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ABSTRACT

	             Prime factorization has been a central theme in number theory for centuries, providing significant insights into the structure and relationships of integers. This study investigated the divisibility properties of the sequence   + 1,where , with an emphasis on identifying and proving patterns involving recurring prime factors. Using the Calces, a scientific calculator application for computational verification, and applying mathematical induction and modular arithmetic for rigorous proofs, the study establishes four key divisibility properties:
i.  is divisible by 11 for where
ii.  is divisible by 101 for where
iii.  is divisible by both 73 and 137 for , where
iv.  is divisible by 7, 11, and 13 for where 
              These results reveal regular, modular-based prime factorizations of the form+ 1,where , uncovering deep patterns and predictable divisibility behaviors within this exponential sequence. The findings contribute to a broader understanding of number-theoretic structures, particularly in relation to periodic prime factors across integer sequences.
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1. INTRODUCTION 

This study examines the prime factorization of the sequence+ 1,where motivated by its intriguing connection to palindromic numbers and their frequent divisibility by factors such as 101, 1001, and related forms. Researchers have observed recurring prime factors within this sequence, prompting further investigation into their underlying properties and structural patterns.

Building upon classical work on special exponential sequences like Fermat numbers ([image: ] +1), and Mersenne numbers[image: ], this research focuses on common prime factors shared across different terms in the sequence. This approach offers a more systematic perspective than factoring individual large terms, revealing algebraic relationships and periodic factorization behaviors within+ 1. These findings have significant implications for number theory and may intersect with computational challenges in modern cryptography.	
The study also recognizes parallels between prime factorization problems and recent advances in numerical methods for singular integral equations. While these areas are not directly connected, high-precision computational techniques in applied mathematics could inspire novel approaches to analyzing divisibility and primality in large-scale sequences.

Specifically, this research establishes modular conditions under which primes such as 11, 101, 73, 137, and the set {7, 11, 13} divide terms of + 1. These results deepen the understanding of exponential integer sequences, highlighting predictable periodic behaviors and the intricate structure of their prime factors. The investigation draws on foundational concepts from cyclotomic polynomials (Schroeder, 1984), prime recurrence conditions (Hardy & Wright, 2008; Ribenboim, 2012), and computational insights related to Franel numbers and pseudoprimes (Guo & Zeng, 2012; Zhang et al., 2015), positioning the study within the broader landscape of divisibility theory.


2. methodology 

This section details the procedure employed to investigate the divisibility properties of the sequence + 1, where. The methodology aimed to determine the common prime factors of + 1 for various values of and analyze the distribution of prime factors of + 1 across different values of  to look for patterns and formulate conjectures or properties.

	The researchers used CalcEs or Advance Scientific Calculator 991 Plus, a scientific calculator application, to generate values of , for . The researchers also used CalcEs to generate the prime factors of certain values of  . 

From the computed factorizations, the researchers identified recurring prime factors which appeared across multiple values of 𝑛. For each recurring prime, the corresponding 𝑛-values where that prime factor appeared were listed and analyzed for patterns, particularly in the form of arithmetic sequences. The differences between successive 𝑛-values were examined to determine if the occurrences followed an arithmetic progression. When patterns were detected, mathematical expressions were constructed based on the arithmetic sequence formula:


[bookmark: _Hlk207356247]where 𝑎 is the initial term, 𝑑 is the common difference, and 𝑘 is the position in the sequence. 

	Based on the observed patterns, preliminary conjectures about the divisibility properties were formulated. The preliminary conjecture was formally stated as mathematical properties, clearly defining the relationships between n and the divisibility of  by specific common prime numbers.

	The researchers employed Mathematical Induction and Modular Arithmetic to rigorously prove or disprove the formulated properties. 

Proof by Induction. For each formalized property, a proof by induction was constructed. This involves:

Base Case. Proving the conjecture holds for a small value of   (e.g., n=1)
Inductive Hypothesis. Assuming the conjecture holds for .
Inductive step. Demonstrating that if the conjecture holds for  it also holds for . 

Modular Arithmetic. Modular Arithmetic was also used to simplify the calculations by considering only the remainders when these numbers are divided by a chosen modulus prime. If  is divisible by a prime p, then its remainder when divided by a prime p must be 0 (i.e.,  

3. results and discussion

This chapter presents a comprehensive analysis of the sequence + 1, where The objective of this investigation was to examine the behavior of this sequence for values of n, where . To compute the values of+ 1. The researchers utilized the CalcEs application, both of which facilitated efficient and precise computations.
Additionally, the prime factorization of selected terms within the sequence was determined through the CalcEs tool, which allowed for an in-depth exploration of the divisibility properties of these large numbers. The prime factorizations of specific values were analyzed to uncover any emerging patterns or notable characteristics within the sequence. This methodological approach offered a detailed view of the underlying structure of+ 1, for the given value of , where .
Table 1 presents the basis for identifying the common prime factors of  + 1, and the distribution of these prime factors .This shows several recurring prime factors including 11, 101, 73 and 137, 7, 11, and 37, with consistent frequency for specific values of 𝑛. These observations suggest the existence of underlying divisibility patterns within the sequence.

Table 1. Calculated Values of + 1 and their Respective Prime Factors
	
	Calculated Value
	Prime Factorization

	
	11
	11

	
	101
	101

	
	1,001
	7*11*13

	
	10,001
	73*137

	
	100,001
	11*9, 091

	
	1,000,001
	101*9, 901

	
	10,000,001
	11*909, 091

	
	100,000,001
	17*5, 882, 353

	
	1,000,000,001
	7*11*13*19*52, 579

	
	10,000,000,001
	101*3, 541*27, 961

	
	100,000,000,001
	*23*4, 093*8, 779

	
	1,000,000,000,001
	73*137*99, 990, 001

	
	10,000,000,000,001
	11*859*1, 058, 313, 049

	
	100,000,000,000,001
	29*101*281*121, 499, 449

	
	1,000,000,000,000,001
	7*11*13*221*241*2, 161*9, 091

	
	10,000,000,000,000,001
	353*449*641*1, 409*69, 857

	
	100,000,000,000,000,001
	11*103*4, 013*21, 993, 833, 369

	
	1,000,000,000,000,000,001
	101*9, 901*999, 999, 000, 001

	
	10,000,000,000,000,000,001
	 11*909, 090, 909, 090, 909, 091

	
	100,000,000,000,000,000,001
	73*137*1, 676, 321*5, 964, 848, 081





By systematically analyzing different values of , it became evident that patterns emerged for the expression  for distinct set values of , which are outlined below.
Observation 1. Prime Factor 11
The prime factor 11 appears consistently in  for 

These values form an arithmetic progression with the first term  and common difference . The general term of this sequence is given by:

	This empirical observation suggests the following result.
[bookmark: _Hlk196230553]Property 1.  has a common prime factor of 11 for every where .
A proof of this result was provided using both Modular Arithmetic and Mathematical Induction.
a. Proof by Modular Arithmetic
[bookmark: _Hlk196265102]To verify that  has a common prime factor of 11 for every              , it is necessary to show that for every , is divisible by 11. This can be achieved by proving the following congruence:


First, observe that,

Thus, for  we have
            			          
Since 2𝑚−1 is always odd (because 𝑚 is a positive integer), it follows that,

 
 Therefore,

Adding 1 to both sides of the congruence yields:
                 
Hence,  is congruent to 0 modulo 11. This implies that  divisible by 11 for all 
That is,
[bookmark: OLE_LINK2]b. Proof by Mathematical Induction
Let :
a.) Verification 
Verify that  is true


                         and 
b.) Inductive Hypothesis
Assume that  is true when , that is,

This means that there exists some integer q such that:
	where
c.) Proof 
Verify that is true, that is, 

Evaluating the expression,

               1
 
                   , since 
                , then 
 
                                    
                                        , let   where
                                   
This implies that  is true.
d.) Conclusion
	By induction, it follows that  is true. 
[bookmark: _Hlk196254277]Thus, by using both Modular Arithmetic and Mathematical Induction, it is proven that for every odd positive integer , the number  is divisible by 11. Since 11 is a prime number, this means that 11 is a prime factor of for all

Observation 2. Prime Factor 101
The prime factor 101 appears consistently in  for 
𝑛 =
These values form an arithmetic progression with the first term  and common difference . The general term of this sequence is given by:

	This empirical observation suggests the following result.
Property 2 has a common prime factor of 101 for every  where .
A proof of this result is provided using both Modular Arithmetic and Mathematical Induction.
a. Proof by Modular Arithmetic
[bookmark: _Hlk196267503]To verify that  has a common prime factor of 101 for every         , it is necessary to show that for every , is divisible by 101. This can be achieved by proving the following congruence:

First, observe that

                    and         
Hence,				      

Now let                                        

Substituting, we obtain


Since   , it follows that:
             
Adding 1 to both sides of the congruences yields:
                                       
Therefore,  is divisible by  for all 
b. Proof by Mathematical Induction

[bookmark: _Hlk196267858]Let : 
a.) Verification
Verify that  is true


   and
b.) Inductive Hypothesis
Assume that  is true when , that is,

This means that there exists some integer q such that,
	, where 
c.) Proof
Verify that is true, that is, 

Evaluating the expression,


            , since 
               		then 


         , let   where

This implies that  is true.
d.) Conclusion
	By induction, it follows that  is true. 
Thus, by employing both Modular Arithmetic and Mathematical Induction, the researchers demonstrated that for every the expression     where  is divisible by 101. Since 101 is a prime number, it follows that 101 is a prime factor of for all 
Observation 3. Prime Factors 73 and 137
The prime factors 73 and 137 appear consistently in  for 
𝑛 =
These values form an arithmetic progression with the first term  and common difference . The general term of this sequence is given by:

	This empirical observation suggests the following result.
  has a common prime factor of 73 and 137 for every      where .
[bookmark: _Hlk196327254]A proof of this result was provided using both Modular Arithmetic and Mathematical Induction, considering two cases: one where the prime factor is 73, and another where the prime factor is 137.
Case 1. If the common prime factor is 73 
a. Proof by Modular Arithmetic
   To verify that  has a common prime factor of 73 for every       , it is necessary to show that for every , is divisible by 73. This can be achieved by proving the following congruence:

First, successive powers of 10 modulo 73 are computed as follows:                                                                              
     
                                      
                  

Thus,                              

Now let,

By substitution,
   			        
Since   , it follows that 

Adding 1 to both sides of the congruence yields:
                             
Therefore,is divisible by  for all . That is 

b. Proof by Mathematical Induction

Let 
a.) Verification
Verify that  is true

  
 	          and
   so 
b.) Inductive Hypothesis
Assume that  is true when , that is,

This means that there exists some integer q such that,
  where 
c.) Proof 
Verify that is true, that is, 

Evaluating the expression,

  since 
then 


 	, let   where

This implies that  is true.
d.) Conclusion
	By induction, it follows that  is true. 
Case 2. If the common prime factor is 137.
a. Proof by Modular Arithmetic
        To verify that  has a common prime factor of 137 for every , it is necessary to show that every , is divisible by 137. This can be achieved by proving the following congruence:

First, successive powers of 10 modulo 137 are computed as follows:    
                                          
[bookmark: _Hlk196329137]                              


Thus, 

Now let,

By substitution,
                          
Since  , it follows that 
         			
Adding 1 to both sides of the congruence yields:

Therefore,  is divisible by  for all  That is

b. Proof by Mathematical Induction

Let 
a.) Verification 
Verify that  is true


     and
      so 
b.) Inductive Hypothesis
Assume that  is true when , that is,

This means that there exists some integer q such that:
  where 
c.) Proof 
Verify that is true, that is, 

Evaluating the expression,


since 
then 

 	,let   where

This implies that  is true.
d.) Conclusion
	By induction, it follows that  is true. 
Through the individual proofs of each case, the researchers established that for every positive integer , the expression , where  is divisible by both 73 and 137. Given that 73 and 137 are distinct prime numbers, this confirms that these two are common prime factors of for all values of 
Observation 4.  Prime Factors 7, 11 and 13
The prime factors 7, 11 and 13 appear consistently in  for 
𝑛 =
These values form an arithmetic progression with the first term  and common difference . The general term of this sequence is given by:

	This empirical observation suggests the following results.
  has common prime factors of 7, 11 and 13 for every , where . 
A proof of this result was provided using both Modular Arithmetic and Mathematical Induction, considering three cases: one where the prime factor is 7, another where it is 11, and a third where it is 13.
Case 1.  If the common prime factor is 7.
a. Proof by Modular Arithmetic
        To verify that  has a common prime factor of 7 for every                  , it is necessary to show that for every , is divisible by 7. This can be achieved by proving the following congruence:
       
First observe that,

                                                          
                                                             
                                                             
 Thus,                                                               

Now let,    

By substitution,       
                                                   
Since  , it follows that                                       
                                                 
Adding 1 to both sides of the congruence yields:
                                    
Therefore, is divisible by  for all . That is

b. Proof by Mathematical Induction
Let 
a.) Verification 
Verify that  is true


    and
       so
b.) Inductive Hypothesis
Assume that  is true when , that is,

This means that there exists some integer q such that:
where 
c.) Proof 
Verify that is true, that is, 

Evaluating the expression,

since 
then 


  ,let   where

This implies that  is true.
d.) Conclusion
	By induction, it follows that  is true. 
Case 2. If the common prime factor is 11.
a. Proof by Modular Arithmetic
  	To verify that  has a common prime factor of 11 for every , it is necessary to show that for every , is divisible by 11. 

Let .
Then

Now, consider the identity,

Let , Then,

So, 
)
From Property 1,
  

Therefore, since  is a factor of, and  it follows that, 

b. Proof by Mathematical Induction
Let 
a.) Verification 
Verify that  is true


             and
b.) Inductive Hypothesis
Assume that  is true when , that is,

This means that there exists some integer q such that:
where 
c.) Proof 
Verify that is true, that is, 

Evaluating the expression,

since 
 then 


 ,let   where

This implies that  is true.
d.) Conclusion
	By induction, it follows that  is true. 
Case 3. If the common prime factor is 13.
a. Proof by Modular Arithmetic
        To verify that  has a common prime factor of 13 for every   , it is necessary to show that for every , is divisible by 13. This can be achieved by proving the following congruence:  

Observe that,

                                                        
From this, 
         					  
Let, 
     
Thus, 
     				   
Since   then, 
    				    
Adding 1 to both sides of the congruence yields:
                                     
Therefore, is divisible by  for all .
b. Proof by Mathematical Induction
Let 
a.) Verification 
Verify that  is true


     and
               so
b.) Inductive Hypothesis
Assume that  is true when , that is,

This means that there exists some integer q such that:
 where 
c.) Proof 
Verify that is true, that is, 

Evaluating the expression,

since 
then 


 	,let   where

This implies that  is true.
d.) Conclusion
	By induction, it follows that  is true. 
By proving each case separately, the researchers shown that for every positive integer  the number where is divisible by 7, 11, and 13. Therefore:  is divisible by Since 7, 11, and 13 are distinct prime numbers, this implies that all three are common prime factors of for 


4. Conclusion

This study successfully identified recurring prime factors of the sequence   (for ) , including 11, 101, 73, 137, 7, and 13. Analysis of the sequence  revealed several significant divisibility properties contingent upon the value of the integer n. Specifically, for positive integer values of m, the sequence is divisible by 11 when , by 101 when , and by both 73 and 137 when . Furthermore, simultaneous divisibility by 7, 11, and 13 is observed when . The proofs using Modular Arithmetic and Mathematical Induction, where completed, provided rigorous verification of these properties. The consistent appearance of these prime factors suggests underlying mathematics structures governing the divisibility of the sequence , where .
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