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	PART  1: Comments



	
	Reviewer’s comment
	Author’s Feedback (Please correct the manuscript and highlight that part in the manuscript. It is mandatory that authors should write his/her feedback here)

	Please write a few sentences regarding the importance of this manuscript for the scientific community. A minimum of 3-4 sentences may be required for this part.

	This manuscript addresses a critical aspect of cooperative game theory by analyzing the monotonicity properties of the Rank-Shapley value, which extends the traditional Shapley value using ranks as weights. The study presents a comprehensive theoretical framework that explores how equal changes in player ranks affect their respective payoffs, with the main finding that these changes sum to zero, maintaining Pareto efficiency. This work contributes to a deeper understanding of fairness and robustness in value allocation schemes and provides a basis for further exploration of rank-based cooperative solutions. The findings are relevant to fields such as economics, operations research, and decision-making processes where weighted sharing mechanisms are employed.

However, the paper still has some weaknesses that could be addressed to make the study more robust. Specifically, the theorem could be improved by placing its assumptions in a more general context. Instead of considering a uniform increase in the ranks of all players, it would be interesting to explore a scenario where the rank increases differ among players and examine the results obtained under such conditions. This extension could provide valuable insights and make the findings applicable to more diverse real-world scenarios.
	

	Is the title of the article suitable?

(If not please suggest an alternative title)

	The current title, "On the Monotonicity of Rank-Shapley Value for Super-Additive Games," is informative and appropriately reflects the focus of the manuscript.
	

	Is the abstract of the article comprehensive? Do you suggest the addition (or deletion) of some points in this section? Please write your suggestions here.

	The abstract is comprehensive and highlights the key contributions of the study. However, it could briefly mention the practical implications of the findings and rephrase terms like “solution part of the game” to “solution concept of the game” for improved clarity.


	

	Is the manuscript scientifically, correct? Please write here.
	The manuscript is scientifically sound and provides a rigorous theoretical exploration of the monotonicity properties of the Rank-Shapley value. The mathematical formulations and proofs are well-structured and coherent. However, some assumptions could be further contextualized, and additional examples could enhance the understanding of the theoretical findings.


	

	Are the references sufficient and recent? If you have suggestions of additional references, please mention them in the review form.
	The references provided are relevant but not entirely sufficient. While the manuscript cites foundational works such as those by Shapley (1953) and recent contributions like Eze et al. (2021), there is a noticeable lack of more recent studies that address rank-based allocation methods and advancements in cooperative game theory. It is recommended to include additional references from recent literature (within the last 3-5 years) to strengthen the context and show the current relevance of the research.

Particularly, it is important to add some motivations about the importance of the Shapley value and its applicability in various other contexts beyond economics or political science. The authors could discuss recent advancements in the application of the Shapley value in fields such as machine learning, cybersecurity, and other interdisciplinary areas where value allocation and fairness play a critical role. This will broaden the scope of the study and highlight its significance in contemporary research.

As preliminary references to support this expansion, I suggest considering the following papers:

Borgonovo, E., Plischke, E., & Rabitti, G. (2024). The many Shapley values for explainable artificial intelligence: A sensitivity analysis perspective. European Journal of Operational Research.

Manuel, C. M., & Martín, D. (2020). A monotonic weighted Shapley value. Group Decision and Negotiation, 29, 627-654.

These references will help the authors explore how the Shapley value has been recently employed in advanced areas such as explainable AI and monotonic allocation frameworks.
	

	Is the language/English quality of the article suitable for scholarly communications?


	The language and English quality of the article are generally adequate for scholarly communication.
	

	Optional/General comments

	In my opinion, the contribution of the manuscript remains relatively weak and could be significantly improved. A more general framework could enhance its impact. Instead of assuming a constant increase in the ranks of all players, the study could explore scenarios where rank increases are heterogeneous (i.e., non-constant) across different players. This generalization could potentially yield more insightful and interesting results, especially under specific assumptions about these varying increases.

Minor Comments: 

1. Section 2.1 (Page 3): 
   - Original: "Conventionally, v (φ) = 0 where φ is an empty coalition."  
   - Suggestion:"Conventionally, v (φ) = 0 where φ is the empty coalition."  
   This minor rephrasing improves clarity by emphasizing that φ refers to a specific, predefined "empty coalition."

2. Page 4:  
   - Original:"J = {j : j ∈ N \ {i}}"  
   - Suggestion: "J = {j in θ : j ∈ N \ {i}}"  
   This revision clarifies that "J" denotes players in the subset θ, rather than the entire set N, ensuring that the context matches the coalition notation accurately.

In summary, I believe the paper’s scope and findings could be strengthened by addressing these conceptual and technical improvements.

There do not appear to be any ethical issues in this manuscript.

There do not appear to be any competing interest issues in this manuscript.

No plagiarism suspected.
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	Reviewer’s comment
	Author’s comment (if agreed with reviewer, correct the manuscript and highlight that part in the manuscript. It is mandatory that authors should write his/her feedback here)

	Are there ethical issues in this manuscript? 


	(If yes, Kindly please write down the ethical issues here in details)
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