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ABSTRACT

	Prime factorization has been a central theme in number theory for centuries, providing significant insights into the structure and relationships of integers. This study investigated the divisibility properties of the sequence   + 1,where , focusing on common prime factors. The scientific calculator application, calces was employed to identify recurring prime factors, including 11, 101, 73, 137, 7, and 13. 
The study identified four key divisibility properties of the sequence . 
i.  is divisible by 11 for where
ii.  is divisible by 101 for where
iii.  is divisible by both 73 and 137 for ,         where
iv.  is divisible by 7, 11, and 13 for        where 
These properties were proven using modular arithmetic and mathematical induction. The study’s findings demonstrate predictable patterns in the divisibility of + 1, where , thus providing valuable insights into the number-theoretic behavior of this sequence.
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1. INTRODUCTION 

The study of prime factorization has been a central theme in number theory for centuries.  Understanding the prime factors of specific number sequences offers valuable insights into the structure of integers and their relationships.  

[bookmark: _Hlk196151811]One intriguing sequence is + 1, where n is a positive integer.  This sequence was discovered by the researchers during an exploration of palindromic numbers, which are often divisible by factors such as 101, 1001, and similar forms. The researchers observed the emerging common prime factors in these numbers: 101, 1001, 10001…+ 1., leading to a deeper examination of the sequence. Their interest in this sequence stemmed from the distinct behavior of its prime factors, and the numbers that get progressively larger as  increases. These observations have raised compelling questions regarding the underlying properties of its prime factors, thereby stimulating considerable academic interest and further inquiry.

Early investigations into similar sequences, such as the Fermat numbers ( +1), dated back to the 17th century, laying the groundwork for the analysis of specific number sequences and their prime factorizations (Wolfram Research, Inc., n.d.) [1].

This study delved into the common prime factors shared among different terms of the sequence + 1.  While the prime factorization of individual terms can be computationally intensive for large values of , focusing on common factors allows for a more systematic and potentially tractable analysis.  The existence of common prime factors across multiple terms revealed underlying patterns and relationships within the sequence, providing a deeper understanding of its algebraic structure.

The difficulty of factoring large numbers into their prime components is the basis of many modern encryption algorithms.  Studying the prime factorization patterns in this specific sequence might offer insights into the challenges and complexities involved in such factorization problems, although this aspect requires further exploration. 

This study was built upon this rich foundation by specifically investigating the common prime factors within the sequence  + 1, aiming to identify patterns, formulate generalizable conjectures and properties, and contribute to our understanding of prime number distribution within this specific, yet potentially revealing, sequence.



2. methodology 

This section details the procedure employed to investigate the divisibility properties of the sequence + 1, where. The methodology aimed to determine the common prime factors of + 1 for various values of and analyze the distribution of prime factors of + 1 across different values of  to look for patterns and formulate conjectures or properties.

	The researchers used CalcEs or Advance Scientific Calculator 991 Plus, a scientific calculator application, to generate values of , for . The researchers also used CalcEs to generate the prime factors of certain values of  . 

From the computed factorizations, the researchers identified recurring prime factors which appeared across multiple values of 𝑛. For each recurring prime, the corresponding 𝑛-values where that prime factor appeared were listed and analyzed for patterns, particularly in the form of arithmetic sequences. The differences between successive 𝑛-values were examined to determine if the occurrences followed an arithmetic progression. When patterns were detected, mathematical expressions were constructed based on the arithmetic sequence formula:


where 𝑎 is the initial term, 𝑑 is the common difference, and 𝑘 is the position in the sequence. [4]

	Based on the observed patterns, preliminary conjectures about the divisibility properties were formulated. The preliminary conjecture was formally stated as mathematical properties, clearly defining the relationships between n and the divisibility of  by specific common prime numbers.

	The researchers employed Mathematical Induction and Modular Arithmetic to rigorously prove or disprove the formulated properties. 

Proof by Induction. For each formalized property, a proof by induction was constructed. This involves:

Base Case. Proving the conjecture holds for a small value of   (e.g., n=1)
Inductive Hypothesis. Assuming the conjecture holds for .
Inductive step. Demonstrating that if the conjecture holds for  it also holds for . [3]

Modular Arithmetic. Modular Arithmetic was also used to simplify the calculations by considering only the remainders when these numbers are divided by a chosen modulus prime. If  is divisible by a prime p, then its remainder when divided by a prime p must be 0 (i.e.,  [2]



3. results and discussion

This chapter, presents a comprehensive analysis of the sequence + 1, where The objective of this investigation was to examine the behavior of this sequence for values of n, where . To compute the values of+ 1. The researchers utilized the CalcEs application, both of which facilitated efficient and precise computations.
Additionally, the prime factorization of selected terms within the sequence was determined through the CalcEs tool, which allowed for an in-depth exploration of the divisibility properties of these large numbers. The prime factorizations of specific values were analyzed to uncover any emerging patterns or notable characteristics within the sequence. This methodological approach offered a detailed view of the underlying structure of+ 1, for the given value of , where .
Table 1 presents the basis for identifying the common prime factors of  + 1, and the distribution of these prime factors .This shows several recurring prime factors including 11, 101, 73 and 137, 7, 11, and 37, with consistent frequency for specific values of 𝑛. These observations suggest the existence of underlying divisibility patterns within the sequence.



Table 1. Calculated Values of + 1 and their Respective Prime Factors
	
	Calculated Value
	Prime Factorization

	
	11
	11

	
	101
	101

	
	1,001
	7*11*13

	
	10,001
	73*137

	
	100,001
	11*9, 091

	
	1,000,001
	101*9, 901

	
	10,000,001
	11*909, 091

	
	100,000,001
	17*5, 882, 353

	
	1,000,000,001
	7*11*13*19*52, 579

	
	10,000,000,001
	101*3, 541*27, 961

	
	100,000,000,001
	*23*4, 093*8, 779

	
	1,000,000,000,001
	73*137*99, 990, 001

	
	10,000,000,000,001
	11*859*1, 058, 313, 049

	
	100,000,000,000,001
	29*101*281*121, 499, 449

	
	1,000,000,000,000,001
	7*11*13*221*241*2, 161*9, 091

	
	10,000,000,000,000,001
	353*449*641*1, 409*69, 857

	
	100,000,000,000,000,001
	11*103*4, 013*21, 993, 833, 369

	
	1,000,000,000,000,000,001
	101*9, 901*999, 999, 000, 001

	
	10,000,000,000,000,000,001
	11*9, 090, 909, 909, 090, 909, 091

	
	100,000,000,000,000,000,001
	73*137*1, 676, 321*5, 964, 848, 081

	
	1,000,000,000,000,000,000,001
	*11*13*127*2, 689*459, 961*909, 091

	
	10,000,000,000,000,000,000,001
	89*101*1, 052, 788, 969*1, 056, 689, 261

	
	100,000,000,000,000,000,000,001
	11*47*139*2531*549,797,184,491,917

	
	1,000,000,000,000,000,000,000,001
	17*5,882,353*9,999,999,900,000,001

	
	10,000,000,000,000,000,000,000,001
	11*251*5,051*9, 091*78, 875, 943, 472, 201

	
	100,000,000,000,000,000,000,000,001
	101*521*1,900,381,976,777,332,243,781

	
	1,000,000,000,000,000,000,000,000,001
	7*11*13*19*52,579*70,541,929*14,175,966,169

	
	10,000,000,000,000,000,000,000,000,001
	73*137*7,841*127,522,001,020,150,503,761

	
	100,000,000,000,000,000,000,000,000,
001
	11*59*154,084,204,930,662,557,781,201,849

	
	1,000,000,000,000,000,000,000,000,000,
001
	61*101*3,541*9,901*27,961*4,188,901*39,526,741

	
	10,000,000,000,000,000,000,000,000,
000,001
	11*909,090,909,090,909,090,909,090,909,091

	
	100,000,000,000,000,000,000,000,000,
000,001
	19,841*976,193*6,187,457*834,427,406

	
	1,000,000,000,000,000,000,000,000,000,
000,001
	7**13*23*4,093*8,779*599,144,041*183,411,838,171

	
	10,000,000,000,000,000,000,000,000,
000,000,001
	101*28,559,389*1,491,383,821*2,324,557,465,671,829

	
	100,000,000,000,000,000,000,000,000,
000,000,001
	11*9,091*909,091*4,147,571*265,212,793,249,617,641

	
	1,000,000,000,000,000,000,000,000,000,
000,000,001
	73*137*3,169*98,641*99,990,001*3,199,044,596,370,769

	
	10,000,000,000,000,000,000,000,000,
000,000,000,001
	11*909,090,909,090,909,090,909,090,909,090,909,091

	
	100,000,000,000,000,000,000,000,000,
000,000,000,001
	101*990,099,009,900,990,099,009,900,990,099,009,901

	
	1,000,000,000,000,000,000,000,000,000,
000,000,000,001
	7*11**157*859*6,397*216,451*1,058,313,049*388,847,808,493

	
	10,000,000,000,000,000,000,000,000,000,000,000,000,001
	17*5,070,721*5,882,353*19,721,061,166,646,717,498,359,681

	
	100,000,000,000,000,000,000,000,000,000,000,000,000,001
	11*909,090,909,090,909,090,909,090,909,090,909,090,909,1

	
	1,000,000,000,000,000,000,000,000,000,
000,000,000,000,001
	29*101*281*9,901*226,549*121,499,449*4,458,192,223,
320,340,849

	
	10,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	11*57,009,401*2,182,600,451*7,306,116,556,571,817,748,
755,241

	
	100,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	73*137*617*16,205,834.846,012,967,584,927,082,656,402,
106,953

	
	1,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	7*11*13*19*211*241*2,161*9,091*29,611*52,579*3,762,
091*8,985,695,684,401

	
	10,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	101* 990,099,009,900,990,099,009,900,990,099,009,900,990,099,01

	
	100,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	11*909,090,909,090,909,090,909,090,909,090,909,090,909,090,909,1

	
	1,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	97*353*449*641*1,409*69,857*206,209*66,554,101,249*
75,118,313,082,913

	
	10,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	11*197*909,091*5,076,141,624,365,532,994,918,781,726,
395,939,035,533

	
	100,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	101*3,541*27,961*60,101*7,019,801*14,103,673,319,201
*1,680,588,011,350,901

	
	1,000,000,000,000,000,000,000,000,000,
000,000,000,000,000,000,000,001
	7*11*13*103*4,013*21,993,833,369*291,078,844,423*
377,526,955,309,799,110,357

	
	10,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	73*137*1,580,801*632,527,440,202,150,745,090,622,412,
245,443,923,049,201

	
	100,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	11*9,090,909,090,909,090,909,090,909,090,909,090,909
090,909,090,909,091

	
	1,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	101*109*9,901*153,469*999,999,000,001*59,779,577,156
334,533,866,654,838,281

	
	10,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	*23*331*4,093*5,171*8,779*9,091*20,163,494,891*
318,727,841,165,674,579,776,721

	
	100,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	17*588,235,294,117,647,058,823,529,411,764,705,882,352,941,176,470,588,235,3

	
	1,000,000,000,000,000,000,000,000,000,
000,000,000,000,000,000,000,000,000,001
	7*11*13*999,000,999,000,999,000,999,000,999,000,999,000,999,000,999,000,999,001

	
	10,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	101*349*38,861*618,049*11,811,806,375,201,836,408,679,635,736,258,669,583,187,541

	
	100,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	11*1,423*9,615,060,929*66,443,174,541,490,579,097,997,510,158,021,076,958,392,938,976,011,506,949,065,646,573

	
	1,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	73*137*1,676,321*99,990,001*5,964,848,081*100,009,999,999,899,989,999,000,000,010,001

	
	10,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	11*81,131*11,205,222,530,116,836,855,321,528,257,890,437,575,145,023,592,596,037,161

	
	100,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	101*2,049,349*483,128,549,554,512,237,305,554,588,359,039,822,397,307,149,685,578,249

	
	1,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	*11*13*19*127*2,689*52,579*459,691*909,091*5,274,739*189,772,422,673,235,585,874,485,732,659

	
	10,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	1,265,011,073*15,343,168,188,889,137,818,369*515,217,525,265,213,267,447,869,906,815,873

	
	100,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	11*131*859*9,091*1,058,131,049*8,396,862,596,258,693,
901,610,602,298,557,167,100,076,327,481

	
	1,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	101*990,099,009,900,990,099,009,900,990,099,009,900,990,099,009,900,990,099,009,900,9901

	
	10,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	11*909,090,909,090,909,090,909,090,909,090,909,090,909,090,909,090,909,090,909,090,909,091

	
	100,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	73*137*152,533,657*65,552,764,171,882,583,264,230,070,868,884,366,877,803,237,222,654,400,793

	
	1,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	7*11*13*999,000,999,000,999,000,999,000,999,000,999,000,999,000,999,000,999,000,999,000,999,001

	
	10,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,001
	29*101*281*421*3,541*27,961*3,471,301*13,489,841*121,499,449*60,368,344,121*848,654,483,879,497,562,821



By systematically analyzing different values of , it became evident that particular patterns emerged for the expression  for distinct set values of , which are outlined below.

Observation 1. Prime Factor 11
The prime factor 11 appears consistently in  for 
𝑛
These values form an arithmetic progression with the first term  and common difference . The general term of this sequence is given by:

	This empirical observation suggests the following result.
[bookmark: _Hlk196230553]Property 1.  has a common prime factor of 11 for every where .
A proof of this result was provided using both Modular Arithmetic and Mathematical Induction.
a. Proof by Modular Arithmetic
[bookmark: _Hlk196265102]To verify that  has a common prime factor of 11 for every              , it is necessary to show that for every , is divisible by 11. This can be achieved by proving the following congruence:

Observe that,

for  we know:
              
Since 2𝑚−1 is always odd (because 𝑚 is a positive integer), it follows that,

Thus,

Adding 1 to both sides of the congruence yields:

                 
Hence,  is congruent to 0 modulo 11. This implies that 11 divides  for all 
Therefore,
[bookmark: OLE_LINK2]b. Proof by Mathematical Induction
Let :
a.) Verification 
Verify that  is true


        and 
b.) Inductive Hypothesis
Assume that  is true when , that is,

This means that there exists some integer q such that:
	where
c.) Proof 
Verify that is true, that is, 

Evaluating the expression,

                 
  
                        , since 
                , then 
 
 
    , let   where

This implies that  is true.
d.) Conclusion
	By induction, it follows that  is true. 
[bookmark: _Hlk196254277]Thus, by using both Modular Arithmetic and Mathematical Induction, it is proven that for every odd positive integer , the number  is divisible by 11. Since 11 is a prime number, this means that 11 is a prime factor of for all

Observation 2. Prime Factor 101
The prime factor 101 appears consistently in  for 
𝑛 =
These values form an arithmetic progression with the first term  and common difference . The general term of this sequence is given by:

	This empirical observation suggests the following result.
Property 2 has a common prime factor of 101 for every  where .
A proof of this result is provided using both Modular Arithmetic and Mathematical Induction.
a. Proof by Modular Arithmetic
[bookmark: _Hlk196267503]To verify that  has a common prime factor of 101 for every         , it is necessary to show that for every , is divisible by 101. This can be achieved by proving the following congruence:

Observe that,

  
From this,

Let,    
   	       
Thus,

Since   then, 
        
Adding 1 to both sides of the congruences yields:
  	 
                               
Thus,  is divisible by  for all 
b. Proof by Mathematical Induction
[bookmark: _Hlk196267858]Let : 
a.) Verification
Verify that  is true


   and
b.) Inductive Hypothesis
Assume that  is true when , that is,

This means that there exists some integer q such that:
	, where 
c.) Proof
Verify that is true, that is, 

Evaluating the expression,


            , since 
               		then 


         , let   where

This implies that  is true.
d.) Conclusion
	By induction, it follows that  is true. 
Thus, by employing both Modular Arithmetic and Mathematical Induction, the researchers demonstrated that for every the expression     where  is divisible by 101. Since 101 is a prime number, it follows that 101 is a prime factor of for all 

Observation 3. Prime Factors 73 and 137
The prime factors 73 and 137 appear consistently in  for 
𝑛 =
These values form an arithmetic progression with the first term  and common difference . The general term of this sequence is given by:

	This empirical observation suggests the following result.
  has a common prime factor of 73 and 137 for every      where .
[bookmark: _Hlk196327254]A proof of this result was provided using both Modular Arithmetic and Mathematical Induction, considering two cases: one where the prime factor is 73, and another where the prime factor is 137.
Case 1. If the common prime factor is 73 
a. Proof by Modular Arithmetic
   To verify that  has a common prime factor of 73 for every       , it is necessary to show that for every , is divisible by 73. This can be achieved by proving the following congruence:

To proceed, successive powers of 10 modulo 73 are calculated.                                                                              
     
                          
      

From this,

Let,

Thus,

Since   then, 

Adding 1 to both sides of the congruence yields:
                                 
                             
Therefore,is divisible by  for all .
b. Proof by Mathematical Induction
Let 
a.) Verification
Verify that  is true

  
 	      and
   so 
b.) Inductive Hypothesis
Assume that  is true when , that is,

This means that there exists some integer q such that:
  where 
c.) Proof 
Verify that is true, that is, 

Evaluating the expression,

  since 
then 


 	, let   where

This implies that  is true.
d.) Conclusion
	By induction, it follows that  is true. 
Case 2. If the common prime factor is 137.
a. Proof by Modular Arithmetic
        To verify that  has a common prime factor of 137 for every , it is necessary to show that every , is divisible by 137. This can be achieved by proving the following congruence:

To proceed, successive powers of 10 modulo 73 were calculated.  
                                       
[bookmark: _Hlk196329137]                          

From this, 

Let,

Thus, 

Since   then, 
         			
Adding 1 to both sides of the congruence yields:


Therefore,  is divisible by  for all 
b. Proof by Mathematical Induction
Let 
a.) Verification 
Verify that  is true


     and
      so 
b.) Inductive Hypothesis
Assume that  is true when , that is,

This means that there exists some integer q such that:
  where 
c.) Proof 
Verify that is true, that is, 


Evaluating the expression,


since 
then 

 	,let   where

This implies that  is true.
d.) Conclusion
	By induction, it follows that  is true. 
Through the individual proofs of each case, the researchers established that for every positive integer , the expression , where  is divisible by both 73 and 137. Given that 73 and 137 are distinct prime numbers, this confirms that these two are common prime factors of for all values of 
Observation 4.  Prime Factors 7, 11 and 13
The prime factors 7, 11 and 13 appear consistently in  for 
𝑛 =
These values form an arithmetic progression with the first term  and common difference . The general term of this sequence is given by:

	This empirical observation suggests the following results.
  has common prime factors of 7, 11 and 13 for every , where . 
A proof of this result was provided using both Modular Arithmetic and Mathematical Induction, considering three cases: one where the prime factor is 7, another where it is 11, and a third where it is 13.
Case 1.  If the common prime factor is 7.
a. Proof by Modular Arithmetic
        To verify that  has a common prime factor of 7 for every                  , it is necessary to show that for every , is divisible by 7. This can be achieved by proving the following congruence:
                 
Observe that,
            
                                                     
                                                        
                                                        
                                                        
From this, 
               ),
Let, 
                                                  
Thus, 
                                              
Since   then,                                       
                                                 
Adding 1 to both sides of the congruence yields:
                                            
                                     
Therefore, is divisible by  for all .
b. Proof by Mathematical Induction
Let 
a.) Verification 
Verify that  is true


    and
       so
b.) Inductive Hypothesis
Assume that  is true when , that is,

This means that there exists some integer q such that:
where 
c.) Proof 
Verify that is true, that is, 

Evaluating the expression,

since 
then 


  ,let   where

This implies that  is true.
d.) Conclusion
	By induction, it follows that  is true. 

Case 2. If the common prime factor is 11.
a. Proof by Modular Arithmetic
  	To verify that  has a common prime factor of 11 for every 
, it is necessary to show that for every , is divisible by 11. This can be achieved by proving the following congruence:  

Observe that, 
                                                     
                                                     
                                                     

From this, 
           )
Let, 

Thus,

Since   then,                                      

Adding 1 to both sides of the congruence yields:
                                        
                          	   
Therefore, is divisible by  for all .
b. Proof by Mathematical Induction
Let 
a.) Verification 
Verify that  is true


             and
b.) Inductive Hypothesis
Assume that  is true when , that is,

This means that there exists some integer q such that:
where 

c.) Proof 
Verify that is true, that is, 

Evaluating the expression,

since 
 then 


 ,let   where

This implies that  is true.
d.) Conclusion
	By induction, it follows that  is true. 

Case 3. If the common prime factor is 13.
a. Proof by Modular Arithmetic
        To verify that  has a common prime factor of 13 for every   , it is necessary to show that for every , is divisible by 13. This can be achieved by proving the following congruence:  

Observe that,

                                                        
From this, 
         					  
Let, 
     
Thus, 
     				   
Since   then, 
    				    
Adding 1 to both sides of the congruence yields:

                                     
Therefore, is divisible by  for all .

b. Proof by Mathematical Induction
Let 

a.) Verification 
Verify that  is true


     and
               so
b.) Inductive Hypothesis
Assume that  is true when , that is,

This means that there exists some integer q such that:
 where 
c.) Proof 
Verify that is true, that is, 

Evaluating the expression,

since 
then 


 	,let   where

This implies that  is true.
d.) Conclusion
	By induction, it follows that  is true. 
By proving each case separately, the researchers shown that for every positive integer  the number where is divisible by 7, 11, and 13. Therefore:  is divisible by Since 7, 11, and 13 are distinct prime numbers, this implies that all three are common prime factors of for 


4. Conclusion

This study successfully identified recurring prime factors of the sequence   (for ) , including 11, 101, 73, 137, 7, and 13. Analysis of the sequence  revealed several significant divisibility properties contingent upon the value of the integer n. Specifically, for positive integer values of m, the sequence is divisible by 11 when , by 101 when , and by both 73 and 137 when . Furthermore, simultaneous divisibility by 7, 11, and 13 is observed when . The proofs using Modular Arithmetic and Mathematical Induction, where completed, provided rigorous verification of these properties. The consistent appearance of these prime factors suggests underlying mathematics structures governing the divisibility of the sequence , where .
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