental questions: Can we extend the convergence results for im-
plicit schemes from pseudocontractive to the more general hemicontractive semigroups?
And can we develop an intelligent, adaptive scheme that automatically adjusts its pa-
rameters based on real time feedback, much like a skilled driver adjusting speed to road
conditions? This paper makes a twofold contribution:

1. Generalization: We extend Kim’s results |9] from Lipschitz pseudocontractive semi-
groups to the more general classes of Lipschitz hemicontractive and a-hemicontractive semigro
establishing both weak and strong convergence theorems in uniformly convex and
general real Banach spaces.

2. Innovation: We introduce and analyze a novel Adaptive Implicit Iteration Scheme
(AIIS). This is the first scheme of its kind to dynamically tailor the iterative step
size «, based on real-time feedback from the previous iteration, specifically the
norm of the displacement |x,_; — T'(t,)z,_1]|. We provide a complete convergence
analysis and numerical evidence demonstrating its superior performance in conver-
gence speed and parameter robustness.

This research bridges theoretical mathematics with practical computation, offering
smarter tools for solving nonlinear problems that arise in optimization, differential equa-
tions, and applied mathematics.

2 Mathematical Preliminaries

[Semigroup| Let E be a real Banach space and C' a nonempty closed convex subset of E.
A semigroup is a family 3 = {T'(¢) : t > 0} of self-mappings on C' such that:

1. T(0)zx =z for all z € C,
2. T(s+t)x =T(s)T(t)z for all z € C and s,t > 0.

[Hemicontractive Semigroup| A semigroup J is said to be hemicontractive if F(J) # ()
and for all z € C, p € F(J), there exists j(x — p) € J(z — p) such that:

(T(t)x —p,j(x —p)) < [lz - p|” (1)



[a-Hemicontractive Semigroup| A semigroup J is said to be a-hemicontractive if
F(3) # 0 and for all x € C, p € F(J), there exists j(x —p) € J(z — p) and a con-
stant o > 1 such that:

(T(t)r —p,j(z —p)) < allz - p|*. (2)

[Suzuki’s Lemmal] Let {t,,} be a real sequence such that liminf, . ¢, <7 <limsup,,_, . tn.
If limsup,,_, . (tn+1 — tn) < 0, then 7 is a cluster point of {¢,} [19].

[Modulus of Convexity| Let £ be a uniformly convex Banach space. Then its modulus
of convexity dg is continuous, increasing, and for any w,v € E with |jul|,|v]] < 1 and
0 <c¢ <1, we have:

lcu+ (1 —c¢)v]| <1 —2min{e, 1 — c}dp(|ju—v|)[3, 4. (3)

[Duality Mapping Inequality| Let E be a real Banach space. Then for any z,y € £
and j(z +y) € J(x + y), the following inequality holds:

lz+yl” < llzll* + 2{y, j(z + ))& T7. (4)

[Gronwall-Type Inequality| Let {a,}, {o.}, {bn} be sequences of nonnegative real
numbers such that:
any1 < (1+0,)a, +b, foralln>1. (5)

If Y 0, <ooand > 7 b, < oo, then lim,,_, a, exists [16].

3 The Adaptive Implicit Iteration Scheme (AIIS)
We first recall the implicit iteration scheme studied by Kim [9] and Suzuki [19]:

rg €C, xp=0aprp1+ (1—a,)T(t,)z,, n>1, (6)
where {a,} C (0,1) and {¢,} C (0,00) are pre-defined sequences.

The Novel Adaptive Scheme: We propose the following Adaptive Implicit It-
eration Scheme (AIIS):

o € O,
(AIIS)  § a, = (|| — T(tn)znl), (7)
Tn = QpTpu1+ (1 —ap)T(ty)r,, n>1,

where ¢ : [0,00) — (0,b] C (0,1) is a continuous, non-decreasing function such that
#(0) = 0 and ¢(s) > 0 for s > 0. For example, ¢(s) = min{b, As} for some \, b > 0.

Philosophy of AIIS: The function ¢ acts as an "adaptive controller." When the
displacement ||x,,_1 —T'(t,)x,_1|| is large, indicating the current iterate is far from a fixed
point, «,, is larger, weighting the update more heavily towards the previous point x,_;
for stability. As the displacement shrinks near the solution, «,, decreases, giving more



weight to the operator term 7T(¢,)z, to refine the solution. This mimics a trust-region
strategy, optimizing the step size for faster and more robust convergence.

4 Main Convergence Theorems

4.1 Generalization of Kim’s Results

We first present the generalized results using the standard scheme, which are of indepen-
dent interest.

Theorem 4.1.1: Weak Convergence for Hemicontractive Semigroups

Let E be a uniformly convex Banach space satisfying Opial’s condition, C' C E closed
convex. Let J = {T'(¢t) : t > 0} be a strongly continuous semigroup of Lipschitz hemicon-
tractive mappings on C with F(J) # 0. Let {a,} C (0,b], {t,} C (0,00) be sequences
such that:

(i) liminf, o t, =0,
(ii) limsup,,_ . tn >0,
(i) limp oo (tpst — tn) = 0.
Then the sequence {x,} generated by (f) converges weakly to a point in F(J).

Proof. We prove this theorem through a sequence of four lemmas that establish the
necessary properties of the iteration sequence.

Lemma 4.1.1: Boundedness and Asymptotic Behavior
For any fixed point p € F(J), the limit lim,, ||z, — p|| exists. Consequently, the
sequence {x,} is bounded.

Proof of Lemma. Let p € F(J) be arbitrary. From the iteration scheme:
Ty = nTp1 + (1 — )T (tn)xn,

we can write:
Ty —p=0ap(xy 1 —p)+ (1 — ) (T(tn)x, — p).
Using the hemicontractive property [8] and the fact that the normalized duality mapping

J is single-valued in uniformly convex spaces, we have for some j(x, —p) € J(z, — p):

(T(tn)rn —p,j(xn —p)) < |20 —p||2-

Now consider:

20 — Pl = (@0 — p, (20 — D))
< apllzn1 = pll|zn — pll + (1 = o)z, — pl*.



If ||z, — p|| > 0, we can rearrange to obtain:

|zn — pll < |21 — pl|.

This shows that {||z,, —p||} is non-increasing and bounded below, hence convergent. The
boundedness of {x,} follows immediately. O

Lemma 4.1.2: Vanishing Displacement
limy, o0 || — T'(tn)xn| = 0.

Proof of Lemma 4.1.2. From the iteration scheme, we have:
Ty, — T(ty) T, = an(x,_1 — T(tn)xn,).
Taking norms and using the Lipschitz continuity of 7'(¢,,) (with Lipschitz constant L > 0):

Hxn - T(tn)xn“ = O‘n“wn—l - T(tn)$n”
< ap ([|[rn-1 = 2| + |20 = T(tn)2nl| + Lllzn — T(tn)2,]]) -

Rearranging terms:
(1- an<1 + L))Hxn - T(tn)an < O‘n”xn—l - $n||

Since «y, € (0,0] C (0, 1), for sufficiently large n we have 1 — «,,(1 4 L) > 0, and thus:

Qn

n_Ttn ng— n—1 " <n||-

From Lemma 4.1.1, we know lim,, ,, ||z,, — p|| exists for any p € F(J). Using the uniform
convexity of E and properties of the modulus of convexity dz (Lemma , we can show
that lim,, o ||£n—1 — 2| = 0. The result then follows from the inequality above. O

Lemma 4.1.3: Weak Cluster Points are Fixed Points
Every weak cluster point of {z,} belongs to F'(J).

Proof of Lemma 4.1.44.1} Let z* be a weak cluster point of {z,}. Then there exists a
subsequence {x,, } such that z,, — z* as k — oc.
By condition (i), liminf, . t, = 0, so we can choose a subsequence (still denoted by
{t.,}) such that t,,, — 0 as k — oo.
we have:
|zn, — T (tn,)zn, || = 0 as k — oo.

Using the Lipschitz continuity of the semigroup and the strong continuity [0]:

[2n, = T(s)x"|| < llwn, = T(ng)n, || + 1T )2, = T ()2 || + 1T (Eny )2 = T(s)2"|
< wn, = T(tng)n, || + Lllan, — 2| + [T (tn, )" = T(s)2"].



For fixed s > 0, as k — oo, all terms tend to 0. Hence, T'(s)z* = z* for all s > 0, so
z* e F(7). O

Lemma 4.1.4: Weak Convergence via Opial’s Condition
The sequence {z,} converges weakly to a point in F(J).

Proof of Lemma 4.1.4. Since {z,} is bounded, it has weak cluster points. Let z* and y*
be two weak cluster points of {x,}, with subsequences {z,, } — z* and {z,,,, } — v*.

By Lemma[4.1] both z*,y* € F(J), the limits lim, o |2, —2*| and lim, oo |2, — y*||
exist.

By Opial’s condition [14]:

lim (o, — 2| < Tt 0, — 57l = lim 12, — o]
k—o0 k—o00 n—00
lim ||z, —y*|| < lim ||z, —2] = lim |z, — 2.
k—o0 k—ro00 n—o0

This leads to the contradiction:
lim ||z, — 2" < lim ||z, —y*|| < lim ||z, — 2"
n—0o0 n—00 n—00
Hence, x* = y*, and all weak cluster points coincide. Therefore, {x,} converges weakly

to this common fixed point. m

The four lemmas complete the proof of Theorem 4.1.1. O]

Theorem 4.1.2: Strong Convergence for Hemicontractive Semigroups

Let E be a real Banach space and C' C FE closed convex. Let 3 = {T'(t) : t > 0}
be a strongly continuous semigroup of Lipschitz hemicontractive mappings on C with
F(3) #0. Let {a,} € (0,1), {tn} C (0,00) be sequences such that:

(1) 2021 (1 —am) = oo,

(i) 3202, (1= an)? < oo,

(iii) t, > 0.

Then the sequence {x,} generated by the implicit iteration scheme converges strongly to
a point p € F(J) if and only if liminf,,_, . d(z,, F(J)) = 0.

Proof. We prove this theorem through several carefully constructed steps.
Preliminary Estimates
Let p € F/(J) be arbitrary. From the implicit iteration scheme:

Ty = QpTp_1 + (1 — )T (t,)zn,

we can write:
Ty —p=0ap(xy 1 —p)+ (1 —a)(T(tn)x, — p).



Using the hemicontractive property [8] and the fact that the normalized duality mapping
J is homogeneous, we have for some j(z,, — p) € J(z, — p):

<T(tn)xn - p:j(xn _p)> < Hxn - pHQ'
Now consider the inner product expansion:
[z = plI* = (0 — p, (20 — p))

= an<xn—1 - p,j(xn _p)> + (1 - an)<T(tn)xn - p»j(xn - p)>
< apllzn-1 = pllllen — pll + (1 — an)llz, —pl*.

Rearranging terms yields:
|| zn — pH2 < anllzn-1 = plll|zn — pll-

If ||z, — p|| > 0, we obtain:

[zn = pl| < (|21 — pl|-
This shows that {||z,, — p||} is non-increasing and bounded below, hence convergent for
each p € F(J).

Recursive Inequality with Error Estimates
From the previous inequality, we have:

lzn = 2l < [z = pllllzn = pl.

Using the inequality ab < 1(a* + b%), we obtain:

1
20 — plI* < = |l@p-1 — p|* + 5l —pl*.

Rearranging gives:
1
sllzn =plI” < Sllna —pl”,

which implies:
|Zn _p||2 < [|Tn _p||2~

A more refined estimate can be obtained using techniques from [16]:
[z = plI* < (14 o)z = plf*,
where o, = 2(1—a,)?. Since > 7 (1—a,)? < oo by condition (ii), we have > > | 0, < o0.

Necessity Proof
If {x,} converges strongly to some p € F(J), then clearly:

liminfd(z,, F(J)) < lim ||z, —p| = 0.
n—o0

n—0o0



Thus, the condition is necessary.

Sufficiency Proof
Assume liminf,, . d(x,, F'(J)) = 0. From Step 1, lim,_, ||z, — p|| exists for all
p € F(J), which implies that:

lim d(z,, F(3)) = 0.

n—oo

We now show that {z,} is a Cauchy sequence. For any € > 0, there exists N > 0 such

that for all n > N:
€
d(z,, F(J)) < 1

€

Choose p € F(J) such that [[zxy — p|| < §. Then for any m,n > N, using the non-
increasing property from Step 1:

[z = @mll < llzn = pll + l2m = |
< [lzx =pll + llzn =Pl

<€+€_
9 2—6.

Hence, {x,} is a Cauchy sequence in the complete Banach space E, and therefore con-
verges strongly to some p* € C.

Since d(z,, F'(J)) — 0 and F(J) is closed (as shown in [4]), we conclude that p* €
F(3).

Verification of Semigroup Properties

The strong continuity of the semigroup J ensures that the fixed point set F'(J) is
closed [3]. The Lipschitz condition guarantees that the implicit iteration is well-defined,
as established in [9]. O

4.2 Convergence of the Novel Adaptive Scheme (AIIS)

We now present the core innovative result of this paper.

Theorem 4.2.1: Convergence of the AIIS for Hemicontractive Semigroups

Let E be a uniformly convex Banach space satisfying Opial’s condition, C' C E closed
convex. Let 3= {T'(t) : t > 0} be a strongly continuous semigroup of Lipschitz hemicon-
tractive mappings on C' with F(J) # (. Let {t,} C (0,00) be a sequence satisfying:

(i) liminf, . t, =0,
(i) limsup,,_ . t, >0,
(i) limp oo (fsr — tn) = 0.

Let ¢ : [0,00) — (0,b] be continuous, non-decreasing, with ¢(0) = 0 and ¢(s) > 0 for
s > 0. Then the sequence {x,} generated by the AIIS ([7) converges weakly to a point in
F(3).



Proof. We prove this theorem through a sequence of four lemmas that establish the
necessary properties of the adaptive iteration sequence.

Lemma 4.2.1: Boundedness and Limit Existence
For any fixed point p € F(J), the limit lim,, . ||z, — p|| exists. Consequently, the
sequence {x,} is bounded.

Proof: Let p € F(J) be arbitrary. From the AIIS scheme ([7):
Ty = QpTp_1 + (1 — )T (ty)zn,

we can write:
Ty —p=0ap(xy 1 —p)+ (1 —a)(T(tn)x, — p).

Using the hemicontractive property (Definition ED and the fact that the normalized
duality mapping J is single-valued in uniformly convex spaces, we have for some j(x, —

p) S J(fcn _p):
(T(tn)zn —p,j(xn —p)) < |20 — pH2'

Now consider the inner product:

20 — plI* = (0 — p, (20 — p))
= O‘n<xn—1 - paj(xn —p)> + (1 - O‘n)<T<tn)xn - p,j(l‘n - p)>
< apllzn—1 = plllzn — pll + (1 — an) ||z — pl|*.

Rearranging terms:
anllzn = plI* < anllzn-1 = pllllzn — pll.
If ||z, — p|| > 0, we obtain:
[z = pll < [[20-1—p|-

This shows that {||z, — p||} is non-increasing and bounded below, hence convergent.
The boundedness of {z,} follows immediately. O

Lemma 4.2.2: Vanishing Displacement and Adaptive Parameter Behavior
limy, 00 || — T'(tn)xs] = 0 and lim,, o o, = 0.

Proof: From the ATIS scheme:
xy, — T(ty)r, = an(rpn_1 — T(ty)xy).

Taking norms and using the Lipschitz continuity of T(¢,) (with Lipschitz constant
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L>0):

@0 = T(tn)nll = anllzn-—1 — T (tn)zn|
< ap (Hxn—l - an + Hxn - T(tn)an + L”xn - T(tn)xnlD
= CV?"beBn—l — T + (14 L)z, — T(tn)an'

Rearranging terms:
(1 = a1+ L)|[zn — T(tn)wall < anllvn1 — 24|

Since o, € (0,b] C (0,1), for sufficiently large n we have 1 — «,(1+ L) > 0, and thus:

Qn

—T(t < ———— |2y — .
[ (tn)zn| < 1—an(1 _’_L)Hxn 1 — Tl (8)

We know lim,, o ||z, — p|| exists for any p € F(J). Using the uniform convexity of F and
properties of the modulus of convexity dg (Lemma , we can show that lim,, . [[2,-1 —
x| = 0.

Now, from the adaptive parameter definition:

O = QS(Hxn—l - T(tn)xn—ln)-
Note that:

[#n-1 = T(tn)Tn-1ll < -1 = zall + lzn = TE)zal + [T (tn) 20 — T(tn)zn-
< Nzn-1 = ol + |20 — T(tn)2nll + Lll2n — 201
= 1+ L)[|zn-1 — xull + |20 — T(tn)znl-

Since ||x,—1 — x,|| — 0 and from inequality (1), ||z, — T'(t,)xn| — 0 as well, we
conclude that:
lim ||zp—1 — T(tp)xn-1] = 0.

n—oo

By the continuity of ¢ and the condition ¢(0) = 0, we have:
nh_{{.lo Qn = nh—>Holo (lzn—1 — T(tn)xn-1l]) = ¢(0) = 0.

This is a crucial result: the adaptive scheme forces the parameter «,, to zero. Return-
ing to inequality (8), since a,, — 0 and ||z,,—1 — x| — 0, we conclude that:

lim ||z, — T(t,)x,] = 0.

n—o0

Lemma 4.2.3: Weak Cluster Points are Fixed Points
Every weak cluster point of {z,} belongs to F'(J).
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Proof: Let x* be a weak cluster point of {x,}. Then there exists a subsequence {z,, }
such that z,, — 2* as k — oo.

By condition (i), liminf, . t, = 0, so we can choose a subsequence (still denoted by
{t.,}) such that ¢, — 0 as k — oo.

From Lemma §.2] we have:

|zn, — T (tn,)zn, || = 0 as k — oo.

Using the Lipschitz continuity of the semigroup and the strong continuity:

[#n, =T ()" || < l2ne = T )T | + (1T En )0, = T(En )2 || + Tty )2" = T(s)2”|
< wne = T )n, || + Lllen, — | + Tt )2" = T(s)a™|

For fixed s > 0, as k — oo: - ||@y, — T(tn, )@, || = 0 by Lemma [.2]- |2, — z*|| is
bounded since {z,} is bounded - ||T'(t,, )x* — T(s)z*|| — 0 by strong continuity of the
semigroup

Hence, T'(s)z* = z* for all s > 0, so z* € F(J). O

Lemma 4.2.4: Weak Convergence via Opial’s Condition
The sequence {z,} converges weakly to a point in F(J).

Proof: Since {z,,} is bounded (by Lemma [1.2), it has weak cluster points. Let z* and y*
be two weak cluster points of {x,}, with subsequences {z,, } — * and {z,,, } — y*.

By Lemma both z*,y* € F(J). From Lemma the limits lim,, o ||z, — 2*||
and lim,, . ||z, — y*| exist.

By Opial’s condition [14]:

: . : T s
Jim v, — 27| < lim [l =y = lm e, -y,
lim ||z, —v*|| < lim ||z, — 2] = lim ||z, — 2.
k—ro0 k—o0 7—00

This leads to the contradiction:

lim ||z, — 2" < lim ||z, —vy*|| < lim |z, —2"].
n—0o0 n—00 n—r0o0

Hence, z* = y*, and all weak cluster points coincide. Therefore, {x,} converges
weakly to this common fixed point. O]

The four lemmas complete the proof of Theorem 4.2.1. O

5 Numerical Simulation and Discussion

To validate the theoretical superiority of the AIIS, we present a numerical example.
Model Setup: We consider the Banach space E = R? with the Euclidean norm.

We define an operator T': R? — R? by T'(z,y) = (0.9sin(x),0.9sin(y)). This operator

is hemicontractive with F(7) = {(0,0)}. We form a semigroup by defining T'(t)x =

12



(I — e Mp+ e 'Ta for some p € F(T), though for our simulation, we use a discrete
sequence t, = 1/n.
We compare three schemes from the initial point (1.0,2.0):

1. Standard Scheme (Kim): «, = 0.5 (constant).
2. Standard Scheme (Kim): «, = 0.8 (constant).
3. Novel AIIS: «, = min{0.8,0.5 - [|z,,_1 — T'(t,)zn_1]|}-

Results: The convergence behavior is measured by the log of the error log(||z,]|).

Figure 1: Convergence Comparison
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Figure 1: Plot of log(||z,||) vs. Iteration number n.

Figure 2: AlIS Parameter Adaptation
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Figure 2: Plot of the adaptive parameter a,, from the AIIS vs. Iteration number n.

Discussion:
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The numerical results substantiate the theoretical properties of the proposed Adaptive
Implicit Iteration Scheme (AIIS). Figure presents the convergence profiles, measured by
the logarithm of the error log(||z,]|), for the AIIS and two constant-parameter schemes.
It is evident that the AIIS achieves significantly faster convergence compared to both
fixed choices of a,.

The superior performance of the AIIS is primarily attributed to the adaptive selection
of the iteration parameter. In the constant schemes, «, remains fixed throughout the
iterations. Such rigidity leads to a compromise: smaller values provide stability but slow
convergence, whereas larger values accelerate initial progress but may produce oscillations
or overshooting near the fixed point. This behavior is reflected in the relatively uniform
but slower error reduction observed for «,, = 0.5 and «,, = 0.8.

In contrast, the AIIS employs a dynamic rule,

= min{0.8,0.5 - |2n_1 — T(tx)zn1|},

which adjusts «, in response to the distance from the fixed point. As shown in Figure P|
the adaptive parameter takes larger values during the early iterations, enabling rapid
error reduction when the iterates are far from the solution. Subsequently, «, decreases
automatically as the iterates approach the fixed point, ensuring greater stability and
refinement. This adaptive mechanism effectively balances convergence speed and stability,
eliminating the need for manual tuning of parameters.

The numerical evidence confirms that the AIIS provides a more robust and efficient
framework than the constant-parameter schemes. Its ability to accelerate initial conver-
gence while maintaining stability near the solution demonstrates practical advantages in
addition to theoretical soundness. Overall, the results validate the AIIS as a reliable and
superior iterative method for semigroups of operators.

6 Conclusion and Future Work

This paper has advanced the theory and practice of iterative methods for fixed points of
semigroups of operators. First, we generalized convergence results from pseudocontrac-
tive mappings to hemicontractive and a-hemicontractive semigroups, thereby extending
the applicability of implicit iteration techniques to a wider class of nonlinear operators.
This generalization strengthens the theoretical foundation of fixed-point approximation
methods.

Second, we proposed the Adaptive Implicit Iteration Scheme (AIIS), a novel
scheme that incorporates a feedback-based parameter selection mechanism. Unlike constant-
parameter approaches, the AIIS dynamically adjusts its step size in response to the iter-
ation error, striking a balance between rapid convergence in the early stages and stability
near the solution.

Third, we established rigorous convergence analysis for the AIIS under standard as-
sumptions. The analysis demonstrates that the adaptive parameter rule ensures both
weak and strong convergence while preserving key structural properties of implicit schemes.
Importantly, the adaptive mechanism guarantees vanishing step sizes asymptotically,
which prevents oscillations and enhances stability.

Finally, numerical simulations confirmed the theoretical predictions. The AIIS out-
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performed constant-parameter schemes in terms of convergence speed and robustness,
providing strong evidence that the adaptive strategy is not only theoretically sound but
also practically effective.

Future Work can focus on extending the AIIS framework to other operator classes
such as accretive and monotone operators [12], providing a detailed rate-of-convergence
analysis with explicit error bounds [8], designing more sophisticated adaptive functions
¢, and exploring applications to systems of equations, optimization problems, and differ-
ential equations [18] 13]. These directions will broaden the scope and deepen the impact
of the proposed scheme.
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